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Abstract
In recentyearstherehasbeena¯urry of worksonlearning
Bayesiannetworksfrom data. Oneof thehardproblems
in this areais how to effectively learn the structureof
a belief network from incompletedataÐthat is, in the
presenceof missingvaluesor hiddenvariables. In a re-
cent paper, I introducedan algorithm called Structural
EM thatcombinesthestandardExpectationMaximization
(EM) algorithm,which optimizesparameters,with struc-
ture searchfor model selection. That algorithm learns
networksbasedon penalizedlikelihoodscores,which in-
cludetheBIC/MDL scoreandvariousapproximationsto
theBayesianscore.In this paper, I extendStructuralEM
to dealdirectlywith Bayesianmodelselection.I provethe
convergenceof the resultingalgorithmandshow how to
applyit for learninga largeclassof probabilisticmodels,
includingBayesiannetworksandsomevariantsthereof.

1 INTRODUCTION
Belief networksare a graphicalrepresentationfor proba-
bility distributions. They are arguably the representation
of choicefor uncertaintyin arti®cialintelligenceandhave
beensuccessfullyappliedin expertsystems,diagnosticen-
gines,andoptimaldecisionmakingsystems.Eliciting be-
lief networksfrom expertscanbealaboriousandexpensive
process.Thus,in recentyearstherehasbeena growing in-
terestin learningbelief networksfrom data[9, 16, 17, 18].
Currentmethodsaresuccessfulat learningboth the struc-
tureandparametersfromcompletedataÐthatis,wheneach
datarecorddescribesthevaluesof all variablesin thenet-
work. Unfortunately, thingsaredifferentwhenthe datais
incomplete. Until recently, learningmethodswerealmost
exclusively usedfor adjustingthe parametersfor a ®xed
networkstructure.

The inability to learn structurefrom incompletedatais
consideredasoneof themainproblemswith currentstateof
theart technologyfor several reasons.First, mostreal-life
datacontainsmissingvaluesOneof thecitedadvantagesof
belief networks(e.g.,[16]) is thatthey allow for principled
methodsfor reasoningwith incompletedata.However, it is
unreasonableat thesametime to requirecompletedatafor
trainingthem.Second,learningaconcisestructureiscrucial
both for avoiding over®ttingandfor ef®cientinferencein
thelearnedmodel.By introducinghiddenvariablesthatdo
notappearexplicitly in themodelwecanoftenlearnsimpler
models.

In [12], I introduceda new methodfor searchingover
structuresin thepresenceof incompletedata.Thekey idea
of this methodis to useour ªbestºestimateof thedistribu-
tion to completethedata,andthenuseproceduresthatwork
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ef®cientlyfor completedataon this completeddata. This
followsthebasicintuition of theExpectationMaximization
(EM) algorithmfor learningparametersin a ®xedparamet-
ric model [11]. Hence,I call this methodStructural EM.
(In [12], thenameMS-EM wasused.) Roughlyspeaking,
StructuralEM performssearchin thejoint spaceof (Struc-
ture � Parameters).At eachstep,it caneither®ndbetter
parametersfor the currentstructure,or selecta new struc-
ture. The formercaseis a standardªparametricºEM step,
while the later is a ªstructuralºEM step. In [12], I show
that for penalizedlikelihood scoringfunctions,suchasthe
BIC/MDL score[18], thisprocedureconvergesto aªlocalº
maxima.

A drawbackof thealgorithmof [12] is thatit appliesonly
to scoringfunctionsthat approximatethe Bayesianscore.
Therearegoodindications,both theoreticalandempirical,
that theexact Bayesianscoreprovidesa betterassessment
of the generalizationpropertiesof a modelgiven thedata.
Moreover, theBayesianscoreprovidesa principledwayof
incorporatingprior knowledgeinto thelearningprocess.1

To computethe Bayesianscoreof a network,we need
to integrateover all possibleparameterassignmentsto the
network. In general,when datais incomplete,this inte-
gral cannotbe solved in closedform. Currentattemptsto
learn from incompletedatausing the Bayesianscoreuse
eitherstochasticsimulationor Laplace's approximationto
approximatethisintegral(see[7] andthereferenceswithin).
Theformermethodstendto becomputationallyexpensive,
andthe lattermethodscanbe imprecise.In particular, the
Laplaceapproximationassumesthatthelikelihoodfunction
is unimodal,while therearecaseswhereweknow thatthis
functionhasanexponentialnumberof modes.

In this paper, I introducea framework for learningprob-
abilistic modelsusing the Bayesianscoreunderstandard
assumptionson theform of theprior distribution. As with
StructuralEM, thismethodis alsobasedontheideaof com-
pletion of the datausingour bestguessso far. However,
in this casethesearchis over thespaceof structuresrather
thanthespaceof structuresandparameters.

This paperis organizedasfollows. In Section2, I de-
scribea classof models,which I call factoredmodels, that
includesbeliefnetworks,multinets,decisiontrees,decision
graphs,andmany otherprobabilisticmodels.I review how
to learnthesefrom completedataandthe problemsposed
by incompletedata. In Section3, I describetheBayesian
StructuralEM algorithmin aratherabstractsettingsanddis-
cussitsconvergenceproperties.Thealgorithm,aspresented
in Section3, cannotbedirectly implemented,andwe need

1It is worth noting that the StructuralEM procedure,aspre-
sentedin [12], is applicableto scoresthatincludepriorsover pa-
rameters.Suchscoresincorporate,tosomeextent,thepriorknowl-
edgeby learningMAP parametersinsteadof maximumlikelihood
ones.



to approximatesomequantities.In Section4, I discusshow
to adaptthe algorithmfor learningfactoredmodels. This
resultsin anapproximateapproachthatis differentfrom the
standardonesin the literature. It is still an openquestion
whetherit is moreaccurate.However, thederivationof this
approximationis basedon computationalconsiderationof
how to searchin thespaceof networkstructures.Moreover,
the framework I proposeheresuggestswherepossibleim-
provementscanbemade. Finally, in Section5, I describe
experimentalresultsthat comparethe performanceof net-
workslearnedusingtheBayesianStructuralEM algorithm
andnetworkslearnedusingtheBIC score.

2 PRELIMIN ARIES
In this section,I de®nea classof factored modelsthat in-
cludesvariousvariantsof Bayesiannetworks,andbrie¯y
discusshow to learn themfrom completeandincomplete
data,andtheproblemsraisedby thelattercase.

2.1 FACTORED MODELS
We startwith somenotation. I usecapitalletters,suchas

���������

, for variablenamesandlowercaseletters �

��	
���

to
denotespeci®cvaluestakenby thosevariables. Setsof
variablesare denotedby boldfacecapital lettersX

�

Y
�

Z,
andassignmentsof valuesto thevariablesin thesesetsare
denotedby boldfacelowercaselettersx

�

y
�

z.
In learningfrom dataweareinterestedin ®ndingthebest

explanationfor thedatafrom asetof possibleexplanations.
Theseexplanationsarespeci®edby setsof hypothesesthat
wearewilling toconsider. Weassumethatwehaveaclassof
models� suchthateachmodel 
���� is parameterized
by a vector Q� such that each(legal) choice of values
Q� de®nesa probabilitydistributionPr��� : 
��

�

Q��� over
possibledatasets,where 
�� denotesthe hypothesisthat
theunderlyingdistribution is in themodel 
 . (Fromnow
onI useQ asashorthandfor Q� whenthemodel 
 is clear
from the context.) I requirethat the intersectionbetween
modelshaszeromeasure,andfrom now on, we will treat


�� and 
��

� asdisjointevents.
We now examineconditionson � for which the algo-

rithmsdescribedbelow areparticularlyuseful.
The®rstassumptionconsiderstheform of modelsin � .
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2 is a factor whosevaluedependson some
(or all) of the variables
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. A factoredmodel is
separable if thespaceof legal choicesof parametersis the
crossproductof thelegalchoicesof parametersQ �

2 for each
46�

2 . In otherwords,if legal parameterizationof different
factorscanbecombinedwithout restrictions.
Assumption1. All the models � areseparablefactored

models.
This assumptionby itself is not too strong, sinceany

probability model can be representedby a single factor.
Hereare someexamplesof non-trivially factoredmodels
thatarealsoseparable.
Example2.1: A belief network [22] is an annotateddi-
rectedacyclic graphthat encodesa joint probability dis-
tribution over U. Formally, a belief network for U is a
tuple 78�9';:
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Q + . The ®rstcomponent,namely : , is

a directedacyclic graphwhoseverticescorrespondto the
randomvariables
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that encodesthe following
setof conditionalindependenceassumptions:eachvariable
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2 is independentof its non-descendantsgiven its parents
in : . The secondcomponentof the tuple,namely

<
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to a probabilitymeasureover
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2 . Thelocalmodelsarepa-
rameterizedby parametersQ 2 . A belief network 7 de®nes
auniquejoint probabilitydistributionover U givenby:
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It is straightforwardto seethatabeliefnetworkis afactored
model.Moreover, it is separable:sinceany combinationof
locally legalparametersde®nesaprobabilitymeasure.

Example2.2: As a more speci®cexample,considerbe-
lief networksover variablesthat have a ®niteset of val-
ues. A standardrepresentationof the local modelsin such
networksis by a table. For eachassignmentof valuesto
Pa�

�

2

� , the tablecontainsa conditionaldistribution over
�

2 . In such networks,we can further decomposeeach
of the local modelsinto a productof multinomialfactors:
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this case,we can write the joint probability distribution

?
@

�

�

1
� �!� �����

"
-




�

Q�,� as

0

"

2ED 1 0 pa FHGJIEK

>

2TM pa FUG�IVK

�

�

2

�

Pa�

�

2

� : Q2TM pa FUG�IVK

�

�

Again, it is easyto verify that sucha model is separable:
eachcombinationof legal choicesof Q 2NM pa FHG

I
K

resultsin a
probabilitydistribution.

Other examplesof separablefactored models include
multinets[14], mixture models[6], decisiontrees[5], de-
cisiongraphs,andthecombinationof the latter two repre-
sentationswith beliefnetworks[4, 13,8]. An exampleof a
classof modelsthat arefactoredin a non-trivial sensebut
arenot separablearenon-chordalMarkov networks[22].
Theprobabilitydistributionde®nedby suchnetworkshasa
productform. However, a changein theparametersfor one
factor requireschangingthe global normalizingconstant
of the model. Thus,not every combinationof parameters
resultsin a legalprobabilitydistribution.

Our next assumptioninvolves the choice of factors in
the factoredmodels. I requirethateachfactor is from the
exponentialfamily [10]: A factoris exponentialif it canbe
speci®edin theform

4W� X : Q �X��YRZ

F Q KN[ \]F X K

wherê!� Q � and_`� X � arevectorvaluedfunctionsof thesame
dimension,and � is theinnerproduct.2

Example2.3: It is easyto verify that themultinomialfac-
tors from Example2.2 are exponential. We can rewrite

2Standardde®nitionsof the exponentialfamily often include
an additionalnormalizingterm and representthe distribution as

acb Q dNe fEg
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X h . However, this term canbe easilyaccountedfor
by addinganadditionaldimensionto k
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��� arethepossiblevaluesof
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2 , and1y � x � if
thevaluesof Y

�

X in y matchthevaluesassignedto them
by x, and0 otherwise.

Otherexamplesof exponentialfactorsincludeunivariate
andmultivariateGaussians,andmany otherstandarddistri-
butions(see,for example,[10]).

Assumption2. All the modelsin � containonly expo-
nentialfactors.

2.2 BAYESIAN LEARNING
Assumethatwehaveaninputdataset� with somenumber
of examples. We want to predict other events that were
generatedfrom the samedistribution as � . To de®nethe
Bayesianlearningproblem,we assumethat learnerhasa
prior distributionovermodelsPr�T
��`� , andovertheparam-
etersfor eachmodel,Pr� Q�

-


�� � . Bayesianlearning
attemptsto makepredictionsby conditioningthe prior on
theobserveddata.Thus,thepredictionof theprobabilityof
anevent

�

, afterseeingthetrainingdata,canwrittenas:
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Usually, wecannotafford tosumoverall possiblemodels.

Thus, we approximate(1) by using only the maximuma
posteriori(MAP) model,or usingasumover severalof the
modelswith highestposteriorprobabilities.This is justi®ed
when the data is suf®cientto distinguishamongmodels,
sincethenwewouldexpecttheposteriordistributionto put
mostof theweightona few models.

2.3 LEARNING FROM COMPLETE DATA
When the data is complete,that is, eachexample in �

assignsvalue to all the variablesin U, then learningcan
exploit thefactoredstructureof models.To doso,weneed
to makeassumptionsaboutthe prior distributionsover the
parametersin eachmodel. We assumethat a priori , the
parametersfor eachfactorareindependentof theparameters
of all otherfactorsanddependonlyontheformof thefactor.
Theseassumptionsarecalledparameterindependenceand
parametermodularityby Heckermanet al. [17].
Assumption3. For eachmodel 
 ��� with � factorsthe

prior distributionover parametershastheform
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GivenAssumptions3 and4, we candenotethe prior over
parametersof a factor 4

2 asPr� Q2

� .

In practice,it alsousefulto requirethattheprior for each
factoris aconjugateprior. For example,Dirichlet priorsare
conjugatepriors for multinomial factors. For many types
of exponentialdistributions,the conjugatepriors leadto a
closed-formsolution for the posteriorbeliefs,and for the
probabilityof thedata.

An importantpropertyof learninggiven thesefour as-
sumptionsis thattheprobabilityof completedatagiventhe
modelalsohasafactoredform thatmirrorsthefactorization
of themodel.
Proposition2.4: Given Assumptions1±4 and a data set
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It importantto stressthat termsin the scoreof Proposi-

tion 2.4dependonly on accumulatedsuf®cientstatisticsin
thedata.Thus,to evaluatethescoreof amodel,wecanuse
asummaryof thedatain theform of accumulatedsuf®cient
statistics.

Example2.5: Wenow completethedescriptionof thelearn-
ing problemof multinomial belief networks. Following
[9, 17] we useDirichlet priors. A Dirichlet prior for a
multinomial distribution of a variable
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whereG�T� � �

�10 0 ^

Q

)

1
Y

)

Z

� ^ is theGammafunction. For
moredetailsonDirichlet priors,see[10].

Thus, to learn multinomial Bayesian networks with
Dirichlet priors, we only needto keepcountsof the form

#=Q

M pa FHG12 K

for familieswe intendto evaluate.Thescoreof
the networkis a productof termsof the form of (4), one
for eachmultinomial factor in the model; see[9, 17]. A
particularscoreof thisform is theBDescoreof [17], which
weusein theexperimentsbelow.

Learningfactoredmodelsfrom datais doneby searching
over thespaceof modelsfor a model(or models)thatmax-
imizesthe score. The above propositionshows that if we
changeafactoredmodellocally, thatis byreplacingafew of
thefactors,thenthescoreof thenew modeldiffersfrom the
scoreof theold modelby only a few terms. Moreover, by
cachingaccumulatedsuf®cientstatisticsfor variousfactors,
we can easily evaluatevariouscombinationsof different
factors.

Example2.6: Considerthe following examplesof search
proceduresthat exploit theseproperties. The ®rst is the



searchusedby mostcurrentproceduresfor learningbelief
networksfrom completedata. This searchprocedurecon-
sidersall arc additions,removals and reversals. Eachof
theseoperationschangesonly the factorsthatareinvolved
in the conditionalprobabilitiesdistributionsof oneor two
variables.Thus,to executea hill climbing search,we have
toconsiderapproximately

�

���

2
� neighborsfor ateachpoint

in thesearch.However, thechangein thescoredueto one
localmodi®cationremainsthesameif wemodi®edanother,
unrelated,partof thenetwork.Thus,ateachstep,thesearch
procedureneedsonlytoevaluatethe

�

���%� modi®cationsthat
involve furtherchangesto thepartsof themodelthatwere
changedin thepreviousiteration.

Anotherexampleof a searchprocedurethatexploits the
samefactorizationpropertiesis the standardªdivide and
conquerºapproachfor learningdecisiontrees,seefor ex-
ample[5]. A decisiontreeis a factoredmodelwhereeach
factorcorrespondsto a leafof thetree. If we replacea leaf
by subtree,or replaceasubtreeby aleaf,all of theotherfac-
tors in themodelremainunchanged.This formal property
justi®esindependentsearchfor thestructureof eachsubtree
oncewedecidetheroot of thetree.

2.4 LEARNING FROM INCOMPLETE DATA
Learningfactoredmodelsfrom incompletedatais harder
thanlearningfrom completedata.This is mainlydueto the
factthattheposterioroverparametersis nolongeraproduct
of independentterms.For thesamereason,theprobability
of thedatais no longera productof terms.

Sincethe posteriordistribution over the parametersof a
modelis no longera productof independentposteriors,we
usuallycannotrepresentit in closedform. Thisimpliesthat
we cannotmakeexactpredictionsgivena modelusingthe
integral of (3). Insteadwe canattemptto approximatethis
integral. Thesimplestapproximationis by usingMAP pa-
rameters.Roughlyspeaking,if webelievethattheposterior
overparametersis sharplypeaked,thantheintegralin (3) is
dominatedby thepredicationin a small region aroundthe
posterior'speak.Thus,weapproximate
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where ÃQ is thevectorof parametersthatmaximizesPr� Q
-
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�S� ' Pr���

-

Q
�


 � � Pr� Q
-


��`� . We can ®nd
anapproximationto theseparametersusingeithergradient
ascentmethods[3] or usingEM [11, 19].

Sincetheprobabilityof thedatagivena modelno longer
decomposes,we needto directly estimatethe integral of
(2). Wecandosoeitherusingstochasticsimulation,which
is extremely expensive in termsof computation,or using
large-sampleapproximationsthat are basedon Laplace's
approximation.Thelatterapproximationassumesthatpos-
terior over parametersis peaked,andusea Gaussian®t in
the neighborhoodof the MAP parametersto estimatethe
integral. We refer thereaderto [7, 15] for a discussionof
approximationsbasedonthis technique.

The useof theseapproximationsrequiresus to ®ndthe
MAP parametersfor eachmodelwewantto considerbefore
we can scoreit. Thus,a searchof model spacerequires
an expensive evaluationof eachcandidate.Whenwe are
searchingin a largespaceof possiblemodels,this type of
searchbecomesinfeasibleÐtheprocedurehasto investa
largeamountof computationbeforemakingasinglechange
in the model. Thus, althoughthere have beenthorough
investigationsof the propertiesof variousapproximations
to theBayesianscore,therehavebeenfew empiricalreports
of experimentswith learningstructure,except in domains

wherethesearchisrestrictedtoasmall numberof candidates
(e.g.,[6]).

3 THE STRUCTURAL EM ALGORITHM
In this section,I presenttheBayesianStructuralEM algo-
rithm for structureselection. This algorithmattemptsto
directlyoptimizetheBayesianscoreratherthananasymp-
totic approximation. The presentationis in a somewhat
more generalsettingsthan factoredmodels. In the next
section,wewill seehow to specializeit to factoredmodels.

Assumethatwehave aninputdataset� with somenum-
berof examples.For therestof thissection,assumethatthe
datasetis ®xed, anddenoteeachvalue,eithersuppliedor
missing,in thedataby a randomvariable. For example,if
wearedealingwith a standardlearningproblemwherethe
trainingdataconsistsof # i.i.d. instances,eachof whichis,
a possiblypartial assignmentto � variables,thenwe have

� # randomvariablesthatdescribethe trainingdata. I de-
noteby O thesetof observablevariables;that is, thesetof
variableswhosevaluesaredeterminedby thetrainingdata.
Similarly, I denotebyH bethesetof hidden(orunobserved)
variables,thatis, thevariablesthatarenot observed.

As before,we assumethat we have a classof models
� suchthat eachmodel 
 �1� is parameterizedby a
vectorQ� suchthateach(legal) choiceof valuesQ � de-
®nesa probabilitydistributionPr��� : 


�

Q �.� over V. We
alsoassumethatwe have a prior over modelsandparame-
ter assignmentsin eachmodel. For thesakeof clarity, the
following discussionassumesthatall variablestakevalues
fromaa®niteset.However, theresultsin thissectioneasily
applyto continuousvariables,if wemakestandardcontinu-
ity andsmoothnessrestrictionson the likelihood functions
of modelsin � .

To ®nda MAP model it suf®cesto maximize Pr���

-


��`� Pr�N
�� � , since the normalizing term
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���S� is the
samefor all the modelswe compare. As we have seen
in the previoussection,if � containsmissingvalues,then
we usually cannotevaluatePr���

-


�� � ef®ciently. For
the following discussionwe assumethat we cancompute
or estimatethe completedatalikelihood, Pr� H

�

O
-
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� .
As we have seenin theprevioussection,thisassumptionis
truefor theclassof factoredmodelssatisfyingAssumptions
1±4.We will alsoassumethatgivena particularmodel,we
canperformthe predictive inferenceof (3) ef®ciently. As
we have seen,althoughthis is not true for factoredmod-
els, we can ef®cientlycomputeapproximationsfor these
predictions(e.g.,usingtheMAP approximation).

We now have the toolsto describethegeneraloutlineof
theBayesianStructural EM algorithm.
Procedure Bayesian-SEM( � 0 �

o):
Loop for 	�
 0
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1
�
�
�
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until convergence
Compute the posterior Prb Q ���������
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d then
return �
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Themainideaof thisprocedureis thatateachiterationit
attemptsto maximizetheexpectedscore of modelsinstead
of theiractualscore.Therearetwo immediatequestionsto
ask. Why is this easier? and,what doesit buy us? The
answerto the®rstquestiondependson theclassof models
we areusing. As we shall seebelow, we can ef®ciently
evaluatetheexpectedscoreof factoredmodels.



We now addressthesecondquestion.Thefollowing the-
oremshows thatproceduremakesªprogressºin eachitera-
tion.
Theorem 3.1: Let 
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be the sequenceof models
examinedbytheBayesianSEMprocedure. Then,
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whereall the transformationsare by algebraicmanipula-
tions, and the inequality between(6) and (7) is a conse-
quenceof Jensen's inequality.3

This theoremimpliesthat if
�

�N


"

: 


"

-

1 �
	

�

�N


"

:



"

� thenPr� o
�


 �

"

-

1 ��	 Pr� o
�


 �

"

� . Thus,if wechoosea
modelthatmaximizestheexpectedscoreat eachiteration,
thenweareprovablymakingabetterchoice,in termsof the
marginal scoreof the network. It is importantto notethat
this theoremalsoimpliesthatwecanusea weakerversion
of theM-step:

M
�

-stepChoose �

��� 1 such that
�

b

�

��� 1 : �

�

d
�

�

b

�

� : �

�

d

This is analogousto theGeneralizedEM algorithm.Us-
ing this variant, we do not needto evaluatethe expected
scoreof all possiblemodelsin the E-Step. In fact, aswe
shall seebelow, in practicewe only evaluatethe expected
scoreof a smallsubsetof themodels.

Theorem3.1 implies that theprocedureconvergeswhen
thereis no further improvementin theobjective score.As
animmediateconsequence,wecanshow thattheprocedure
reachessucha pointunderfairly generalconditions.
Theorem 3.2: Let 
 0

�


 1
� � �!�

be the sequenceof models
examinedbytheBayesianSEMprocedure. If thenumberof
modelsin � is ®nite,or if there is a constant� such that
Pr���
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��

�

Q������� for all models
 and parameters
Q� , thenthelimit lim

"��

0

Pr� o
�
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"

� exists.
Unfortunately, thereisnotmuchwecansayaboutthecon-

vergencepoints.Recallthatfor thestandardEM algorithm,
convergencepoints are stationarypoints of the objective
function. Thereis no correspondingnotion in thediscrete
spaceof modelswe aresearchingover. In fact, the most
problematicaspectof thisalgorithmis thatit mightconverge
to a sub-optimalmodel.This canhappenif themodelgen-
eratesa distributionthatmakesothermodelsappearworse
whenweexaminetheexpectedscore.Intuitively, wewould
expectthisphenomenatobecomemorecommonastheratio

3Thesameproofcarriesovertothecaseof continuousvariables.
We simply replacethesummationover h with an integration. To
applyJensen'sinequalitywehaveto makesomemild assumptions
on thedensityfunctionde®nedby modelsin � .

of missinginformationis higher. In practicewemightwant
to run the algorithm from several startingpoints to get a
betterestimateof theMAP model.

4 BAYESIAN STRUCTURAL EM FOR
FACTORED MODELS

Wenow considerhow to applytheBayesianStructuralEM
algorithmfor factoredmodels.Thereareseveralissuesthat
weneedtoaddressin ordertotranslatetheabstractalgorithm
into a concreteprocedure.

Recall that eachiteration of the algorithm requiresthe
evaluationof theexpectedscore

�

�T
 : 


"

� for eachmodel
we examine. Sincethe term insidethe expectedscorein-
volvesassignmentsto H, wecanevaluatePr� h

�

o
-


�� � as
thoughwe hadcompletedata. Using Proposition2.4 and
linearityof expectationwegetthefollowing property.
Proposition4.1: Let � � � x1 �!� � �)�

x�

$

bea training set
thatconsistof incompleteassignmentstoU. GivenAssump-
tions1±4,if 
 consistsof � factors, 4 1

� � �!���
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where �
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2

� U
�

� is a randomvariablethat repre-
sentsthe accumulatedsuf®cientstatisticsfor the factor 4

2

in possiblecompletionsof thedata.
An immediateconsequenceof this propositionis that the
expectedscorehasthesamedecomposabilitypropertiesas
the scorewith completedataÐlocal changesto the model
result in changesin only a few termsin the score. Thus,
wecanusecompletedatasearchproceduresthatexploit this
property, suchastheonesdiscussedin Example2.6.

Next, we addressthe evaluation of terms of the form
��� log

�

2

���

2

��� . Herewe have few choices. The simplest
approximationhastheform

��� log
�

2

���

2

��� � log
�

2

����� �

2

�T� (8)

This approximationis exact if log
�

2

��� � is linear in its ar-
guments.Unfortunately, this is not the casefor members
of theexponentialfamily. Nonetheless,in somecasesthis
approximationcanbe reasonablyaccurate.In othercases,
wecancorrectfor thenon-linearityof log

�

2

��� � . In thenext
section,I expandon theseissuesandoutline possibleap-
proximationsof ��� log

�

2

���

2

��� . All of theseapproximations
use ��� �

2

� andsomeof themalsousethecovariancematrix
of thevector � .

Computingtheseexpectations(andvariances)raisesthe
next issue: How to computethe probability over assign-
mentsto H? Accordingto the Bayesian-SEMprocedure,
we needto usePr� H

-

o
�


 �

"

� . However, aswe discussed
above, whenwe have incompletedata,we usuallycannot
evaluatethis posterioref®ciently. For now, weaddressthis
problemusingtheMAP approximationof (5). Thus,when
wewanttocomputeexpectationbasedon 


"

, weattemptto
learnMAP parametersfor 


"

andusethese.This approx-
imationis fairly standardandcanbedonequiteef®ciently.
Thecomputationof theMAP parameterscanbedoneusing
eitherEM (as donein the experimentsdescribedbelow),
gradientascentor extensionsof thesemethods.Moreover,
oncewe ®x the MAP parameters,we canusestandardin-
ferenceprocedureusingthemodel �T


"
� ÃQ).4

4We mustremember, however, that this approximationis im-
precise,sinceit ignoresmostof the informationof theposterior.
A possiblewayof improving thisapproximationis by considering
abetterapproximationof theposterior, suchasensemblemethods
[20].



WhenweusetheMAP approximation,wegetaprocedure
with thefollowing structure:

Procedure Factored-Bayesian-SEM( � 0 �

o):
Loop for 	 
 0

�

1
�
�
�
�

until convergence
Compute the MAP parameters ÃQ ��� for �

� given o.
Perform search over models, evaluating each model by

Scoreb
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��� log
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Let �

��� 1 be the model with the highest score among
these encountered during the search.

if Scoreb

�

� : �

�

d�
 Scoreb

�

��� 1 : �

�

d then
return �

�

Tocompletelyspecifythisprocedurewehavetodecideon
thesearchmethodoverstructures.Thisdependsontheclass
of modelswe areinterestedin. In someclassesof models,
suchasthe classof Chow trees,therearealgorithmsthat
constructthe bestscoringmodel. (See[21] for a niceuse
of this ideawithin anapproachthat is similar to Structural
EM.) In othercases,we must resortto a heuristicsearch
procedure,suchastheonesdiscussedabove. In general,any
searchproceduretheexploits thedecompositionproperties
of factoredmodelsin completedatacanbeusedwithin the
Factored-Bayesian-SEMalgorithm.

Finally, as mentionedabove, we needto estimatemo-
ments(e.g.,meanandvariance)of thedistributionof �

2 in
orderto evaluatethescoreof a factor 4

2 . If many models
sharesimilarfactors,wecancachetheresultsof thesecom-
putations.Asaconsequence,theevaluationof many models
doesnotrequireadditionalinference.In somecases,wecan
schedulecomputationin advance,if weknow whichfactors
we will beexaminedduringthesearch.A simpleexample
of this ideais, again,thealgorithmfor learningChow trees.
In this case,we know in advancethatwe needto evaluate
all factorsthat involve pairwiseinteractionsbetweenvari-
ables. Thus, we can computethe necessaryinformation
in onepassover the training data. (Again, see[21] for a
niceuseof this idea.) In additionthecachingstrategy can
usethe fact that for many classesof exponentialfamilies,
suchas multinomialsand Gaussians,we can marginalize
thesuf®cientstatisticsfor onefactorfrom theseof another
factor.

The upshotof this discussionis that we can useef®-
cient searchtechniquesinsidethe BayesianStructuralEM
loop. Thesesearchalgorithmscanevaluatemany candi-
dates,sincemostcandidatesthey explore sharemany fac-
tors. Thus,eachnew candidatemight requireevaluationof
the expectedscoreof only a few factors. In many cases,
examininga new modelrequiresno new factorsto beeval-
uated.

4.1 COMPUTING ��� log
�

��� ���

We now examine how to approximate the value of
��� log

�

���/��� . For the purposeof this discussionassume
that the factor in questionis ®xedandwe omit the denote
by ^!��� �

�

_ ��� � and
�

��� � theassociatedfunctions.
We startour analysisby examiningthe distribution over

the accumulatedsuf®cientstatistics� . Recall that � is a
sumof the form �

�

_`� U
�

� , whereU
�

denotesthecomple-
tion of the � ' th instanceunderpossiblecompletionsof the
data.Sincethejoint distributionde®nedby any modelover
H is a productof independentdistributions,one for each
instancein the data,we have that the variables_ � U

�

� are
independent.Usingthecentrallimit theoremwe have that
thedistributionof � canbeapproximatedby aGaussiandis-
tributionwith mean��� � � �

�

�

��� _ � U
�

��� , andcovariance
matrixS � � � �

�

� S � _ � U
�

��� . Bothof thesecanbeaccumu-

latedby performingsomecomputationon eachinstancein
the trainingdata. Usually, we cancomputethecovariance
matrix basedon thesamecomputationswe usein orderto
computetheexpectedsuf®cientstatistics

This observation implies that the distribution of � be-
comessharplypeakedas the expectednumberof ªeffec-
tiveº samplesin the datagrows. The ªeffectiveº samples
are sampleswhoseprobability is sensitive to changesin
the parametersof the factor. Formally, thesearesamples
for which _`� U

�

� is not zero. For example,whenlearning
multinomial Bayesiannetworks,the effective samplesfor
the factor >

\
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� (or
canbeassignedthatvaluein somecompletionsof thedata).

As mentionedabove, the simplest approximationof
��� log

�

���/��� is using(8). This approximationis preciseif
log

�

���/� is linearin � . It canbefairly accurateif log
�

��� �

canbe approximatedby linear function in the vicinity of
��� � � . Sincemostof the the densityis assignedto values
of � in this region, this resultsin a goodapproximation.
Formally, usingTaylorexpansion,to getthat:
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where�

�

is apointalongtheline from ��� � � to � . Whenwe
takeexpectationover the right handside,the secondterm
cancelsout. Thus,thedifferencebetween��� log

�

���/��� and
log

�

����� � �T� , is the integrationof thequadratictermin the
Taylor expansion. If we can show that the norm of the
Hessian�

2
� log

�

� is boundedin theregionof highdensity
around��� � � , thenwecanboundtheerror.

My conjectureis that for factorsfrom the regular expo-
nentialfamily, thenormof theHessianasymptotesto 0, as
theexpectednumberof effectivesamplesfor � grows. This
is easilyveri®edfor multinomialfactors.In thiscase,using
simpleapproximationto thederivativesof logG��� � , we get
that the elementsof the Hessianare roughly of the form

1

�

(

I

�

1
�

I

�

(

I

. Thus,as the size of the expectedcounts

grows,theHessianmatrixvanishes.This impliesfor multi-
nomial factors,in caseswherethe expectedcountsarefar
from 0, we cansafelyusethe linear approximationof (8).
I hopeto provide a morede®nitive characterizationof the
conditionsunderwhich this approximationis closein the
full versionof this paper.

In caseswherethelinearapproximationto log
�

��� � does
not suf®ce,we cangeta betterapproximationby usingthe
Gaussianapproximationto thedistributionover thevalues
of � . Thus,wecanapproximate��� log

�

���/��� by anintegral
overa Gaussian

��� log
�

���/��� �� log
�

���/���J��� : ��� � �

�

S � � �T��� �

�

(9)

where�J� X : 


�

S� is themultivariateGaussianwith mean


andcovariancematrixS. Notethatthecentrallimit theorem
implies that the normalapproximationis fairly goodeven
for relatively smallnumberof instances.

Thereareseveral methodsfor evaluatingthe right-hand
sideof (9). If thedimensionof � issmall,wecanusenumer-
ical integrationtechniquesto directly evaluatetheintegral.
If the dimensionof � is large, we canuseLaplace's ap-
proximation. Herewe have goodreasonsto believe that,
if log

�

��� � is well-behaved, then the integration is over
a unimodalfunction, and thereforeLaplace's approxima-
tion would work well. To performLaplace's approxima-
tion in this case,we needto ®ndthe maximumpoint of



alarm insurance
Method 500 1000 2000 4000 500 1000 2000 4000
.10

BDe (S) 1.046+- .1210 0.504+- .0596 0.315+- .0423 0.214+- .0238 1.600+- .1042 1.075+- .0652 0.750+- .1205 0.449+- .0423
BDe (I) 1.151+- .0435 0.603+- .0888 0.337+- .0754 0.247+- .0147 1.855+- .1173 1.336+- .0727 0.889+- .1521 0.516+- .0839
BDe (La) 1.251+- .0933 0.841+- .1309 0.372+- .0541 0.269+- .0312 2.099+- .1485 1.634+- .1279 0.939+- .0875 0.825+- .1806
BDe (Li) 1.135+- .0741 0.566+- .0628 0.283+- .0264 0.257+- .0104 1.893+- .1442 1.296+- .1105 0.842+- .1531 0.543+- .0826
BIC 2.784+- .1779 1.257+- .1758 0.628+- .0857 0.594+- .0397 2.965+- .2642 1.850+- .1543 1.446+- .1449 0.950+- .0961

.20
BDe (S) 1.532+- .2158 0.724+- .0796 0.439+- .0894 0.259+- .0056 2.135+- .2018 1.623+- .0845 1.103+- .1435 0.668+- .0810
BDe (I) 1.581+- .2534 0.995+- .0655 0.634+- .0820 0.282+- .0848 2.328+- .1017 1.933+- .1418 1.423+- .0545 0.721+- .0749
BDe (La) 1.985+- .2114 0.984+- .1510 0.645+- .0364 0.470+- .1002 2.879+- .2236 2.069+- .3054 1.599+- .2313 0.819+- .0785
BDe (Li) 1.476+- .2226 1.056+- .0908 0.614+- .0630 0.228+- .0348 2.391+- .3829 1.791+- .1933 1.323+- .2199 0.796+- .1157
BIC 3.171+- .4608 1.870+- .1891 0.900+- .1863 0.564+- .0298 3.453+- .2542 2.614+- .1835 1.975+- .0730 1.490+- .1148

.30
BDe (S) 2.173+- .1349 1.239+- .1555 0.754+- .1098 0.455+- .1770 2.974+- .3019 2.211+- .0769 1.859+- .2894 1.196+- .2880
BDe (I) 2.683+- .3791 1.482+- .2893 0.832+- .0636 0.411+- .1049 3.515+- .3060 2.226+- .1221 2.046+- .1391 1.379+- .1801
BDe (La) 3.416+- .3835 1.576+- .2279 1.008+- .1685 0.675+- .0611 3.515+- .1865 2.781+- .3146 1.923+- .1734 1.511+- .1739
BDe (Li) 2.866+- .3641 1.685+- .1504 1.021+- .1724 0.579+- .1531 3.473+- .3690 2.475+- .1619 2.039+- .1147 1.634+- .2823
BIC 3.942+- .3839 3.131+- .1883 1.866+- .1700 0.810+- .0950 4.126+- .3303 3.320+- .3162 2.156+- .1297 1.874+- .1209

.40
BDe (S) 3.852+- .5568 2.192+- .3096 1.255+- .1653 1.794+- 1.8763 4.342+- .5313 3.181+- .3114 2.024+- .1074 1.945+- .1730
BDe (I) 4.430+- .1813 2.564+- .4480 1.690+- .2122 1.824+- 1.8615 4.320+- .5381 3.289+- .4039 2.238+- .1617 2.130+- .1716
BDe (La) 4.429+- .2635 3.038+- .3359 1.887+- .2115 1.006+- .1781 4.416+- .5386 3.246+- .4745 2.778+- .3226 2.017+- .1206
BDe (Li) 4.550+- .2485 3.061+- .3884 1.553+- .2431 0.740+- .1217 4.946+- .4052 3.584+- .4422 2.345+- .1130 2.025+- .0769
BIC 5.645+- .6852 3.821+- .0919 2.883+- .4775 1.549+- .2079 6.054+- .1423 3.714+- .2343 2.966+- .3040 2.154+- .0337

Table1: Experimentalresultsfor learningwith variouspercentageof missingvalues.Thenumberin eachcell indicates
themeanandstandarddeviationof theKL divergenceof thelearnednetworkto thetruenetworkfrom 5 differenttraining
sets(smalleris better). Thevariantsof theBDe scoreareS, I, L, andN andthey correspondto summation,integration,
Laplace's,andlinearapproximations,respectively
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S � � �T� andthenevaluatethe
Hessianof log :S���/� at that point. The ®rststepcan be
doneby standardoptimizationmethods(e.g.,gradientas-
cent), and the secondis a straightforward applicationof
Laplace's approximation.Dueto lackof space,I donot go
in to details.

In thereminderof thissection,I will discusshow to apply
theseapproximationsfor Dirichlet factors. Using (4), we
have that:
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It immediatelyfollows,by linearityof expectations,that:
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where� issomeconstanttermthatdependsonlyontheprior.
As we cansee,we canapproximateeachof the expec-

tationsindividually. Sinceeachoneof theseinvolvesonly
onecount,we will simplify notationsomewhat. Assume
that 


2 and � 2
2 arethemeanandvarianceof somecount #

2 .
Also, let #,�

2 betheprior countfor thesameevent. Finally,
let �

2 , and 


2 betheminimalandmaximalvaluesthat #

2

cantakein thedata. (Thesecanbeeasilyrecordedduring
thecomputationof expectedsuf®cientstatistics.)We now
considerthreeapproximationsto ��� logG��#

2

� #,�

2

��� .
Summation: In this approximation,we iterateover the

possibleintegral valuesof #
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2 to 


2 ). For each
valueof #

2 , we estimatethe probability �W��#
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Gaussianfunction,by integratingtherange� #
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(for the extremevalues �

2 and 


2 , we also includealso
the volume of the tail of the the distribution). We then
approximate��� logG��#
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Thismethoddoesnot scalewhen #

2 cantakemany values.
However, I useis it a baselineto evaluateotherapproxima-
tions.

Integration. Usingthecontinuousapproximationto the
sumabove,wehave that
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ThistruncationisnecessarysinceG�T� � growsto in®nityas�

goesto0. Toevaluatethisintegral,wecanusenumericalin-
tegrationprocedures,calledHermite-Gaussianquadratures,
thatareparticularlysuitablefor integralsof this form and
can be encodedquite ef®ciently[1]. In the experiments
describedbelow, I usethis integrationprocedurewith 16
evaluationpoints. I suspectthat it would suf®ceto usea
smallernumberof controlpoints.

Laplace's Approximation: Here we approximatethe
integralof theGaussianby ®ndingthemode � of theinte-
gratedfunction logG�T� ���J�N� : 
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� 2
2

� . In my imple-
mentation,I ®ndthis valueby binarysearch.

UsingLaplace'sapproximation,wegetthattheintegralis
approximatedby:
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I usestandardapproximations(e.g.,[1]) to computethe®rst
andsecondderivativesof logG��� � .

5 EXPERIMENTAL RESULTS
5.1 METHODS
In thissection,I describeresultsof experimentsthatindicate
the effectivenessof the generalapproachandevaluatethe
alternative methodsfor computingscoresdiscussedabove.
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Figure1: Thenetworksusedin learningwith hiddenvari-
ables. Shadednodescorrespondto hiddenvariables. (a)
3x1+1x3+3,(b) 3x8.

In addition, I alsocomparethe resultingnetworksto net-
works learnedusingStructuralEM with theBIC score(as
describedin [12]).

All the variantsof this procedureusethe samegeneral
architecture.Thereis asearchmodulethatperformsgreedy
hill climbing searchover networkstructures.To evaluate
eachnetwork,this searchprocedurecalls anothermodule
that is aware of the metric being usedandof the current
completionmodel.This modulekeepsa cacheof expected
suf®cientstatistics(andin the caseof the Bayesianscore,
alsovariancesandbounds)to avoid recomputations.

5.2 MISSING VALUES

Many reallife datasetscontainmissingvalues.This poses
a seriousproblemwhenlearningmodels. Whenlearning
in presenceof missingdata,onehasto becarefulaboutthe
sourceof omissions.In general,omissionof valuescanbe
informative. Thus, the learnershouldlearn a model that
maximizetheprobabilityof theactualobservations, which
includesthepatternof omissions.Learningproceduresthat
attempttoscoreonlytheobservabledata,suchastheonede-
scribedhere,ignore,in somesense,themissingvalues.This
is justi®edwhendatais missingat random(MAR). I refer
theinterestedreaderto [23] for a detaileddiscussionof this
issue. We cancircumvent this requirementif we augment
thedatawith indicatorvariablesthatrecordomissions,since
the augmenteddatasatis®esthe MAR assumption.Thus,
procedures,suchastheonediscussedhere,arerelevantalso
for dealingwith datathatis notmissingat random.

In order to evaluatethe BayesianStructuralEM proce-
dure,I performedthe following experimentsthatexamine
thedegradationin performanceof thelearningproceduresas
afunctionof thepercentageof missingvalues.In thisexper-
iment,I generatedarti®cialtrainingdatafromtwonetworks:
alarmÐa networkfor intensivecarepatientmonitoring[2]
that has37 variables,andinsuranceÐa networkfor clas-
sifying car insuranceapplications[3] thathas26variables.
From eachnetworkI randomlysampled5 training setsof
different sizes,and then randomly removed valuesfrom
eachof thesetrainingsetsto get trainingsetswith varying
percentageof missingvalues.

Foreachtrainingset,theBayesianandtheBIC procedures
wererun from the samerandominitial networkswith the
sameinitial randomseeds.Theseinitial networkswereran-
domchain-likenetworksthatconnectedall thevariables.I
evaluatedtheperformanceof thelearnednetworksby mea-
suring the KL divergenceof the learnednetwork to the

generatingnetwork.Theresultsaresummarizedin Table1.
As expected,thereis a degradationin performanceasthe
percentof missingvaluesgrows. We seethat theBayesian
procedureconsistentlyoutperformstheBIC procedure,even
thoughbothusethesameprior over parameters.

As wecanseefrom theseresults,thesummationapprox-
imation is consistently®ndingbetternetworks. In some
cases,it ®ndsnetworkswith asmuchas60% small error
thanthelinearapproximation.This is especiallynoticeable
for in thesmallertrainingsets.Theintegrationapproxima-
tion performsslightly worst, but often signi®cantlybetter
thanthe linearapproximation.Theseresultsmatchthehy-
pothesisthat the linear approximationis most unsuitable
in small training sets. For larger training setswith small
percentof missingvalues,weseethatthelinearapproxima-
tion performsquitewell, andoftenbetterthantheLaplace
approximation.

5.3 HIDDEN VARIABLES
In most domains,the observable variablesdescribeonly
someof therelevantaspectsof theworld. Thiscanhavead-
verseeffectonourlearningproceduresincethemarginaliza-
tion of hiddenquantitiescanleadto a complex distribution
over theobservedvariables.Thus,thereis growing interest
in learningnetworksthat includeoneor morehiddenvari-
ables. The StructuralEM approachgivesus the tools for
learningagoodstructurewith a®xedsetof hiddenvariables.
Westill needanadditionalmechanismto choosehow many
hiddenvariablesto add. This canbe doneusinga simple
loop, sincewe arenow searchingover a linearscale. The
experimentsin this sectionattemptto evaluatehow good
ourprocedureis in learningsuchhiddenvariablesandhow
it compareswith theBIC scorewhich is easierto learnbut
overpenalizesnetworkstructures.

In theexperiments,I usedtwo networkswith binaryvari-
ables:The®rstis 3x1+1x3+3with the topologyshown in
Figure1b. This networkhashiddenvariablesªmeditatingº
betweentwo groupsof observed variables.The secondis
3x8 with the topologyshown in Figure 1b. Here all the
variablesseemsto be correlated,althoughthey arenicely
separatedby the hiddenones. I quanti®edthesenetworks
usingparameterssampledfrom aDirichlet distribution. For
eachsampledvalue for the parameters,I run a standard
belief network learningprocedurethat usedonly the ob-
servablevariablesto seehow ªhardº it is to approximatethe
distribution. I thenchosetheparametersettingsthat led to
theworstpredictiononanindependenttestset.

I thensampled,from eachnetwork,trainingsetsof sizes
500,1000,2000,and4000instancesof theobservablevari-
ables,and learnednetworksin the presenceof 0, 1, 2, 3,
or 4 hiddenbinary variablesusing the both the Bayesian
StructuralEM algorithmwith theBDemetricwith uniform
prior, and the BIC StructuralEM algorithmthat usedthe
sameuniform prior over parameters.Bothalgorithmswere
startedwith the sameset of initial network structureand
randomizedparameters.

In theseexperiments,the proceduresareinitialized by a
structurein which all of the hiddenvariablesare parents
of eachobservablevariable. (See[12] for motivation for
the choice of this structure). As discussedabove, both
the Bayesianand the BIC versionsof StructuralEM can
convergeto localªstructuralºmaxima.In thecaseof hidden
variables,this phenomenais morepronouncedthanin the
caseof missingvalue. In thesecases,the initial structureI
useis oftencloseto a localmaximain thesearch.

To escapefrom theselocalmaxima,I userandompertur-
bations.Theprocedureusestwo formsof perturbations.In



# Hidden/ 3x1+1x3+3 3x8
Method 500 1000 2000 4000 500 1000 2000 4000

0
BDe .1410+- .0246 .0741+- .0205 .0421+- .0123 .0274+- .0046 .1591+- .0226 .0819+- .0104 .0535+- .0057 .0386+- .0046
BIC .1469+- .0274 .0796+- .0233 .0356+- .0035 .0267+- .0029 .1383+- .0192 .0792+- .0108 .0502+- .0035 .0328+- .0038

1
BDe (S) .0964+- .0250 .0384+- .0056 .0240+- .0048 .0159+- .0027 .1063+- .0182 .0423+- .0138 .0419+- .0028 .0261+- .0011
BDe (I) .0698+- .0195 .0431+- .0107 .0222+- .0023 .0165+- .0011 .1085+- .0241 .0438+- .0111 .0319+- .0060 .0235+- .0043
BDe (La) .0831+- .0132 .0374+- .0041 .0214+- .0027 .0151+- .0022 .0892+- .0235 .0513+- .0122 .0348+- .0099 .0224+- .0058
BDe (Li) .0920+- .0201 .0409+- .0088 .0241+- .0058 .0144+- .0026 .1078+- .0138 .0443+- .0093 .0358+- .0056 .0227+- .0060
BIC .0929+- .0101 .0590+- .0166 .0224+- .0028 .0182+- .0024 .1152+- .0213 .0635+- .0092 .0294+- .0051 .0247+- .0076

2
BDe (S) .0720+- .0249 .0304+- .0037 .0174+- .0039 .0100+- .0034 .0785+- .0223 .0422+- .0112 .0209+- .0024 .0163+- .0053
BDe (I) .0731+- .0321 .0323+- .0051 .0147+- .0046 .0098+- .0022 .0907+- .0244 .0364+- .0085 .0228+- .0031 .0134+- .0057
BDe (La) .0702+- .0307 .0403+- .0088 .0127+- .0039 .0113+- .0037 .0769+- .0336 .0485+- .0212 .0221+- .0038 .0157+- .0030
BDe (Li) .0646+- .0175 .0290+- .0043 .0134+- .0042 .0070+- .0020 .0619+- .0209 .0344+- .0054 .0196+- .0021 .0165+- .0017
BIC .0952+- .0259 .0333+- .0035 .0133+- .0028 .0082+- .0019 .1074+- .0494 .0428+- .0069 .0209+- .0015 .0204+- .0035

3
BDe (S) .0875+- .0282 .0504+- .0221 .0253+- .0075 .0158+- .0021 .0386+- .0176 .0365+- .0168 .0248+- .0095 .0158+- .0042
BDe (I) .0889+- .0245 .0382+- .0062 .0229+- .0099 .0100+- .0044 .0516+- .0165 .0409+- .0251 .0193+- .0099 .0106+- .0040
BDe (La) .1079+- .0157 .0335+- .0153 .0166+- .0066 .0138+- .0050 .0465+- .0156 .0274+- .0094 .0148+- .0084 .0123+- .0068
BDe (Li) .1058+- .0215 .0298+- .0080 .0198+- .0031 .0143+- .0052 .0481+- .0268 .0276+- .0053 .0184+- .0073 .0136+- .0056
BIC .1108+- .0383 .0574+- .0203 .0143+- .0044 .0096+- .0040 .0679+- .0217 .0185+- .0073 .0082+- .0020 .0073+- .0048

4
BDe (S) .0678+- .0179 .0676+- .0157 .0615+- .0167 .0263+- .0089 .0628+- .0147 .0673+- .0063 .0309+- .0042 .0154+- .0032
BDe (I) .0942+- .0217 .0847+- .0296 .0365+- .0196 .0206+- .0065 .0564+- .0260 .0448+- .0160 .0321+- .0096 .0145+- .0040
BDe (La) .0880+- .0163 .0357+- .0159 .0365+- .0098 .0220+- .0053 .0458+- .0189 .0372+- .0096 .0262+- .0065 .0158+- .0027
BDe (Li) .1105+- .0308 .0373+- .0108 .0228+- .0047 .0125+- .0016 .0594+- .0230 .0266+- .0088 .0185+- .0075 .0133+- .0045
BIC .1181+- .0131 .0628+- .0186 .0260+- .0087 .0162+- .0105 .0715+- .0252 .0279+- .0128 .0151+- .0057 .0082+- .0033

Table2: Performanceon anindependenttestsetfor the networkslearnedwith hiddenvariablesusingtheBDe andBIC
scores.Thereportednumberscorrespondto thedifferencein log losson the testsetbetweenthegeneratingdistribution
andlearneddistributions. Themeanandstandarddeviationof this quantityfor runon5 datasetsarereported.Thelabels
of therows indicatethenumberof hiddenvariablesthatwerelearnedandtheprocedureused.

the®rsttypeof perturbations,a changethelocal neighbor-
hoodof thehiddenvariablesis tried. This is doneeitherby
addingan edgeto/from a hiddenvariableto anothervari-
able (which might be hidden),or reversingsuchan edge.
After sucha singleedgechange,theprocedurerestartsthe
StructuralEM procedurewith the new structureandruns
until convergence.This is repeatedwhereat eachstagethe
procedureperturbsthebeststructurefoundsofar. Thepro-
cedureusesthe Cheeseman-Stutzscore[6, 7] to evaluate
structuresfrom differentrunsof StructuralEM. (The BIC
versionusesthemarginal BIC score.)This is repeatedfor
upto ®veperturbations.After this typeof perturbationsare
tried,theprocedureappliesthesecondtypeof perturbation,
whichissimplyarandomsequenceof moves(edgeaddition,
deletionandreversal).In theexperimentstheprocedureap-
plied20suchchanges.Thentheprocedureis restartedusing
thebasicStructuralEM procedureandthe®rsttypeof per-
turbations.After 10suchrandomwalks,or if thetime limit
is reachedtheprocedureis terminated.

Theresultssummarizedin Table2, show thatthevariants
of theBayesianprocedureusuallymakebetterpredictions
thantheBIC score,but not always.Also, theperformance
of thelinearapproximationisoftenbetterthanotherapprox-
imations. Themainexplanationfor bothof thesediscrep-
anciesfrom themissingdatacase,is that in theselearning
problemsthe main improvementswhereachieved by runs
thatwhereinitialized by the ªrightº randomperturbations.
Since,all the runswereterminatedafter30 CPU minutes,
the runs with the BIC scoreand the BDe with linear ap-
proximationhave gonethroughmany morerandomrestarts
than the other runs. This is mostnoticeablein the cases
wheretherearemorehiddenvariables,sincethey require
many scoreevaluationsfor factorswith incompletedataand
the searchspacethey de®necontainmore local maxima.
Thestructureslearnedwherealsoquitecloseto theoriginal
structure. Due to spacerestrictions,I cannotelaborateon
thishere.

6 DISCUSSION

In thispaper, I describedanew approachfor Bayesianmodel
selectionin belief networksandrelatedmodels. I believe
that this approachis exciting sinceit attemptsto directly
optimizethetrueBayesianscorewithin EM iterations.The
paperdescribesa framework for building algorithmsthat
learnfrom incompletedata.Thisframework providessome
guarantees,but leaves opensuch issuesas the collection
of suf®cientstatisticsandthecomputationof theexpected
scorefor eachfactor. Thesedetailscanbe®lledin for each
classof models.

Thereisquiteabit of relatedworkonlearningfromincom-
pletedata.Thegeneralideaof interleaving structuresearch
with EM-like iterationappearedin severalpapers.The®rst
StructuralEM paper, Friedman[12] introducedthe frame-
work andestablishedthe ®rstformal convergenceresults.
Singh[25] hada similar insight althoughhis procedureis
somewhatdifferent. Like theStructuralEM procedure,his
procedureis iterative. In eachiteration,it generates� joint
assignmentsto all missingvaluesusingthebestmodelfrom
previousiterations.Hisproceduretheninvokesthelearning
procedureof CooperandHerskovits [9] on eachoneof the
completeddatasets.Finally, Singh's proceduremergesthe
learnednetworks,trainsparametersfor thismergednetwork
usingstandardEM procedure,andreiterates.Thisapproach
canbe interpretedasa stochasticapproximationof Struc-
tural EM. The analysisof this papergivesinsight into the
limiting behavior of Singh'salgorithm. More precisely, by
using � completeddatasets,Singhapproximatestheexpec-
tation of the score. However, insteadof combiningthese
estimateswithin a singlesearchprocedure,Singhsearches
for structuresindependentlyon eachoneof thecompleted
datasets.This leadsto variouscomplications,suchasthe
needto mergethelearnednetworks.

Somevariantsof StructuralEM have beenproposedby
Meila andJordan[21] and Thiessonet al. [27]. Both of
thesevariantslearnmultinetsin which theselectorvariable



is hidden(thesecan be thoughtof mixturesof Bayesian
networks).Meila andJordanlearnmultinetsin whicheach
network is a Chow tree. They exploit this restrictionto
collect all requiredstatisticsin onepassat eachiteration.
Althoughthey donot provideany formal treatmentof their
procedure,theanalysisof [12] directly appliesto their ap-
proach,andshows that their procedurewill converge to a
local maximum. Thiessonet al. [27] aim to learngeneral
multinetsusingthe Cheeseman-Stutzscore[6]. By exam-
ining approximationsto this scorethey motivatea learning
algorithmthat,in theterminologyof thispaper, canbeseen
asaninstanceof Factored-Bayesian-SEM,usingthe linear
approximation,appliedto multinets.Thiessonet al. usean
ef®cientmethodfor cachingexpectedstatisticswhenmost
of thevariablesof interestareGaussian,thatcananswerall
queriesduringthestructuresearchafterasinglepassonthe
training dataat eachiteration. The analysisin this paper
directlyappliesto theirapproach.

Onerestrictionof the StructuralEM algorithmis that it
focuseson learninga singlemodel. In practice,we often
wantto usea committeeof severalhigh scoringmodelsfor
prediction. Suchcommitteescanprovide a betterapproxi-
mationof Eq. (1) andensurethatwe do not committo the
particularsof a singlemodelwhenthe evidencealsosup-
portsothermodels.BothMeila andJordan,andThiessonet
al.attempttoapproximatesuchcommitteesby learningmix-
ture models, whereeachmixturecomponentis a Bayesian
network.Nonetheless,they arelearninga MAP model,in a
largerclassof models. This might beuseful,if thesource
of thedatacanbebetterdescribedby a mixture. However,
it doesnotaddressthedependency ona singlemodel.

Alternatively, wemightattemptto directly follow theba-
sicBayesianprincipleasformulatedin Eq.(1),andperform
Bayesianmodelaveraging. In this approach,membersof
thecommitteeareweightedbytheirposteriorprobability. It
turnsoutthatwecanuseavariantof BayesianStructuralEM
to learnBayesiancommittees.Roughlyspeaking,we can
run BayesianStructuralEM wheretheªcurrentº candidate
at eachstageis a Bayesiancommitteeof models(i.e.,each
model is weightedby its posteriorprobability). Then, at
eachiterationwechoosethe � modelsthathave thehighest
expectedscoregiven the currentcommittee. The formal
treatmentof this ideais somewhatmorecomplex, andis the
topicof currentresearch.

Thereareseveralotherissuesthatrequireadditionalun-
derstanding.In particular, althoughI providedconvergence
proofsfor theabstractversionof thealgorithm,it is still not
clearwhethertheseproofsapplygiventheapproximations
needto performthis algorithmin practice.Empiricalexpe-
rienceshowsthattheproceduredoesconsistentlyconverge.
However, bettertheoreticalunderstandingis calledfor.

An additionalaspectglossedover in this presentationis
the computationof the expectedstatistics. This requires
largenumberof computationsduring learning. This is the
main bottleneckin applying this techniqueto large scale
domains.It is clearthatwe shouldbeableto improve the
standardinferenceproceduresby exploiting thefactthatwe
are evaluatingthe sameset of queriesover large number
of instances. Moreover, stochasticsimulation seemsan
attractive approachto examine in this context, sincewe
canusethe samesampleto evaluatemany queries. This,
however, requiresamorecarefulanalysisof theeffectof the
noisein theestimationontheconvergencepropertiesof the
algorithm. Finally, it would beinterestingto understandif
it is possibleto combinevariationalapproaches(e.g.,[24])
with this typeof learningprocedures.

Anothermajoropenquestionis how to decide,in anin-

telligentfashion,on thenumberof hiddenvariables.Right
now, theapproachusedin thispaper(andin [12, 21,27]) is
to learnmodelswith 1 hiddenvariable,2 hiddenvariables,
etc.,andthento selectthe networkwith the highestscore.
This is clearlya blind approach.Moreover, thequalitative
model learnedwith a hiddenvariabledependson the ini-
tial structureusedby theStructuralEM procedure.Current
researchexamineshow to combinetheStructuralEM pro-
cedurewith constraint-basedapproaches,suchastheseof
[26] thatlearnconstraintsasto thepossiblepositionsof hid-
denvariables,to guidetheintroductionof hiddenvariables
duringthesearch.
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