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Lecture Outline

Today’s Reading: Sections 18.3, R&N 2e

Wednesday’s Reading: Section 20.1, R&N 2e

Machine Learning
Definition

Supervised learning and hypothesis space

Finding Hypotheses
Version spaces

Candidate elimination

Decision Trees
Induction

Greedy learning

Entropy
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A Target Function for
Learning to Play Checkers

Possible Definition
If b is a final board state that is won, then V(b) = 100
If b is a final board state that is lost, then V(b) = -100
If b is a final board state that is drawn, then V(b) = 0
If b is  not a final board state in the game, then V(b) = V(b’) where b’ is the best 
final board state that can be achieved starting from b and playing optimally 
until the end of the game
Correct values, but not operational

Choosing a Representation for the Target Function
Collection of rules?
Neural network?
Polynomial function (e.g., linear, quadratic combination) of board features?
Other?

A Representation for Learned Function

bp/rp = number of black/red pieces; bk/rk = number of black/red kings;         bt/rt
= number of black/red pieces threatened (can be taken on next turn)

( ) ( ) ( ) ( ) ( ) ( ) ( )bwbwbwbwbwbww  bV 6543210 rtbtrkbkrpbp ++++++=ˆ
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Hypothesis Space Search
by Find-S

Instances X Hypotheses H

x1 = <Sunny, Warm, Normal, Strong, Warm, Same>, +
x2 = <Sunny, Warm, High, Strong, Warm, Same>, +
x3 = <Rainy, Cold, High, Strong, Warm, Change>, -
x4 = <Sunny, Warm, High, Strong, Cool, Change>, +

h1 = <Ø, Ø, Ø, Ø, Ø, Ø> 
h2 = <Sunny, Warm, Normal, Strong, Warm, Same>
h3 = <Sunny, Warm, ?, Strong, Warm, Same>
h4 = <Sunny, Warm, ?, Strong, Warm, Same>
h5 = <Sunny, Warm, ?, Strong, ?, ?>

Shortcomings of Find-S
Can’t tell whether it has learned concept

Can’t tell when training data inconsistent

Picks a maximally specific h (why?)

Depending on H, there might be several!

h1

h0

h2,3

h4

-

+

++

x3

x1 x2
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Version Spaces

Definition: Consistent Hypotheses
A hypothesis h is consistent with a set of training examples D of target 
concept c if and only if h(x) = c(x) for each training example <x, c(x)> in D.

Consistent (h, D) ≡ ∀ <x, c(x)> ∈ D . h(x) = c(x)

Definition: Version Space
The version space VSH,D , with respect to hypothesis space H and training 
examples D, is the subset of hypotheses from H consistent with all training 
examples in D.

VSH,D ≡ { h ∈ H | Consistent (h, D) }
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1. Initialization
G ← (singleton) set containing most general hypothesis in H, denoted {<?, … , 

?>}
S ← set of most specific hypotheses in H, denoted {<Ø, … , Ø>}

2. For each training example d
If d is a positive example (Update-S)

Remove from G any hypotheses inconsistent with d
For each hypothesis s in S that is not consistent with d

Remove s from S

Add to S all minimal generalizations h of s such that

1. h is consistent with d

2. Some member of G is more general than h

(These are the greatest lower bounds, or meets, s ∨ d, in VSH,D)

Remove from S any hypothesis that is more general than another 
hypothesis in S (remove any dominated elements)

Candidate Elimination Algorithm [1]
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Candidate Elimination Algorithm [2]

(continued)
If d is a negative example (Update-G)

Remove from S any hypotheses inconsistent with d
For each hypothesis g in G that is not consistent with d

Remove g from G

Add to G all minimal specializations h of g such that

1. h is consistent with d

2. Some member of S is more specific than h

(These are the least upper bounds, or joins, g ∧ d, in VSH,D)

Remove from G any hypothesis that is less general than another 
hypothesis in G (remove any dominating elements)
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<Sunny, Warm, ?, Strong, Warm, Same>S2                              

= G2 

Example Trace

<Ø, Ø, Ø, Ø, Ø, Ø>S0

<?, ?, ?, ?, ?, ?>G0                      

d1: <Sunny, Warm, Normal, Strong, Warm, Same, Yes>

d2: <Sunny, Warm, High, Strong, Warm, Same, Yes>

d3: <Rainy, Cold, High, Strong, Warm, Change, No>

d4: <Sunny, Warm, High, Strong, Cool, Change, Yes>= S3

<Sunny, ?, ?, ?, ?, ?> <?, Warm, ?, ?, ?, ?> <?, ?, ?, ?, ?, Same>G3

<Sunny, ?, ?, Strong, ?, ?> <Sunny, Warm, ?, ?, ?, ?> <?, Warm, ?, Strong, ?, ?>

<Sunny, Warm, ?, Strong, ?, ?>S4

G4 <Sunny, ?, ?, ?, ?, ?> <?, Warm, ?, ?, ?, ?>

<Sunny, Warm, Normal, Strong, Warm, Same>S1  

= G1
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An Unbiased Learner

Example of A Biased H
Conjunctive concepts with don’t cares
What concepts can H not express?   (Hint: what are its syntactic 
limitations?)

Idea
Choose H’ that expresses every teachable concept
i.e., H’ is the power set of X
Recall: | A → B | = | B | | A | (A = X; B = {labels}; H’ = A → B)
{{Rainy, Sunny} × {Warm, Cold} × {Normal, High} × {None, Mild, Strong} ×
{Cool, Warm} × {Same, Change}} → {0, 1}

An Exhaustive Hypothesis Language
Consider: H’ = disjunctions (∨), conjunctions (∧), negations (¬) over 
previous H
| H’ | = 2(2 • 2 • 2 • 3 • 2 • 2) = 296; | H | = 1 + (3 • 3 • 3 • 4 • 3 • 3) = 973

What Are S, G For The Hypothesis Language H’?
S ← disjunction of all positive examples
G ← conjunction of all negated negative examples
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Decision Trees

Classifiers: Instances (Unlabeled Examples)
Internal Nodes: Tests for Attribute Values

Typical: equality test (e.g., “Wind = ?”)
Inequality, other tests possible

Branches: Attribute Values
One-to-one correspondence (e.g., “Wind = Strong”, “Wind = Light”)

Leaves: Assigned Classifications (Class Labels)
Representational Power: Propositional Logic (Why?)

Outlook?

Humidity? Wind?Maybe

Sunny Overcast Rain

YesNo

High Normal

MaybeNo

Strong Light

Decision Tree
for Concept PlayTennis
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Example:
Decision Tree to Predict C-Section Risk

Learned from Medical Records of 1000 Women
Negative Examples are Cesarean Sections

Prior distribution: [833+, 167-] 0.83+, 0.17-

Fetal-Presentation = 1: [822+, 116-] 0.88+, 0.12-
Previous-C-Section = 0: [767+, 81-] 0.90+, 0.10-

– Primiparous = 0: [399+, 13-] 0.97+, 0.03-
– Primiparous = 1: [368+, 68-] 0.84+, 0.16-

• Fetal-Distress = 0: [334+, 47-] 0.88+, 0.12-
– Birth-Weight ≥ 3349 0.95+, 0.05-
– Birth-Weight < 3347 0.78+, 0.22-

• Fetal-Distress = 1: [34+, 21-] 0.62+, 0.38-

Previous-C-Section = 1: [55+, 35-] 0.61+, 0.39-

Fetal-Presentation = 2: [3+, 29-] 0.11+, 0.89-

Fetal-Presentation = 3: [8+, 22-] 0.27+, 0.73-
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[21+, 5-] [8+, 30-]

Decision Tree Learning:
Top-Down Induction (ID3)

A1

True False

[29+, 35-]

[18+, 33-] [11+, 2-]

A2

True False

[29+, 35-]

Algorithm Build-DT (Examples, Attributes)
IF all examples have the same label THEN RETURN (leaf node with label)
ELSE

IF set of attributes is empty THEN RETURN (leaf with majority label)
ELSE

Choose best attribute A as root
FOR each value v of A

Create a branch out of the root for the condition A = v
IF {x ∈ Examples: x.A = v} = Ø THEN RETURN (leaf with majority 

label)
ELSE Build-DT ({x ∈ Examples: x.A = v}, Attributes ~ {A})

But Which Attribute Is Best?
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Choosing the “Best” Root Attribute

Objective
Construct a decision tree that is a small as possible (Occam’s Razor)
Subject to: consistency with labels on training data

Obstacles
Finding the minimal consistent hypothesis (i.e., decision tree) is NP-hard 
(D’oh!)
Recursive algorithm (Build-DT)

A greedy heuristic search for a simple tree
Cannot guarantee optimality (D’oh!)

Main Decision: Next Attribute to Condition On
Want: attributes that split examples into sets that are relatively pure in one 
label
Result: closer to a leaf node
Most popular heuristic

Developed by J. R. Quinlan
Based on information gain
Used in ID3 algorithm
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A Measure of Uncertainty
The Quantity

Purity: how close a set of instances is to having just one label
Impurity (disorder): how close it is to total uncertainty over labels

The Measure: Entropy
Directly proportional to impurity, uncertainty, irregularity, surprise
Inversely proportional to purity, certainty, regularity, redundancy

Example
For simplicity, assume H = {0, 1}, distributed according to Pr(y)

Can have (more than 2) discrete class labels
Continuous random variables: differential entropy 

Optimal purity for y: either
Pr(y = 0) = 1, Pr(y = 1) = 0
Pr(y = 1) = 1, Pr(y = 0) = 0

What is the least pure probability distribution?
Pr(y = 0) = 0.5, Pr(y = 1) = 0.5
Corresponds to maximum impurity/uncertainty/irregularity/surprise
Property of entropy: concave function (“concave downward”)

Entropy:
Intuitive Notion

0.5 1.0
p+ = Pr(y = +)

1.0

H
(p

) =
 E

nt
ro

py
(p

)
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Entropy:
Information Theoretic Definition

Components
D: a set of examples {<x1, c(x1)>, <x2, c(x2)>, …, <xm, c(xm)>}

p+ = Pr(c(x) = +), p- = Pr(c(x) = -)

Definition
H is defined over a probability density function p

D contains examples whose frequency of + and - labels indicates p+ and p- for 
the observed data

The entropy of D relative to c is:
H(D) ≡ -p+ logb (p+) - p- logb (p-)

What Units is H Measured In?
Depends on the base b of the log (bits for b = 2, nats for b = e, etc.)

A single bit is required to encode each example in the worst case (p+ = 0.5)

If there is less uncertainty (e.g., p+ = 0.8), we can use less than 1 bit each
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Information Gain:
Information Theoretic Definition

Partitioning on Attribute Values
Recall: a partition of D is a collection of disjoint subsets whose union is D
Goal: measure the uncertainty removed by splitting on the value of attribute A

Definition
The information gain of D relative to attribute A is the expected reduction in 
entropy due to splitting (“sorting”) on A:

where Dv is {x ∈ D: x.A = v}, the set of examples in D where attribute A has 
value v
Idea: partition on A; scale entropy to the size of each subset Dv

Which Attribute Is Best?

( ) ( ) ( )∑
∈ ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
•−≡

values(A)v
v

v DH
D
D

DH- AD,Gain

[21+, 5-] [8+, 30-]

A1

True False

[29+, 35-]

[18+, 33-] [11+, 2-]

A2

True False

[29+, 35-]
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Constructing A Decision Tree
for PlayTennis using ID3 [1]

Selecting The Root Attribute

Prior (unconditioned) distribution: 9+, 5-
H(D) = -(9/14) lg (9/14) - (5/14) lg (5/14) bits = 0.94 bits
H(D, Humidity = High) = -(3/7) lg (3/7) - (4/7) lg (4/7) = 0.985 bits
H(D, Humidity = Normal) = -(6/7) lg (6/7) - (1/7) lg (1/7) = 0.592 bits
Gain(D, Humidity) = 0.94 - (7/14) * 0.985 + (7/14) * 0.592 = 0.151 bits
Similarly, Gain (D, Wind) = 0.94 - (8/14) * 0.811 + (6/14) * 1.0 = 0.048 bits

Day Outlook Temperature Humidity Wind PlayTennis?
1 Sunny Hot High Light No
2 Sunny Hot High Strong No
3 Overcast Hot High Light Yes
4 Rain Mild High Light Yes
5 Rain Cool Normal Light Yes
6 Rain Cool Normal Strong No
7 Overcast Cool Normal Strong Yes
8 Sunny Mild High Light No
9 Sunny Cool Normal Light Yes
10 Rain Mild Normal Light Yes
11 Sunny Mild Normal Strong Yes
12 Overcast Mild High Strong Yes
13 Overcast Hot Normal Light Yes
14 Rain Mild High Strong No

( ) ( ) ( )∑
∈ ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
•−≡

values(A)v
v

v DH
D
D

DH- AD,Gain

[6+, 1-][3+, 4-]

Humidity

High Normal

[9+, 5-]

[3+, 3-][6+, 2-]

Wind

Light Strong

[9+, 5-]
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Constructing A Decision Tree
for PlayTennis using ID3 [2]

Humidity? Wind?Yes

YesNo YesNo

Day Outlook Temperature Humidity Wind PlayTennis?
1 Sunny Hot High Light No
2 Sunny Hot High Strong No
3 Overcast Hot High Light Yes
4 Rain Mild High Light Yes
5 Rain Cool Normal Light Yes
6 Rain Cool Normal Strong No
7 Overcast Cool Normal Strong Yes
8 Sunny Mild High Light No
9 Sunny Cool Normal Light Yes
10 Rain Mild Normal Light Yes
11 Sunny Mild Normal Strong Yes
12 Overcast Mild High Strong Yes
13 Overcast Hot Normal Light Yes
14 Rain Mild High Strong No

Outlook?
1,2,3,4,5,6,7,8,9,10,11,12,13,14

[9+,5-]

Sunny Overcast Rain

1,2,8,9,11
[2+,3-]

3,7,12,13
[4+,0-]

4,5,6,10,14
[3+,2-]

High Normal

1,2,8
[0+,3-]

9,11
[2+,0-]

Strong Light

6,14
[0+,2-]

4,5,10
[3+,0-]
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Decision Tree Overview

Heuristic Search and Inductive Bias 
Decision Trees (DTs)

Can be boolean (c(x) ∈ {+, -}) or range over multiple classes
When to use DT-based models

Generic Algorithm Build-DT: Top Down Induction
Calculating best attribute upon which to split
Recursive partitioning

Entropy and Information Gain
Goal: to measure uncertainty removed by splitting on a candidate attribute A

Calculating information gain (change in entropy)
Using information gain in construction of tree

ID3 ≡ Build-DT using Gain(•)

ID3 as Hypothesis Space Search (in State Space of Decision Trees)
Next: Artificial Neural Networks (Multilayer Perceptrons and Backprop)
Tools to Try: WEKA, MLC++
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Inductive Bias

(Inductive) Bias: Preference for Some h ∈ H (Not Consistency with D 
Only)
Decision Trees (DTs)

Boolean DTs: target concept is binary-valued (i.e., Boolean-valued)
Building DTs

Histogramming: a method of vector quantization (encoding input using bins)
Discretization: continuous input → discrete (e.g.., by histogramming)

Entropy and Information Gain
Entropy H(D) for a data set D relative to an implicit concept c
Information gain Gain (D, A) for a data set partitioned by attribute A
Impurity, uncertainty, irregularity, surprise

Heuristic Search
Algorithm Build-DT: greedy search (hill-climbing without backtracking)
ID3 as Build-DT using the heuristic Gain(•)
Heuristic : Search :: Inductive Bias : Inductive Generalization

MLC++ (Machine Learning Library in C++)
Data mining libraries (e.g., MLC++) and packages (e.g., MineSet)
Irvine Database: the Machine Learning Database Repository at UCI
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Summary Points

Taxonomies of Learning
Definition of Learning: Task, Performance Measure, Experience
Concept Learning as Search through H

Hypothesis space H as a state space
Learning: finding the correct hypothesis

General-to-Specific Ordering over H
Partially-ordered set: Less-Specific-Than (More-General-Than) relation
Upper and lower bounds in H

Version Space Candidate Elimination Algorithm
S and G boundaries characterize learner’s uncertainty
Version space can be used to make predictions over unseen cases

Learner Can Generate Useful Queries
Next Tuesday: When and Why Are Inductive Leaps Possible?
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Terminology

Supervised Learning
Concept – function from observations to categories (e.g., boolean-valued: +/-)
Target (function) - true function f
Hypothesis - proposed function h believed to be similar to f
Hypothesis space - space of all hypotheses that can be generated by the 
learning system
Example - tuples of the form <x, f(x)>
Instance space (aka example space) - space of all possible examples
Classifier - discrete-valued function whose range is a set of class labels

The Version Space Algorithm
Algorithms: Find-S, List-Then-Eliminate, candidate elimination 
Consistent hypothesis - one that correctly predicts observed examples
Version space - space of all currently consistent (or satisfiable) hypotheses

Inductive Learning
Inductive generalization - process of generating hypotheses that      describe 
cases not yet observed
The inductive learning hypothesis


