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Abstract

Inductive learning aims at extracting knowledge (usually classification
rules), from classified examples. Among the criteria of inductive learning,
are the understandability of the extracted knowledge and its accuracy in or-
der to classify further examples.

This paper is concerned with what we called weakly-adequate learning, i.e.
when the learner abilities and the current description of the learning problem
are not well-suited. It is suggested that building redundant knowledge possibly
allows to resist weak-adequacy, regarding the predictive accuracy concern.
This claim is supported by some first results in a particular case of weakly-
adequate learning: we present a learner building (logical) Disjunctive Version
Spaces and we apply it on a well-studied numerical problem.

However, redundant learners poorly address the understandability con-
cern, due to the size of the produced knowledge. We then propose to de-
fine the second-order understandability of a knowledge base, as the ability
to provide understandable justifications for any statement inferred from this
knowledge base. We show that disjunctive Version Spaces enjoy 2"¢ order
understandability.

Introduction

It is commonly acknowledged in the machine learning field, that providing a learner
with a smart description of the problem is necessary to actually tackle complex
problems. But providing a ”perfect” description of the problem nearly requires it
to be solved, which is not the general case. Moreover, a smart description may
have unwanted side effects: as emphasized by Kelly and Davis [KD91], the more the
learner is provided with description bias, the more this may preclude the discovery
of unforeseen relations. The issue of internally refining the initial description of the
problem is addressed by constructive learning (see [Wne93, CS93|), and is a hot
topic of research in machine learning.



So, this paper focuses on what we called weakly-adequate learning, i.e. tackling
a problem with a learner that is not well suited (because of its search space and/or
heuristics) to the available data. Weak-adequacy is studied with respect to the main
concerns of inductive learning, namely : providing the expert with an understandable
knowledge, and providing the user with an accurate knowledge, i.e. efficient at
classifying further examples.

It is suggested that building a redundant knowledge can address the predictive
accuracy concern. This claim is supported by some first experimental results: we
introduce a learner building disjunctive Version Spaces [Mit82] in a logical language;
this learner is experimented on a well-studied numerical problem [BFOS84].

However, the understandability concern is poorly addressed by redundant learn-
ers, because of the size of the produced knowledge. Therefore we define the property
of second-order understandability, as the ability of a knowledge base to justify any
statement inferred from this knowledge base, through understandable arguments.
We show that disjunctive Version Spaces enjoy 2"%-order understandability.

This paper is organized as follows. Section 1 discusses weak-adequacy with
respect to some main approaches in inductive learning: decision trees [Qui86], star
algorithms [Mic83] and version spaces [Mit82]. Section 2 addresses the learning of
redundant knowledge, via embedding the version space frame into a star-like frame.
A constraint-based approach polynomially achieves the building of such disjunctive
version spaces. In section 3, this learner called DIVS (for DIsjunctive Version Space)
is experimented on a well-studied problem [BFOS84]. Results are discussed and
compared to that of some other numerical and logical approaches. Section 4 focuses
on the understandability concern; it introduces and discusses the notion of 2"¢-order
understandability.

1 Goal and State of the Art

This section briefly reviews some well-known inductive learning approaches and the
heuristics potentially coping with weak-adequacy. We then discuss the problem of
weak-adequacy in the particular frame of learning logical formulas from numerical
data and we argue the typicality of this frame.

1.1 Decision trees

The cornerstone of decision trees [Qui86, Qui90, BFOS84] is a global evaluation
function (e.g. based on the quantity of information or the Gibbs criterion), that
measures the discriminant power of a descriptor with respect to a data set. This
criterion governs the choice of the nodes of the tree. However, its basic definition
only regards informations defined on finite domains. Its application to continuous
informations involves a discretization step, i.e. a change of representation of the
initial problem. This change has a crucial impact on the success of learning and
many strategies are concerned with judicious discretization (see for instance [FI93,



dM93, BG93)).

Decision trees are reputed for being both understandable and efficient. As a
matter of fact, they produce concise knowledge bases and this knowledge is expressed
within the language of the examples ; moreover, the optimality criterion allows for
noise filtering.

The only heuristics somehow allowing decision trees to overcome weak-adequacy,
involves the building of oblique decision trees [HKS93, BFOS84]: a predefined subset
of functions of the initial attributes (e.g. linear combinations) is systematically
explored during the building of the tree.

1.2 Star algorithms

The star algorithm repeatedly generalizes some selected examples termed seeds
[Mic83, MMHLS86]. The set of generalizations of a seed, termed star, consists of
the best M rules that cover the seed and are optimal in the sense of some quality
function ; both the number M of rules to retain and the optimality function, are
supplied by the user.

The user thereby takes in charge the control of the produced knowledge: the
desired qualities in terms of generality, of redundancy, of discriminant accuracy, are
set via the optimality function and parameter M. From this point of view, star
algorithms appear much more demanding than decision trees.

In counterpart, star algorithms provide some facilities for constructive induction.
For instance, it allows to retain redundant rules (M > 1), i.e. rules that generalize
same example(s). The comparison of the premises of redundant rules gives hints
about defining new descriptors (e.g. XOR or M-of-N expressions involving the initial
attributes) [WMO94]. This ability allows to successfully handle some cases of weak
adequacy, such as those arising from learning symmetry- or parity-based concepts
with, so to say, bare hands.

1.3 The Version Space

The version space frame [Mit82] determines the upper and lower bounds of the learn-
ing search: it builds the set noted S of most specific formulas that cover all positive
examples, and the set noted GG of most general formulas that do not cover any neg-
ative example. In contrast with decision trees and star algorithms, version spaces
do not involve any order relationship specific to learning (such as the discriminant
power for decision trees and the optimality criterion for star algorithms) but only
relies on the generality order.

The price to pay is that this frame fails to handle noisy data and disjunctive
concepts. G and S evolve in a monotonous way (the level of generality of S can only
increase, while the level of generality of G decreases) ; so there is no way to recover
from erroneous choices.

Furthermore, the size of G may be exponential with respect to the number of descrip-
tors [Hau88|. This drawback led Hirsh to propose a computable characterization of



G with a polynomial complexity [Hir92]. This line is continued by another character-
ization of G based on a constraint-like formalism [Seb94b]. This formalism permits
a polynomial characterization of G in propositional logic, and can be extended to
first order logic [Seb94a, SR94].

1.4 Logical learners and numerical data

The most common case of what we called weakly-adequate learning, consists of using
logical learners to process numerical data. Machine discovery emphasizes that so-
phisticated heuristics are needed in order to inductively explore the search space of
numerical functions (see the pioneering paper of Langley et al. [LSB83]). Another
trend in induction consists in devolving the part of the search, concerned with find-
ing numerical thresholds [BG90] or functions [DTU95], to an external optimization
module (e.g. based on either genetic algorithms [Gol89] or genetic programming
[Koz94]).

This particular case of weak-adequacy deserves attention for practical and the-
oretical reasons:

e It occurs in most real-world problems, whose description involves both nu-
merical and logic informations. This mixed description can be handled by
separately considering the numerical and logic parts and then merging the
partial results so obtained. But processing the whole information at once
would of course, if by any means tractable, be preferred.

e It is a real case of weak-adequacy, to be contrasted with what would be :ll-
adequacy. As a matter of fact, computer science witnesses that any numeric
expression can be computed (approximated) by means of logical expressions
[WMO94]. So, it is not hopeless that logical learners could reach some compe-
tence regarding numerical problems (without any pretension to winning over
purposely devised algorithms).

All of the reviewed learning approaches basically handle numerical data via se-
lectors [Mic83], i.e. logical functions comparing an initial information (or some
predefined function of the initial informations) to a threshold. But the number of
selectors in the output knowledge base strongly depends on the chosen approach: it

e tends to be minimal in decision trees, via an embedded optimality criterion,

e is globally controlled via some user-supplied optimality criterion in star algo-
rithms,

e only depends on the data and tends to be huge, in version spaces.

However, in the context of weakly-adequate learning, one may fear the selection
of the candidate formulas accordingly to the available heuristics (user-supplied or
embedded into the learner), to be potentially harmful.

Assume a contrario such selection to be relevant. Then, either the learning is suc-
cessful and weak-adequacy would not be detected. Or it fails because it explores
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an inadequate search space, and this would rather be ill-adequacy, than properly
speaking weak-adequacy.

According to this remark, some attention should be paid to redundant learning,
i.e. learning with as few selection of the candidate formulas, as possible. We de-
scribe in section 2 a redundant learner that builds the exhaustive characterization
of the candidate solutions in the line of the version space. An experimental study
(section 3) considers the artificial waveform problem [BFOS84|. According to the
experiments, this problem can be taken as weakly-adequate to many logical and
numerical learners, with respect to the accuracy of the produced knowledge. The
predictive performances are compared ; this unique problem can only state that, at
least once, redundancy turned out to be a good way to reach complexity. Last, sec-
tion 4 discusses the price to pay for reaching a (possibly) better accuracy by means
of redundant learning, in terms of understandability.

2 Disjunctive Version Spaces

This section addresses redundant learning. We first propose an embedding of version
spaces into a star-like approach in order to overcome most limitations pertaining to
version spaces. Then, in order for this paper to be self contained, we briefly recall the
constraint-like formalism devised for a polynomial learning of version spaces. The
general scheme of the proposed algorithm, called DIVS (for Disjunctive Version
Space, is finally discussed.

2.1 Coupling version space and star algorithm

Our approach proceeds from the following remark: version spaces do never fail
when a single positive example Ex is generalized against several negative examples.
In this case, S reduces to Fx and is never generalized; hence it never comes to be
inconsistent with G. The erroneous negative examples only result in over-specializing
G.

So, it comes to generalize the examples one at a time; the generalization of the
current example Ez, denoted G(Ez), is the G set of the most general expressions
covering Fx (taken as unique positive example) and discriminating all examples
belonging to other classes (taken as negative examples). The version space frame is
thus embedded into a star-like approach, the star of seed Fx being set to G(Ex).

The output knowledge noted G then consists of the disjunction of all G stars built
from the various seeds. Note this approach completely avoids any merge between
different G sets, in order to preserve a polynomial complexity [Hir92]|.

2.2 Building a G star

Consider a unique positive example Ez, to generalize against the negative examples
Cey,..Cen. G(Ex,Ceq,..Cey) denotes the set of the maximally general formulas
covering Fz and rejecting any C'e;. Given the exponential complexity of characteriz-
ing G as a disjunction of conjunctions, the constraint formalism rather characterizes



G as a conjunction of disjunctions. G(Ex,Cey,..Cey) is thus defined as the con-
junction of all G(Ez,Ce;).

G(Ez,Cey,..Ce,) = G(Ex,Cer) \.. N\G(Ez, Ce,)

Due to space limitations, we restrict ourselves to an attribute-value formalism (the
reader interested in an extension of this approach to a subset of first order predicate
logic is referred to [Seb94a, SR94]). In this formalism, a maximally general formula
is a selector [Mic83]. Let z1,..,xp denote the attributes ; a selector is a boolean
function denoted [x; = V}], that takes value true for example E iff value z;(F) be-
longs to subset V.

Consider the maximally general selector covering Fx and rejecting Ce;, based on
attribute z;. This selector is defined iff values z;(Ez) and z;(Ce;) are both informed
and distinct. When it is defined, this selector is set to [z; = V; ;] where

e V; ; is the largest interval including x;(Ex) and excluding x;(Ce;) if z; is an or-
dered attribute (e.g. taking continuous or integer values).

e V; ; denotes the most general value covering z;(Ex) and not covering x;(Ce;) if x;
is a tree-structured attribute.

Let us take an example and build the maximally discriminant selectors discrim-
inating the Unidentified Flying Object Fx from the well-identified Ce, described in
the table below :

| Shape Height Weight UFO
Ezx | circular 16 ? yes
Ce | 2-wings 160 7 no

Granted that the Shape domain is tree-structured, and that owval is the most gen-
eral value covering circular and not covering 2-wings, the maximally discriminant
selector based on attribute Shape will be' [Shape = oval]. The selector based on
attribute Height obviously is [Height = [0,160) | (or equivalently [Height < 160]).
No selector based on attribute Weight can be discriminant since this attribute is
uninformed for EFz. Finally, we have

G(FEzx,Ce) = {[Shape = oval|, [Height < 160]}

Any formula covering Fx and discriminating C'e must be more specific than
at least one above selector ; the disjunction of these selectors is therefore called
constraint derived from Ce upon the generalization of Fx. Details about the pruning
of constraints and attributes will be found in [Seb94b]. The star of seed Ez then
consists of the conjunction of all constraints G(Ez, Ce;), i = 1..n.

'With restriction to operator '=".



Complexity
When no pruning of the constraints is attempted, the (time and space) complexity
of building a G-star is O(N x P), where N denotes the number of examples and P
is the number of attributes.
When no selection of the seeds is attempted, the (time and space) complexity of
building G is in O(N? x P). When examples belonging to the current star are re-
moved from the data set, as in classical star algorithms [Mic83], the time complexity
increases up? to O(N?3 x P).

2.3 Classifying from G-Stars

In the presented approach of disjunctive version space, S sets do not play any role:
given a unique positive example, S is never generalized. The usual classification
function associated to a version space (S,G) must therefore be modified and also
extended in order to discriminate among several classes.

The class of a star G(Fx) is naturally defined as the class of its seed Fz. The
difficulty arises from the fact that stars belonging to incompatible classes may
overlap. Inconsistencies are usually solved through a majority vote process (see
[Gam89, Ven93] among others). Each hypothesis (here, G-star) triggered by the
current case votes for its class, and the current case is classified in the majority
class. In DIVS, this majority vote can be thought of as a nearest-neighbor-like pro-
cess. Let a boolean similarity function be defined as : F is neighbor on Fzx iff £
belongs to the G-star derived from Ex. Then, DIVS classifies E according to the
classes of its neighbors®.

Complexity
The classification complexity thus linearly depends on the size of G, which is in
O(N? x P).

2.4 Heuristics

Two heuristics parameterized by the expert tune the use of the G-stars during the
classification phase.

The first heuristic intends to fight against noise in the dataset, in a very classical
way [Mic83, Gamg89] : example E belongs to star G(Ex,Cey,..Cey) iff it satisfies at
least a given percentage (100 - €) of the star constraints G(Fx, Ce;). This heuristic
allows to stand erroneous examples among the Ce;,..Cey ; parameter € is supposed
to approximate the initial error rate.

2We used another selection of seeds, with same additional complexity: the candidate seed is
retained iff at the moment it is considered, it is not yet classified in the right class given the
previously built stars.

3The main difference with a traditional k-NN process is that our approach relies on a similarity
function which is induced from examples, instead of being given (the usual case) or deduced (as in
[Bis92]).



The second heuristic is original, as far as we know, since it is tightly connected
to the constraint formalism. Constraint G(Ex,Ce) is a disjunction of maximally
discriminant selectors :

G(FEz,Ce) = {Selectory, Selectors, ..Selectork }

But most examples happen to satisfy one selector at least in most constraints (this
is particularly true when the problem domain involves many continuous attributes).
This entails that most examples belong to most stars, hence are classified in the
most frequent class !... To prevent this, an example is now required to satisfy at
least M selectors in a constraint, to be reputed to satisfy this constraint. Parameter
M is supplied by the expert : it controls the degree of specialization of a constraint.

Note this heuristic significantly modifies the semantics of constraints : G(Ez, Ce)
now stands for an ”at least M -of-K ” concept ; the constraint formalism thus permits
to explore a much wider search space at no additional computation cost.

3 Experimentation

As argued in 1.4, we focus on the particular case of weak-adequacy that consists
of applying a logical learner on a numerical problem; experiments are done on the
well-studied artificial waveform problem [BFOS84|. Besides DIV, several numerical
and logical learners are experimented on this problem; the diversity of the results
gives some hints as to overcoming weak-adequacy.

3.1 Problem and Reference Results

The waveform problem is a numerical artificial problem designed by Breiman et al.
[BFOS84] : three classes are built from the waves hy(t), ho(t) and hs(t):

hq ho hs

-%1 -%3 d75 &37 i‘Q -4311 i‘l?) -%15 i'17 lk19 -%21

Each class is obtained by randomly combining two waves among the above three
waves. Each example is a vector of 21 components, with :

FEx e Cy: zj(Ex)
FEx e Cy: zj(Ex)
Ex e Cs: zj(Ex)

uhz(j)+(1—u)h3(j)+ej, j=1,..,21, u € |0,1]
uhl(j)+(1—u)h3(j)+ej, j=1,..,21, u € |0,1]
Uhl(j)+(1—u)h2(])+fj, j=1,...,21, (XS [0, 1]



where u is uniformly selected in [0,1] and €; denote independent random variables,
following a Gaussian distribution with mean 0 and variance 1. Note classes C1, Cy
and C3 overlap ; when they are equi-represented, the minimal misclassification rate
is 14 % [BFOS84].

The training set includes 300 examples randomly generated according the above
model. Results are averaged on 10 independent training sets. Validation considers
a single test set including 5 000 independently generated examples.

The methods experimented on these continuous data include feed-forward neural
nets (NN) [RM86], linear discriminants (LD) and k-nearest-neighbors* [DH73], fuzzy
decision trees (DT) [Ram94|, and a star algorithm optimized by genetic algorithm
(SIA) [Ven93]. These reference results are detailed in [SYM95]. The best results
obtained are summarized in Table 1 : each row gives the averaged error rate observed
on the training set and on the test set, together with its variance.

The last column gives the dimension of the learning output. It stands respectively
for the number of weights, in the case of neural nets ; for the number of parameters
characterizing the discriminant hyper-planes, in linear discriminants ; for the number
of nodes in decision trees ; for the size of the training set, in k-NN ; and for the
number of selectors involved in the stars, in SIA.

Method | Training error Test error Result Dimension
NN 78 (£13) |171 (£1) 128

LD 128 (£1.3) | 204 (£1) 66

DT 58 (£44) | 28 (£1.8) 24.3

k-NN 0 27 (£ 1.7) 6 300

SIA 4  (£0.7) ] 243 (£0.7) 320

Table 1 : Reference results on the waveform problem

As could be expected, logical learners are not good as this problem; furthermore,
the best performance in terms of predictive accuracy on the test set (reached by a
neural net) is still far from the theoretical optimum (17% against 14%).

3.2 Experimenting redundancy

DIVS is controlled through two parameters : € allows to tune the degree of accuracy
prescribed, thus coping with noise ; M rules out the specialization of the constraints,
and the complexity of the underlying formalism (cf sec. 2.4). In the experiments
presented here, € varies from 0 to 20% and M from 8 to 10 (Table 2).

Parameter € influences the results in a classical way : increasing ¢ decreases the
performances on the training set and improves the accuracy on the test set. In
fact, the only crisp difference occurs between ¢ = 0% and € = 5% ; quite similar
performances are obtained for € ranking from 5% to 25%. For a given ¢, there exists
an optimal M (i.e. leading to a minimal error rate on the test set). However, only
slight variations are observed near to this optimal value.

4Several values of k have been tried. The best one, with respect to the predictive accuracy on
the test set, turned out to be 1.



e M || Training error Test error Nb Stars  Nb Sel.
0 8 0 (£ 0) 228 (£ 04) 35 20 903
0 9 0 (+ 0) 223 (£ 0.2) 51 18 652
0 10 0 (£ 0) 216 (£ 0.2) 74 17 602
10 8 || 184 (+0.6) |17.9 (& 0.3) 76 102 938
10 9 || 177 (+£0.7) | 187 (£ 0.3) 72 60 264
10 10 || 16.7 (+0.6) | 193 (£ 0.1) 78 37 701
20 8 || 198 (£08) | 191 (% 0.2) 82 156 007
20 9 | 193 (£0.6) | 17.8 (£ 0.3) 78 97 753
20 10 19 (£0.7) 18 (£ 0.2) 77 57 068

Table 2 : DIVS results on the waveform problem®

A learning run takes between 1 and 3 minutes on a HP-700 workstation. DIVS is
written in C**. The dimensions of the learning result are the number of stars, and
the total number of selectors involved in the stars. The error rate stands for both
misclassified and unclassified examples.

3.3 Discussion

Of course, definite conclusions cannot be drawn from experiments on a single prob-
lem. However, this problem is typical of weak-adequacy in the following sense:
according to experiments, its solution cannot be easily approximated by simple
functions, be they logical (as rules in decision trees or SIA), or based on simple
numerical functions (such as mean square distance in k-NN, or linear combinations
in linear discriminants).

Furthermore, the comparison between the different experiments gives some hints
about the difficulty of this problem. Let us first compare SIA and DIVS, for these
learners are fairly similar and yet obtain significantly different results. Like DIVS,
SIA follows a star-like approach; the star associated to a seed is optimized by means
of a genetic algorithm [Ven93] ; optimization regards both the attributes and the
numerical thresholds involved in the star. Several optimization criteria (e.g. signif-

icance, predictive accuracy, generality,..) were tried. So the only fixed differences
between STA and DIVS are

e The way seeds are selected (which is the usual star selection in [Ven93] and
described in 2.2 for DIVS). However, the final number of seeds is about the
same (80 stars in SIA against 76-78 in DIVS).

5The number of selectors is not correlated to the star number, for the following reason. A
counter-example gives rise to a constraint iff, at the time it is considered, it belongs to the current
star (i.e. it satisfies the constraints previously built). This heuristic is not sound in general (a
particular case being when M equals the number of selectors in a constraint ; its soundness then
derives from [Seb94b]). However, it experimentally speeds up the learning without decreasing the
performances.
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e The redundancy of the star: a star contains a conjunction of selectors in STA
optimal in the sense of whatever criterion, while it contains all conjunctions
of selectors that are maximally discriminant in DIVS.

This comparison gives evidence that the better performance of DIVS can only be
blamed on the redundancy of the produced knowledge. The advantage of redun-
dancy can be argued as follows. Assume the classification depends on a numerical
function of the attributes ; then, a huge number of thresholds is required to mimic
numerical skills : think of an oblique line approximated by a stepwise function. The
bad performances of decision trees could also be blamed on the insufficient number
of thresholds retained.

Surprisingly, its huge number of selectors even allows DIVS to outperform the

numerical skills of linear discriminants on this problem [DHT73]. Quadratic discrim-
inants turned out to be less good than linear discriminants at this problem, in spite
of their higher complexity, or rather, because this higher complexity results in over-
fitting the data.
The classifiers built by D/VS and linear discriminants mainly disagree in the regions
where classes (and hyper-planes) overlap. The better performance of DIVS in these
regions can be attributed to its nearest-neighbor-like approach, because it captures
something of the local density of a class. But the notion of neighborhood in DIVS'is
very rough (boolean); so, DIVS is less sensitive to noise than a classical £-NN (note
the variance of the error rate is very low).

More experiments are ongoing; at present, we can only state that redundancy
has been found at least once a good strategy to resist weak-adequacy.

4 Understandability

When simple functions fail to provide good approximations of the solution, more
complex functions must be considered. This section examines to what extent, the
increase of complexity needed to resist weak-adequacy, implies a less understand-
ability of the learning output.

4.1 First-order understandability

In the experiments reported in previous section, the best solutions so far were en-
coded respectively via a neural net and a disjunctive version space. These approaches
share at least one characteristic: a poor understandability of the output knowledge.

The understandability of a knowledge base is of course difficult to define for it
much refers to the expectations of the user. So, some intuitive requirements for
understandability are : the knowledge must both use intelligible ”"words” of the
domain, and be of readable size, according to the want of the user. This acceptation
of understandability is hereafter referred to as first order understandability.

In this acceptation, decision trees are understandable (but oblique decision trees
are not necessarily so) ; stars may be understandable (depending on the bounds of a
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star) ; neural nets are primarily not understandable. Neither are disjunctive version
spaces, because of their size.

The poor understandability of neural nets has been long considered a fact. But
recently, much attention has been paid to the extraction of meaningful (understand-
able) knowledge from trained neural nets: Towell’s and Shavlik’s pioneering work
describes how to map a knowledge base into a neural net, and how to use the numer-
ical optimization of this neural net, to improve the original knowledge base [Tow92].
This approach could be viewed in the scheme of [dMD94]: understandability and
predictive accuracy are reached by different means, and more precisely, understand-
ability is met by extracting some approximation of the prediction function, that fits
the understandability requirements set by the user (here, the use of logical instead
of numerical functions).

We similarly plan to extract an approximate and readable knowledge from dis-
junctive version spaces.

4.2 Second-order understandability

But besides the understandability of knowledge per se, we are also interested in some
‘operational understandability’ of knowledge, i.e. the ability to provide justifications
for the results it produces. This acceptation of understandability is referred to as
second-order understandability.

In the framework of induction, 2"? order understandability is concerned with
providing understandable justifications for the classification of an example. Under-
standable justification remains to be defined. The definition we adopt here is: an
understandable justification for a classification is a subpart of a knowledge base,
which is both understandable (in the sense of 1*!-order understandability) and suf-
fices to classify the current example.

Note that 2"¢ order understandability is implied by 1% order understandability,

but that the converse is not true. An example (thus a constructive proof) is given
by disjunctive version space. The huge size of the produced knowledge (100 000
selectors in the experiments reported in section 3) forbids its readability, and there-
fore its 1°* understandability.
However the underlying structure of the version space gives means to justify the
classifications produced by DIVS, as follows. Let E be the example to classify; E
belongs to several stars G(Ex;), G(Ex3),... Now consider the generalization of E
with any such Ex;, noted S;; S; is covered by G(Ez;) by construction, and can thus
be viewed as a subpart of the theory hidden in the disjunctive version space. On
the other hand, since all examples covered by G(E=x;) (and a fortiori by S;) must
be classified in the class of Ex;, S; implies that E belongs to the class of Ez;. The
eventual classification of E can then be argued from Sy, S,,...; this process may even
give means for debate : pro and con justifications of the current classification are
built from the stars F belongs to, when E belongs to incompatible stars.

So, the example to classify sets some window on the whole knowledge base. This
knowledge is 2"¢ order understandable if some pieces of knowledge can be extracted
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through such windowing, that are understandable, relevant and sufficient to classify
the example at hand.

This approach can also be viewed as an understandability post-processing in
the line of [dMD94], that extracts from the predictive function, some approximate
function that meets the intelligibility requirements of the user.

In the case of neural nets, this understandability post-processing has to do with
turning real-valued coefficients into boolean ones (so that numerical functions can
be translated into logical ones). In the case of disjunctive version spaces, the post-
processing is guided by the example to classify and only proceeds by logical special-
ization.

5 Conclusion

The main tasks of a learner are the generation of candidate solutions, and the
selection of relevant solutions. In the case of weakly-adequate learning, the trouble
comes from the selection step. For this reason, this paper is interested in redundant
learning, with as few selection of the candidate solutions as possible.

A learner that builds the disjunctive version space including all candidate solu-
tions with polynomial complexity is presented. Experimentations on the waveform
problem show that (at least once...) this redundant learner can resist the problem
of weak-adequacy, in the sense that it produces redundant classifiers with a good
predictive accuracy.

Redundant classifiers are then considered regarding their understandability. We
propose to distinguish among the 1% order understandability of the knowledge base,
meaning its readability by the expert, and the 2"¢ order understandability concerned
with justifying the classifications inferred from this knowledge base.

It is emphasized that 2"? order understandability is easier to reach than 1*-order
one (true for human experts too). The current example to classify (or request to
answer) can be used to drive the transformation of the accurate knowledge into
understandable knowledge, in the line of [dMD94]. Further research is concerned
with characterizing these transformations, as to order the so-obtained justifications
from mere sophisms to syllogisms (deductions).

More generally, this work suggests that it is easier to transform an accurate
knowledge base into an understandable one, than to go the other way. The history
of sciences also gives evidence that the the number of understandable theories is
bigger than the number of effective decision-making tools...
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