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Abstract

In recentyearstherehasbeena urry of worksonlearning
Bayesiametworksfrom data. Oneof the hardproblems
in this areais how to effectively learn the structureof

a belief network from incompletedatabthat is, in the
presencef missingvaluesor hiddenvariables. In a re-

centpaper | introducedan algorithm called Structuel

EM thatcombineghestandardExpectatiorMaximization
(EM) algorithm,which optimizesparametersyith struc-
ture searchfor model selection. That algorithm learns
networksbasedn penalizedikelihood scoreswhichin-

cludethe BIC/MDL scoreandvariousapproximationdo

the Bayesiarscore.In this paper| extendStructuralEM

to dealdirectlywith Bayesiarmmodelselection.l provethe
corvergenceof the resultingalgorithmandshav how to

applyit for learninga large classof probabilisticmodels,
including Bayesiametworksandsomevariantsthereof.

1 INTRODUCTION

Belief networksare a graphicalrepresentatiorior proba-
bility distributions. They are arguably the representation
of choicefor uncertaintyin arti®cialintelligenceandhave
beensuccessfullyappliedin expertsystemsdiagnosticen-
gines,andoptimal decisionmakingsystems.Eliciting be-
lief networksfrom expertscanbealaboriousandexpensve
process.Thus,in recentyearstherehasbeena growing in-
terestin learningbelief networksfrom data[9, 16, 17, 18].
Currentmethodsare successfubt learningboth the struc-
tureandparameterfrom completadatabthatis, wheneach
datarecorddescribeghe valuesof all variablesin the net-
work. Unfortunately thingsare differentwhenthe datais
incomplete Until recently learningmethodswere almost
exclusvely usedfor adjustingthe parametergor a ®xed
networkstructure.

The inability to learn structurefrom incompletedatais
considerecsoneof themainproblemswith currentstateof
the art technologyfor severalreasons First, mostreal-life
datacontaingmissingvaluesOneof the cited advantage ®f
belief networks(e.g.,[16]) is thatthey allow for principled
methoddor reasoningvith incompletedata.However, it is
unreasonablatthe sametime to requirecompletedatafor
trainingthem.Secondlearningaconcisestructurds crucial
both for avoiding over®ttingandfor ef®cientinferencein
thelearnedmodel. By introducinghiddenvariableghatdo
notappeaexplicitly in themodelwe canoftenlearnsimpler
models.

In [12], | introduceda new methodfor searchingover
structuresn the presencef incompletedata. The key idea
of this methodis to useour @best° estimateof the distribu-
tion to completehedata,andthenuseprocedureshatwork
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ef®cientlyfor completedataon this completeddata. This

followsthebasicintuition of the ExpectatiorMaximization
(EM) algorithmfor learningparametergn a ®edparamet-
ric model[11]. Hence,l call this methodStructual EM.

(In [12], the nameMS-EM wasused.) Roughlyspeaking,
StructuraEM performssearchin thejoint spaceof (Struc-
ture Parameters).At eachstep,it caneither®ndbetter
parameter$or the currentstructure,or selecta new struc-
ture. Theformercaseis a standardparametric’EM step,
while the lateris a astructural° EM step. In [12], | shav

thatfor penalizedikelihood scoringfunctions,suchasthe
BIC/MDL score[18], this procedureconvemgesto a2local®

maxima.

A dravbackof thealgorithmof [12] is thatit appliesonly
to scoringfunctionsthat approximatehe Bayesianscore.
Therearegoodindications both theoreticalandempirical,
thatthe exact Bayesianscoreprovidesa betterassessment
of the generalizatiorpropertiesof a modelgiventhe data.
Moreover, the Bayesiarscoreprovidesa principledway of
incorporatingprior knowledgeinto thelearningprocess.

To computethe Bayesianscoreof a network, we need
to integrateover all possibleparameteassignmentso the
network. In general,when datais incomplete,this inte-
gral cannotbe solvedin closedform. Currentattemptsto
learnfrom incompletedata using the Bayesianscoreuse
eitherstochasticsimulationor Laplace$ approximationto
approximatehisintegral(se€g7] andthereferencesvithin).
Theformermethodgendto be computationallyexpensve,
andthe latter methodscanbe imprecise. In particular the
Laplaceapproximatiorassumethatthelikelihoodfunction
is unimodal,while therearecasesvherewe know thatthis
functionhasanexponentiainumberof modes.

In this papery | introducea framevork for learningprob-
abilistic modelsusing the Bayesianscoreunder standard
assumptionsn the form of the prior distribution. As with
StructuraEM, thismethods alsobasedntheideaof com-
pletion of the datausingour bestguessso far. However,
in this casethe searchis over the spaceof structuregather
thanthe spaceof structuresandparameters.

This paperis organizedasfollows. In Section2, | de-
scribea classof modelswhich | call factored models that
includesbeliefnetworksmultinets,decisiontreesdecision
graphsandmary otherprobabilisticmodels.| review how
to learnthesefrom completedataandthe problemsposed
by incompletedata. In Section3, | describethe Bayesian
StructuraEM algorithmin aratherabstracsettingsanddis-
cusdts corvergenceproperties Thealgorithm,aspresented
in Section3, cannotbe directlyimplementedandwe need

LIt is worth noting that the StructuralEM procedure as pre-
sentedn [12], is applicableto scoreshatinclude priors over pa-
rametersSuchscoresncorporateto someextent,theprior knowl-
edgeby learningMAP parametermsteadf maximumlikelihood
ones.



to approximatesomequantities.In Sectiord, | discusshow
to adaptthe algorithmfor learningfactoredmodels. This
resultsn anapproximatepproachhatis differentfrom the
standardonesin the literature. It is still an openquestion
whetherit is moreaccurate However, thederivationof this
approximationis basedon computationatonsideratiorof
how to searctin thespaceof networkstructuresMoreover,
the frameavork | proposeheresuggestsvherepossibleim-
provementscan be made. Finally, in Section5, | describe
experimentalresultsthat comparethe performanceof net-
workslearnedusingthe BayesianStructuralEM algorithm
andnetworkdearnedusingthe BIC score.

2 PRELIMIN ARIES

In this section,| de®nea classof factored modelsthatin-
cludesvariousvariantsof Bayesiannetworks,and briey
discusshow to learnthemfrom completeandincomplete
data,andthe problemgraisedby thelattercase.

2.1 FACTORED MODELS

We startwith somenotation. | usecapitalletters,suchas

, for variablenamesandlowercasdetters to
denotespeci®cvaluestaken by thosevariables. Setsof
variablesare denotedby boldfacecapital lettersX Y Z,
andassignmentsf valuesto the variablesin thesesetsare
denotedvy boldfacelowercasdettersx y z.

In learningfrom datawe areinterestedn ®ndingthe best
explanationfor thedatafrom a setof possibleaxplanations.
Theseexplanationsarespeci®edy setsof hypothesethat
wearewilling to consder Weassuméhatwehaveaclassof
models suchthateachmodel is parameterized
by a vector Q suchthat each(legal) choice of values
Q de®nesprobabilitydistributionPr : Q over
possibledatasets,where denoteghe hypothesighat
the underlyingdistributionis in themodel . (Fromnow
onl useQ asashorthandorQ whenthemodel isclear
from the context.) | requirethat the intersectionbetween
modelshaszeromeasureandfrom now on, we will treat

and asdisjointevents.
We now examineconditionson  for which the algo-
rithmsdescribedelow areparticularlyuseful.
The®rstassumptiorconsidergheform of modelsin

A factored model  (for U 1 ) is a para-
metric family with parameter€) Q Q that
de®nes joint probabilitymeasuref theform:

Pri Q 1 :Q

whereeach is a factor whosevalue dependn some
(or all) of the variables 3 . A factoredmodelis
sepanbleif thespaceof legal choicesof parameterss the
crosgproduciofthelegalchoicesof parameter® foreach

. In otherwords,if legal parameterizatioof different
factorscanbe combinedwithoutrestrictions.

Assumption1. All the models are separabldactored
models.

This assumptionby itself is not too strong, since ary
probability model can be representedy a single factor
Here are someexamplesof non-trivially factoredmodels
thatarealsoseparable.

Example2.1: A belief network[22] is an annotateddi-
rectedagyclic graphthat encodesa joint probability dis-
tribution over U. Formally, a belief network for U is a
tuple Q . The®rstcomponentnamely , is

a directedagyclic graphwhoseverticescorrespondo the
randomvariables 1 that encodeghe following
setof conditionalindependencassumptionseachvariable
is independendf its non-descendantsvenits parents
in . Thesecondcomponenbdf thetuple,namely ,isa
setof local models 4 . Eachlocalmodel maps
possiblevaluespa of Pa , thesetof parentof
to aprobabilitymeasurever . Thelocalmodelsarepa-
rameterizedy parameters) . A beliefnetwork de®nes
auniquejoint probabilitydistributionover U givenby:

1 Pa 'Q
1

It is straightforwardo seethatabeliefnetworkis afactored
model. Moreover, it is separablesinceary combinatiorof
locally legal parametersle®nes probabilitymeasurell

Example2.22 As a more speci®ocexample, considerbe-
lief networksover variablesthat have a ®nite set of val-
ues. A standardepresentationf the local modelsin such
networksis by a table. For eachassignmenbf valuesto
Pa , the table containsa conditionaldistribution over

In suchnetworks,we can further decomposesach
of the local modelsinto a productof multinomialfactors:

pa pa Pa ‘Q pa ,whereQ
isavectorthatcontaingparameters ,,  for eachvalue
of ,and pa Pa ‘Q pa IS pa
if Pa pa and , and 1 otherwise. In

this case,we can write the joint probability distribution
1 Q as

Pa :Q pa
Again, it is easyto verify thatsucha modelis separable:
eachcombinationof legal choicesof Q ,,  resultsin a

probabilitydistribution. il

Other examplesof separablefactored modelsinclude
multinets[14], mixture models[6], decisiontrees[5], de-
cisiongraphs,andthe combinationof the lattertwo repre-
sentationsvith belief networkg4, 13,8]. An exampleof a
classof modelsthat arefactoredin a non-trivial sensebut
are not separableare non-chordalMarkov networks[22].
Theprobabilitydistributionde®nedy suchnetworkshasa
productform. However, achangen the parameterfor one
factor requireschangingthe global normalizing constant
of the model. Thus, hot every combinationof parameters
resultsin alegal probability distribution.

Our next assumptioninvolves the choice of factorsin
thefactoredmodels. | requirethateachfactoris from the
exponentialfamily [10]: A factoris exponentialif it canbe
speci®eth theform

1 pa pa

X:Q Q X

where Q and X arevectorvaluedfunctionsofthesame
dimensionand is theinnerproduct.?

Example2.3 It is easyto verify thatthe multinomialfac-
tors from Example2.2 are exponential. We can rewrite

2Standardde®nitionsof the exponentialfamily often include
an additionalnormalizingterm and representhe distribution as

Q X . However, this term can be easilyaccountedor
by addinganadditionaldimensiorto and X .



pa Pa ' Q pa in the exponentialform
by setting
Q pa log ,pa log  pa
X 1l.pa X 1 pa X
where 1 arethepossiblevaluesof ,andly x if

thevaluesof Y X iny matchthevaluesassignedo them
by x, and0 otherwise i

Otherexamplesof exponentialfactorsincludeunivariate
andmultivariateGaussiansandmary otherstandardlistri-
butions(see for example,[10]).

Assumption2. All the modelsin
nentialfactors.

2.2 BAYESIAN LEARNING

Assumethatwe have aninputdataset with somenumber
of examples. We want to predict other eventsthat were
generatedrom the samedistributionas . To de®nethe
Bayesianlearning problem,we assumehat learnerhasa
prior distributionover modelsPr , andovertheparam-

etersfor eachmodel, Pr Q Bayesianlearning
attemptsto makepredictionsby conditioningthe prior on
theobsereddata. Thus,thepredictionof the probabilityof

containonly expo-

anevent , afterseeinghetrainingdata,canwrittenas:
Pr Pr Pr
Pr )
where
Pr Pr Q PrQ Q (2
and
Pr Pr Q PrQ Q
3)

Usually, we cannotafford to sumoverall possiblanodels.
Thus, we approximate(1) by using only the maximuma
posteriori(MAP) model,or usinga sumover several of the
modelswith highesiposteriomprobabilities.Thisis justi®ed
when the datais suf®cientto distinguishamongmodels,
sincethenwe would expectthe posteriordistributionto put
mostof theweightonafew models.

2.3 LEARNING FROM COMPLETE DATA

When the datais complete,that is, eachexamplein
assignsvalueto all the variablesin U, thenlearningcan
exploit the factoredstructureof models.To do so,we need
to makeassumptionsiboutthe prior distributionsover the
parametersn eachmodel. We assumehat a priori, the
parameterfor eachfactorareindependentf theparameters
of all otherfactorsanddependnly ontheform of thefactor.
Theseassumptiongarecalledparameterindependencand
parametemrmodularityby Heckermaretal. [17].

Assumption 3. For eachmodel with factorsthe
prior distribution over parameterfiasthe form

PrQ; Q PrQ
Assumption4. If for some , then
PrQ PrQ

Given Assumptions3 and4, we candenotethe prior over
parametersf afactor asPrQ .

In practicejt alsousefulto requirethatthe prior for each
factoris aconjugateprior. For example Dirichlet priorsare
conjugatepriors for multinomial factors. For mary types
of exponentialdistributions,the conjugatepriorsleadto a
closed-formsolutionfor the posteriorbeliefs,andfor the
probabilityof the data.

An importantpropertyof learninggiven thesefour as-
sumptiongs thatthe probabilityof completedatagiventhe
modelalsohasafactoredorm thatmirrorsthefactorization
of themodel.

Proposition2.4:  Given Assumptiond +4 and a data set

ut u of completeassignment® U, thescoe
ofamodel thatconsistof factors ; , 1S
Pr L u
1
whee
C PrQ Q
and , and are the the exponentialrepresentation
of

It importantto stressthattermsin the scoreof Proposi-
tion 2.4 dependnly on accumulateduf®cientstatisticsin
thedata. Thus,to evaluatethe scoreof amodel,we canuse
asummaryof thedatain theform of accumulatedguf®cient
statistics.

Example 2.5 Wenow completeghedescriptiorof thelearn-
ing problemof multinomial belief networks. Following
[9, 17] we useDirichlet priors. A Dirichlet prior for a
multinomial distribution of a variable is speci®edy a

setof hyperpaameters where 3 are
thevaluesof . We saythat

PrQ Dirichlet if PrQ !
For a Dirichlet prior with parameters the

probability of the values of with suf@cientstatistics

. is givenby

_ G GG @)

whereG 0 ! is the Gammafunction. For
moredetailson Dirichlet priors,see[10].
Thus, to learn multinomial Bayesian networks with
Dirichlet priors, we only needto keepcountsof the form
pa  for familieswe intendto evaluate. The scoreof
the networkis a productof termsof the form of (4), one
for eachmultinomial factorin the model; see[9, 17]. A
particularscoreof thisformis theBDe scoreof [17], which
we usein theexperimentdelow. 1

Learningfactoredmodelsfrom datais doneby searching
overthe spaceof modelsfor amodel(or models)thatmax-
imizesthe score. The above propositionshaws thatif we
changefactorednodellocally, thatis by replacingafew of
thefactors thenthescoreof thenew modeldiffersfromthe
scoreof the old modelby only afew terms. Moreover, by
cachingaccumulategduf®cienstatisticsor variousfactors,
we can easily evaluatevarious combinationsof different
factors.

Example2.6 Considerthe following examplesof search
procedureghat exploit theseproperties. The ®rstis the



searchusedby mostcurrentproceduredor learningbelief
networksfrom completedata. This searchprocedurecon-
sidersall arc additions,removals and reversals. Each of

theseoperationchange®nly the factorsthatareinvolved
in the conditionalprobabilitiesdistributionsof one or two

variables.Thus,to executea hill climbing searchwe have

to considempproximately 2 neighborgor ateachpoint
in the search.However, the changan the scoredueto one
localmodi®catiomemainghesamdf we modi®ednothey
unrelatedpartof thenetwork. Thus,ateachstep thesearch
procedur@eed®nlytoevaluatehe modi®cationthat
involve further changedo the partsof the modelthatwere
changedn the previousiteration.

Anotherexampleof a searchprocedurehat exploits the
samefactorizationpropertiesis the standardfdivide and
conquer®approachfor learningdecisiontrees,seefor ex-
ample[5]. A decisiontreeis a factoredmodelwhereeach
factorcorrespondso a leaf of thetree. If we replacealeaf
by subtreepr replaceasubtredoy aleaf,all of theotherfac-
torsin the modelremainunchangedThis formal property
justi®esndependengearchor thestructureof eachsubtree
oncewe decidetheroot of thetree.ll

2.4 LEARNING FROM INCOMPLETE DATA

Learningfactoredmodelsfrom incompletedatais harder
thanlearningfrom completedata. Thisis mainly dueto the
factthattheposteriorover parameterss nolongeraproduct
of independenterms. For the samereasonthe probability
of thedatais nolongera productof terms.

Sincethe posteriordistribution over the parametersf a
modelis no longera productof independenposteriorswe
usuallycannotrepresenit in closedform. Thisimpliesthat
we cannotmakeexact predictionsgivena modelusingthe
integral of (3). Insteadwe canattemptto approximatethis
integral. The simplestapproximations by usingMAP pa-
rameters Roughlyspeakingif we believe thattheposterior
over parameterg sharplypeakedthantheintegralin (3) is
dominatedby the predicationin a small region aroundthe
posteriors peak. Thus,we approximate

Pr Pr 6} (5)

Whereéis thevectorof parameterghatmaximizesPr Q

Pr Q PrQ We can ®nd
anapproximatiorto theseparametersisingeithergradient
ascentmethodd3] or usingeM [11, 19].

Sincetheprobability of the datagivena modelno longer
decomposesye needto directly estimatethe integral of
(2). We cando soeitherusingstochastisimulation,which
is extremely expensve in termsof computation,or using
large-sampleapproximationghat are basedon Laplace$
approximation.Thelatterapproximatiorassumeshatpos-
terior over parameterss peakedandusea Gaussiar®tin
the neighborhoof the MAP parameterdo estimatethe
integral. We referthereaderto [7, 15] for a discussiorof
approximationdasednthis technique.

The useof theseapproximationgequiresus to ®ndthe
MAP parameterfor eachmodelwewantto considebefore
we canscoreit. Thus, a searchof model spacerequires
an expensve evaluationof eachcandidate. Whenwe are
searchingn a large spaceof possiblemodels,this type of
searchbecomesnfeasiblebthe procedurehasto investa
largeamounif computatiorbeforemakingasinglechange
in the model. Thus, althoughthere have beenthorough
investigationsof the propertiesof variousapproximations
totheBayesiarscore therehave beenfew empiricalreports
of experimentswith learningstructure,exceptin domains

wherethesearchsrestrictedo asmdl numbeiof candidates
(e.g.,[6]).

3 THE STRUCTURAL EM ALGORITHM

In this section,l presenthe BayesianStructuralEM algo-
rithm for structureselection. This algorithm attemptsto
directly optimizethe Bayesiarscoreratherthanan asymp-
totic approximation. The presentatioris in a someavhat
more generalsettingsthan factoredmodels. In the next
sectionwewill seehow to specializédt to factoredmodels.

Assumethatwe have aninputdataset with somenum-
berof examples.For therestof this section assumehatthe
dataseis ®ed, and denoteeachvalue, eithersuppliedor
missing,in the databy arandomvariable. For example,if
we aredealingwith a standardearningproblemwherethe
trainingdataconsistof  i.i.d. instancesgachof whichis,
a possiblypartial assignmento variablesthenwe have

randomvariablesthatdescribethe training data. | de-

noteby O thesetof observablesariablesthatis, the setof
variableswhosevaluesaredeterminedy thetrainingdata.
Similarly, | denoteby H bethesetof hidden(or unobsered)
variablesthatis, thevariableghatarenot obsered.

As before,we assumehat we have a classof models

suchthat eachmodel is parameterizedhy a

vectorQ suchthateach(legal) choiceof valuesQ de-
®nesa probability distribution Pr - : Q overV. We
alsoassumehatwe have a prior over modelsandparame-
ter assignmenti eachmodel. For the sakeof clarity, the
following discussiorassumeshatall variablestakevalues
from aa®niteset. However, theresultsn thissectioneasily
applyto continuoussariablesjf we makestandaraontinu-
ity andsmoothnessestrictionson the likelihood functions
of modelsin .

To ®nda MAP model it suf®cesto maximize Pr

Pr , since the normalizing term is the
samefor all the modelswe compare. As we have seen
in the previoussection,if ~ containsmissingvalues,then
we usually cannotevaluate Pr ef®ciently For
the following discussiorwe assumethat we can compute

or estimatethe completedatalikelihood, Pr H O
As we have seenin the previoussection this assumptlorns
truefor theclassof factorednodelssatisfyingAssumptions
1+4. We will alsoassumehatgivena particularmodel,we
canperformthe predictive inferenceof (3) ef®ciently As
we have seen,althoughthis is not true for factoredmod-
els, we can ef®ciently computeapproximationsor these
predictionge.g.,usingthe MAP approximation).

We now have thetoolsto describehe generaloutline of
theBayesiarStructual EM algorithm.

Procedure Bayesian-SEM( ¢ 0):

Loop for 01 until convergence
Compute the posterior Pr Q 0.
E-step: For each , compute

: logPrH o o]
hPrh o logPrh o
M-step Choose 1 that maximizes :
if : 1! then

return

Themainideaof this procedurds thatat eachiterationit
attemptdo maximizethe expectedscoe of modelsinstead
of theiractualscore.Therearetwo immediatequestiongo
ask. Why is this easier? and, what doesit buy us? The
answetrto the ®rstquestiondepend®n the classof models
we areusing. As we shall seebelow, we can ef®ciently
evaluatethe expectedscoreof factoredmodels.



We now addresshe secondjuestion.Thefollowing the-
oremshaws thatprocedurenakes*progressqn eachitera-
tion.

Theorem3.1 Let o 1 be the sequenc®f models
examinedby the BayesianrSEMprocedue. Then,

logPr o . logPro
1
Proof:
Iog PFr>r00 -

prho prho

log h o ; prho

prho
log pPrh o =ho L (6)

prho

prHO 1
log 5o 0

1

whereall the transformationsare by algebraicmanipula-
tions, and the inequality between(6) and (7) is a conse-

quenceof Jensers inequality® Il

This theoremimpliesthatif 1 :
thenPr o Pro . Thus,if we choosea
modelthat maximizesthe expectedscoreat eachiteration,
thenwe areprovablymakingabetterchoice,in termsof the
mauginal scoreof the network. It is importantto notethat
thistheoremalsoimpliesthatwe canusea weakerversion
of the M-step:

M -stepChoose
1

Thisis analogougo the GenenlizedEM algorithm. Us-
ing this variant, we do not needto evaluatethe expected
scoreof all possiblemodelsin the E-Step In fact, aswe
shall seebelow, in practicewe only evaluatethe expected
scoreof a smallsubsebf themodels.

Theorem3.1 impliesthatthe procedureconvergeswhen
thereis no furtherimprovementin the objective score. As
animmediateconsequenceaye canshav thattheprocedure
reachesucha pointunderfairly generakonditions.

Theorem3.2 Let o 1 be the sequenc®f models
examinedbytheBayesiarSEMprocedue. If thenumberof
modelsin is ®nite,or if there is a constant sud that
Pr Q for all models and parameters
Q ,thenthelimit lim Pro exists.

Unfortunatelythereis notmuchwecansayabouthecon-
vergencepoints. Recallthatfor thestandardM algorithm,
convergencepoints are stationarypoints of the objective
function. Thereis no correspondingnotionin the discrete
spaceof modelswe are searchingover. In fact, the most
problemati@specof thisalgorithmis thatit mightconvemge
to a sub-optimalmodel. This canhapperif the modelgen-
eratesa distribution that makesothermodelsappeamworse
whenwe examinetheexpectedscore.Intuitively, we would
expectthisphenomento becomenorecommonastheratio

1 such that

3Thesameproofcariesovertothecas of cortinuousvariables
We simply replacethe summatiorover h with anintegration. To
applyJensersinequalitywe haveto makesomemild assumptions
onthedensityfunctionde®nedby modelsin

of missinginformationis higher In practicewe mightwant
to run the algorithm from several startingpointsto get a
betterestimateof the MAP model.

4 BAYESIAN STRUCTURAL EM FOR
FACTORED MODELS

We now considethow to applythe BayesiarStructuralEM
algorithmfor factoredmodels.Thereareseveralissueghat
weneedo addres# ordertotranslateheabstracalgorithm
into aconcreteprocedure.

Recall that eachiteration of the algorithm requiresthe
evaluationof theexpectedscore foreachmodel
we examine. Sincethe terminsidethe expectedscorein-
volvesassignment® H, we canevaluatePr h o as
thoughwe had completedata. Using Proposition2.4 and
linearity of expectationwe getthefollowing property

Proposition4.1: Let xt X  beatraining set
thatconsisbfincompleteassignment® U. GivenAssump-

tions1+4,if  consistof factors, 1 ,then
logPrH o , log
whee ; U isarandomvariablethatrepre-

sentsthe accumulateduf®cientstatisticsfor the factor
in possiblecompletion®f thedata.

An immediateconsequencef this propositionis that the
expectedscorehasthe samedecomposabilitypropertiesas
the scorewith completedatablocal changego the model
resultin changesn only a few termsin the score. Thus,
we canusecompletedatasearchprocedureghatexploit this
property suchasthe onesdiscussedn Example2.6.

Next, we addressthe evaluation of terms of the form

log Herewe have few choices. The simplest
approximatiorhastheform

log log (8)

This approximationis exact if log is linear in its ar
guments. Unfortunately this is not the casefor members
of the exponentialfamily. Nonethelessn somecaseghis
approximatiorcanbe reasonablyaccurate.In othercases,
we cancorrectfor thenon-linearityof log . In thenext
section,l expandon theseissuesand outline possibleap-
proximationsf log . All of theseapproximations
use andsomeof themalsousethe covariancematrix
of thevector .

Computingtheseexpectationgandvariancesyaisesthe
next issue: How to computethe probability over assign-
mentsto H? Accordingto the Bayesian-SEMprocedure,
weneedtousePrH o . However, aswe discussed
above, whenwe have incompletedata,we usually cannot
evaluatethis posterioref®ciently For now, we addresghis
problemusingthe MAP approximatiorof (5). Thus,when
wewantto computexpectatiorbasedn , weattempto
learnMAP parameterfor andusethese.This approx-
imationis fairly standarcandcanbe donequite ef®ciently
Thecomputatiorof theMAP parametersanbedoneusing
eitherEM (as donein the experimentsdescribedbelow),
gradientascenbr extensionsof thesemethods.Moreover,
oncewe ®xthe MAP parameterswe canusestandardn-

ferenceproceduraisingthe model A4

“We mustrememberhowever, that this approximationis im-
precise sinceit ignoresmostof the informationof the posterior
A possibleway of improving thisapproximatioris by considering
abetterapproximatiorof the posterior suchasensemblenethods
[20].



WhenweusetheMAP approximationye getaprocedure
with thefollowing structure:

Procedure Factored-Bayesian-SEM( ¢ 0):
Loop for 01 until convergence

Compute the MAP parameters &  for given o.

Perform search over models, evaluating each model by
Scoe log o]

Let 1 be the model with the highest score among
these encountered during the search.

if Scoe Scoe 1! then
return

Tocompletelyspecifythisprocedurevehave todecideon
thesearchmethodoverstructuresThisdependsntheclass
of modelswe areinterestedn. In someclasse®f models,
suchasthe classof Chaw trees,thereare algorithmsthat
constructthe bestscoringmodel. (See[21] for a nice use
of thisideawithin anapproachhatis similarto Structural
EM.) In othercaseswe mustresortto a heuristicsearch
proceduresuchastheonesdiscussedbore. In generalary
searchprocedurehe exploits the decompositiorproperties
of factoredmodelsin completedatacanbe usedwithin the
Factored-Bayesian-SERIgorithm.

Finally, as mentionedabore, we needto estimatemo-
ments(e.g.,meanandvariance)of thedistributionof  in
orderto evaluatethe scoreof a factor . If mary models
sharesimilarfactors,we cancacheheresultsof thesecom-
putations.Asaconsequencéheevaluationof mary models
doesnotrequireadditionalinference.ln somecasesye can
scheduleomputatiorin advance jf we know whichfactors
we will beexaminedduringthe search.A simpleexample
of thisideais, againthealgorithmfor learningChow trees.
In this case we know in advancethatwe needto evaluate
all factorsthatinvolve pairwiseinteractionsbetweenvari-
ables. Thus, we can computethe necessarynformation
in one passover the training data. (Again, see[21] for a
nice useof thisidea.) In additionthe cachingstratgy can
usethe fact that for mary classeof exponentialfamilies,
suchas multinomialsand Gaussiansye can marginalize
the suf®cientstatisticsfor onefactorfrom theseof another
factor.

The upshotof this discussionis that we can use ef®-
cientsearchtechniquesnsidethe BayesianStructuralEM
loop. Thesesearchalgorithmscan evaluatemary candi-
dates,sincemostcandidateshey explore sharemary fac-
tors. Thus,eachnew candidatemight requireevaluationof
the expectedscoreof only a few factors. In mary cases,
examininga new modelrequiresno new factorsto be eval-
uated.

4.1 COMPUTING log

We now examine how to approximatethe value of
log . For the purposeof this discussionassume
thatthe factorin questionis ®ed andwe omit the denote
by and theassociatedfunctions.
We startour analysisby examiningthe distribution over
the accumulatedsuf®cientstatistics . Recallthat isa
sumof the form U , whereU denoteghecomple-

tion of the 'th instanceunderpossiblecompletionsof the
data.Sincethejoint distributionde®nedby ary modelover
H is a productof independentlistributions, one for each
instancein the data,we have thatthe variables U are
independentUsingthe centrallimit theoremwe have that
thedistributionof canbeapproximatedby a Gaussiamlis-

tribution with mean U , andcovariance
matrix S S U . Bothof thesecanbeaccumu-

latedby performingsomecomputatioron eachinstancen
thetrainingdata. Usually we cancomputethe covariance
matrix basedon the samecomputationsve usein orderto
computethe expectedsuf®cientstatistics

This obsenration implies that the distribution of  be-
comessharply peakedas the expectednumberof 2effec-
tive® sampledn the datagrows. The 2effective® samples
are sampleswhose probability is sensitve to changesn
the parameter®f the factor Formally, theseare samples

for which U is not zero. For example,whenlearning
multinomial Bayesiannetworks,the effective samplesfor
thefactor arethesewherePa pa (or
canbeassignedhatvaluein somecompletionof thedata).
As mentionedabore, the simplest approximation of
log is using(8). This approximationis preciseif
log islinearin . It canbefairly accuratef log
can be approximatedoy linear functionin the vicinity of
. Sincemostof the the densityis assignedo values
of in this region, this resultsin a good approximation.
Formally, usingTaylor expansionto getthat:

log log log
: 2 log
where isapointalongtheline from to . Whenwe

take expectationover the right handside, the secondterm
cancelout. Thus,thedifferencebetween log and
log , Is theintegrationof the quadratidermin the
Taylor expansion. If we canshowv that the norm of the
Hessian 2 log is boundedn theregion of highdensity
around , thenwe canboundtheerror.

My conjecturds thatfor factorsfrom the regular expo-
nentialfamily, the normof the Hessiamasymptoteso 0, as
theexpectechumberof effective sampledor grows. This
is easilyveri®edor multinomialfactors.In this caseusing
simpleapproximatiorto the derivativesof logG , we get
that the elementsof the Hessianare roughly of the form

L L. Thus,asthe size of the expectedcounts

grows,the Hessiammatrix vanishesThisimpliesfor multi-
nomialfactors,in casesvherethe expectedcountsarefar
from 0, we cansafelyusethe linear approximatiorof (8).
| hopeto provide a morede®nitve characterizatiomnf the
conditionsunderwhich this approximationis closein the
full versionof this paper

In casesvherethelinearapproximatiorto log does
not suf®ce we cangeta betterapproximatiorby usingthe
Gaussiarapproximatiorto the distribution over the values

of . Thus,wecanapproximate log by anintegral
overaGaussian

log log : S 9)
where X : S isthemultivariateGaussianvith mean

andcovariancematrixS. Notethatthecentralimit theorem
implies that the normal approximationis fairly goodeven
for relatively smallnumberof instances.

Thereare several methodsfor evaluatingthe right-hand
sideof (9). If thedimensiorof issmall,wecanusenumer
ical integrationtechniquego directly evaluatetheintegral.
If the dimensionof s large, we canuseLaplace$ ap-
proximation. Here we have good reasondo believe that,
if log is well-behaed, then the integration is over
a unimodalfunction, and thereforeLaplace$ approxima-
tion would work well. To perform Laplaces approxima-
tion in this case,we needto ®ndthe maximum point of



alarm insurance
Method 500 1000 2000 4000 500 1000 2000 4000
10
BDe(S) 1.046+-.1210 0.504+-.0596 0.315+-.0423  0.214+-.0238 | 1.600+-.1042 1.075+-.0652 0.750+-.1205 0.449+-.0423
BDe(I) 1.151+-.0435 0.603+-.0888 0.337+-.0754  0.247+- .0147 | 1.855+-.1173 1.336+-.0727 0.889+-.1521 0.516+-.0839
BDe(La) | 1.251+-.0933 0.841+-.1309 0.372+-.0541  0.269+-.0312 | 2.099+-.1485 1.634+-.1279 0.939+-.0875 0.825+-.1806
BDe (Li) 1.135+-.0741 0.566+-.0628 0.283+-.0264  0.257+-.0104 | 1.893+-.1442 1.296+-.1105 0.842+-.1531 0.543+-.0826
BIC 2.784+-.1779 1.257+-.1758 0.628+-.0857  0.594+-.0397 | 2.965+-.2642 1.850+-.1543 1.446+-.1449 0.950+-.0961
20
BDe(S) 1.532+-.2158 0.724+-.0796 0.439+-.0894  0.259+- .0056 | 2.135+-.2018 1.623+-.0845 1.103+-.1435 0.668+-.0810
BDe(I) 1.581+-.2534 0.995+-.0655 0.634+-.0820  0.282+-.0848 | 2.328+-.1017 1.933+-.1418 1.423+-.0545 0.721+-.0749
BDe(La) | 1.985+-.2114 0.984+-.1510 0.645+-.0364  0.470+-.1002 | 2.879+-.2236 2.069+-.3054 1.599+-.2313 0.819+-.0785
BDe (Li) 1.476+- .2226 1.056+-.0908 0.614+-.0630  0.228+-.0348 | 2.391+-.3829 1.791+-.1933 1.323+-.2199 0.796+-.1157
BIC 3.171+- .4608 1.870+-.1891 0.900+-.1863  0.564+-.0298 | 3.453+-.2542 2.614+-.1835 1.975+-.0730 1.490+-.1148
.30
BDe(S) 2.173+-.1349 1.239+-.1555 0.754+-.1098  0.455+-.1770 | 2.974+-.3019 2.211+-.0769 1.859+-.2894 1.196+-.2880
BDe(I) 2.683+-.3791 1.482+-.2893 0.832+-.0636  0.411+-.1049 | 3.515+-.3060 2.226+-.1221 2.046+-.1391 1.379+-.1801
BDe(La) | 3.416+-.3835 1.576+-.2279 1.008+-.1685 0.675+-.0611 | 3.515+-.1865 2.781+-.3146 1.923+-.1734 1.511+-.1739
BDe (Li) 2.866+-.3641 1.685+-.1504 1.021+-.1724  0.579+-.1531 | 3.473+-.3690 2.475+-.1619 2.039+-.1147 1.634+-.2823
BIC 3.942+-.3839 3.131+-.1883 1.866+-.1700 0.810+-.0950 | 4.126+-.3303 3.320+-.3162 2.156+-.1297 1.874+-.1209
.40
BDe(S) 3.852+- .5568 2.192+-.3096 1.255+-.1653 1.794+-1.8763 | 4.342+-.5313 3.181+-.3114 2.024+-.1074 1.945+-.1730
BDe(I) 4.430+-.1813 2.564+-.4480 1.690+-.2122 1.824+-1.8615 | 4.320+-.5381 3.289+-.4039 2.238+-.1617 2.130+-.1716
BDe(La) | 4.429+-.2635 3.038+-.3359 1.887+-.2115 1.006+-.1781 | 4.416+-.5386 3.246+-.4745 2.778+-.3226 2.017+-.1206
BDe (Li) 4.550+-.2485 3.061+-.3884 1.553+-.2431  0.740+-.1217 | 4.946+-.4052 3.584+-.4422 2.345+-.1130 2.025+-.0769
BIC 5.645+- .6852 3.821+-.0919 2.883+-.4775  1.549+-.2079 | 6.054+-.1423 3.714+-.2343 2.966+-.3040 2.154+-.0337

Tablel: Experimentakesultsfor learningwith variouspercentagef missingvalues. The numberin eachcell indicates
themeanandstandardieviation of the KL divergenceof the learnedhetworkto thetrue networkfrom 5 differenttraining
sets(smalleris better). The variantsof the BDe scoreare S, |, L, andN andthey correspondo summationjntegration,

Laplaces, andlinearapproximationsiespectrely

log S andthenevaluatethe
Hessianof log at that point. The ®rststepcan be
doneby standardoptimizationmethods(e.g., gradientas-
cent), and the secondis a straightforward applicationof
Laplaces approximation.Dueto lack of space] donotgo
in to details.
In thereminderof thissection] will discushow to apply
theseapproximationgor Dirichlet factors. Using (4), we
have that:

log :
logG logG
logG logG
It immediatelyfollows, by linearity of expectationsthat:
log :
logG
logG

where issomeconstantermthatdependsnly ontheprior.

As we cansee,we can approximateeachof the expec-
tationsindividually. Sinceeachoneof theseinvolvesonly
one count,we will simplify notationsomevhat. Assume

that and 2 arethemeanandvarianceof somecount
Also,let  betheprior countfor the sameevent. Finally,
let ,and betheminimalandmaximalvaluesthat

cantakein the data. (Thesecanbe easilyrecordedduring
the computatiorof expectedsuf®cientstatistics.) We now
considetthreeapproximationso  logG

Summation: In this approximationwe iterateover the

possibleintegral valuesof  (from to ). Foreach
valueof , we estimatethe probability using the
Gau55|arhunct|on ,byintegratingtherange %

(for the extremevalues and , we alsoinclude also
the volume of the tail of the the dlstnbutlon). We then
approximate logG as

logG

Thismethoddoesnotscalewhen  cantakemary values.
However, | useis it abaselingo evaluateotherapproxima-
tions.

Integration. Usingthe continuousapproximatiorto the
sumabove, we have that

logG logG . 2
whereG  isthe?runcated®G function: G G
if , G G if
, andG G if

ThistruncationisnecessarginceG  growsto in®nityas
goedo0. To evaluatethisintegral, we canusenumericain-
tegrationprocedures;alledHermite-Gaussiaquadratures,
thatare particularly suitablefor integralsof this form and
can be encodedquite ef®ciently[1]. In the experiments
describedbelow, | usethis integration procedurewith 16
evaluationpoints. | suspecthatit would suf®ceto usea
smallemumberof controlpoints.

Laplace's Approximation: Here we approximatethe
mtegraloftheGau53|arby®nd|ngthemode of theinte-
gratedfunctionlog G In my imple-
mentation] ®ndthis valueby blnarysearch

UsingLaplaces approximationye getthattheintegralis
approximatedby:

1
2 Z
logG
1
1 2 logG log G 2 2
logG logG

| usestandara@pproximationge.g.,[1]) to computehe®rst
andsecondlervativesof logG

5 EXPERIMENTAL RESULTS

5.1 METHODS

Inthissection] describeesultof experimentghatindicate
the effectivenesf the generalapproachand evaluatethe
alternatve methodsor computingscoresdiscussedbore.
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Figurel: The networksusedin learningwith hiddenvari-
ables. Shadedhodescorrespondo hiddenvariables. (a)
3x1+1x3+3,(b) 3x8.

In addition,| also comparethe resultingnetworksto net-
works learnedusing StructuralEM with the BIC score(as
describedn [12)]).

All the variantsof this procedureusethe samegeneral
architecture Thereis a searchmodulethatperformsgreedy
hill climbing searchover networkstructures. To evaluate
eachnetwork, this searchprocedurecalls anothermodule
that is aware of the metric being usedand of the current
completionmodel. This modulekeepsa cacheof expected
suf®cientstatistics(andin the caseof the Bayesianscore,
alsovariancesandbounds)o avoid recomputations.

5.2 MISSING VALUES

Mary reallife datasetscontainmissingvalues.This poses
a seriousproblemwhenlearningmodels. Whenlearning
in presencef missingdata,onehasto be carefulaboutthe

sourceof omissions.In general omissionof valuescanbe

informative. Thus, the learnershouldlearn a modelthat

maximizethe probability of theactualobservationswhich

includesthepatternof omissions Learningprocedureshat

attempto scoreonly theobsenabledata suchastheonede-

scribedhere ignore,in somesensethemissingvalues.This

is justi®edwhendatais missingat random(MAR). | refer

theinterestedeadetto [23] for a detaileddiscussiorof this

issue. We cancircumwentthis requiremenif we augment
thedatawith indicatorvariableghatrecordomissionssince
the augmentediatasatis®eshe MAR assumption.Thus,

proceduressuchastheonediscussedthere arerelevantalso

for dealingwith datathatis notmissingatrandom.

In orderto evaluatethe BayesianStructuralEM proce-
dure,| performedthe following experimentsthat examine
thedegradatiorin performancef thelearningorocedureas
afunctionof thepercentagef missingvalues.In thisexper
iment,l generatedrti®ciakrainingdatafrom two networks:
alarmba networkfor intensive carepatientmonitoring[2]
that has37 variables,andinsuranceba networkfor clas-
sifying carinsuranceapplicationd3] thathas26 variables.
From eachnetworkl randomlysampledb training setsof
different sizes, and then randomly removed valuesfrom
eachof thesetraining setsto gettraining setswith varying
percentagef missingvalues.

Foreachrainingset,theBayesiarandtheBIC procedures
wererun from the samerandominitial networkswith the
sameinitial randomseedsThesanitial networkswereran-
domchain-likenetworksthatconnectedill the variables.l
evaluatedhe performancef thelearnedhetworksby mea-
suring the KL divemgenceof the learnednetworkto the

generatingnetwork. Theresultsaresummarizedn Tablel.

As expected,thereis a degradationin performanceasthe

perceniof missingvaluesgrows. We seethatthe Bayesian
procedureonsistentlyutperformsheBIC procedureeven

thoughbothusethe sameprior over parameters.

As we canseefrom theseresults the summatiorapprox-
imation is consistently®ndingbetternetworks. In some
casesjt ®ndsnetworkswith as muchas 60% small error
thanthelinearapproximation.Thisis especiallynoticeable
for in thesmallertrainingsets. Theintegrationapproxima-
tion performsslightly worst, but often signi®cantlybetter
thanthelinearapproximation.Theseresultsmatchthe hy-
pothesisthat the linear approximationis most unsuitable
in small training sets. For larger training setswith small
percenbf missingvalueswe seethatthelinearapproxima-
tion performsquite well, andoftenbetterthanthe Laplace
approximation.

5.3 HIDDEN VARIABLES

In most domains,the obserable variablesdescribeonly
someof therelevantaspect®f theworld. Thiscanhave ad-
verseeffectonourlearningprocedursincethemaginaliza-
tion of hiddenquantitiescanleadto a comple distribution
overtheobseredvariables.Thus,thereis growing interest
in learningnetworksthatincludeoneor more hiddenvari-
ables. The StructuralEM approachgivesus the tools for
learningagoodstructurewith a®xedsetof hiddenvariables.
We still needanadditionalmechanisnto choosenow mary
hiddenvariablesto add. This canbe doneusinga simple
loop, sincewe arenow searchingover a linearscale. The
experimentsin this sectionattemptto evaluatehow good
our proceduras in learningsuchhiddenvariablesandhow
it comparesvith the BIC scorewhichis easierto learnbut
over penalizeetworkstructures.

In theexperiments) usedtwo networkswith binaryvari-
ables: The ®rstis 3x1+1x3+3with the topologyshavn in
Figurelb This networkhashiddenvariables?meditating®
betweentwo groupsof obsered variables. The seconds
3x8 with the topology shovn in Figure 1b. Here all the
variablesseemdo be correlated althoughthey are nicely
separatedby the hiddenones. | quanti®edhesenetworks
usingparametersampledrom aDirichlet distribution. For
eachsampledvalue for the parameters] run a standard
belief network learning procedurethat usedonly the ob-
senablevariabledo seehow 2hardPit is to approximatehe
distribution. | thenchosethe parametesettingsthatled to
theworstpredictionon anindependentestset.

| thensampledfrom eachnetwork,training setsof sizes
500,1000,2000,and4000instance®f theobserablevari-
ables,andlearnednetworksin the presenceof 0, 1, 2, 3,
or 4 hiddenbinary variablesusing the both the Bayesian
StructuraEM algorithmwith the BDe metricwith uniform
prior, andthe BIC StructuralEM algorithmthat usedthe
sameuniform prior over parametersBoth algorithmswere
startedwith the samesetof initial network structureand
randomizegarameters.

In theseexperimentsthe proceduresreinitialized by a
structurein which all of the hiddenvariablesare parents
of eachobsenrable variable. (See[12] for motivation for
the choice of this structure). As discussedabore, both
the Bayesianand the BIC versionsof StructuralEM can
convemgeto local®structural®maxima.In thecaseof hidden
variables this phenomenas more pronouncedhanin the
caseof missingvalue. In thesecasestheinitial structurel
useis oftencloseto alocalmaximain thesearch.

To escapdrom thesdocal maxima,l userandompertur
bations.Theproceduraiseswo formsof perturbationsin



# Hidden/ 3x1+1x3+3 3x8
Method 500 1000 2000 4000 500 1000 2000 4000
0
BDe .1410+-.0246  .0741+-.0205 .0421+-.0123 .0274+-.0046 | .1591+-.0226 .0819+-.0104 .0535+-.0057 .0386+-.0046
BIC .1469+- .0274  .0796+-.0233  .0356+-.0035 .0267+-.0029 | .1383+-.0192 .0792+-.0108 .0502+-.0035 .0328+-.0038
1
BDe (S) .0964+-.0250 .0384+-.0056 .0240+-.0048 .0159+-.0027 | .1063+-.0182 .0423+-.0138 .0419+-.0028 .0261+-.0011
BDe (I) .0698+-.0195 .0431+-.0107 .0222+-.0023 .0165+-.0011 [ .1085+-.0241 .0438+-.0111 .0319+-.0060 .0235+-.0043
BDe (La) .0831+-.0132 .0374+-.0041 .0214+-.0027 .0151+-.0022 | .0892+-.0235 .0513+-.0122 .0348+-.0099 .0224+-.0058
BDe (Li) .0920+-.0201 .0409+-.0088 .0241+-.0058 .0144+-.0026 | .1078+-.0138 .0443+-.0093 .0358+-.0056 .0227+-.0060
BIC .0929+-.0101 .0590+-.0166 .0224+-.0028 .0182+-.0024 | .1152+-.0213 .0635+-.0092 .0294+-.0051 .0247+-.0076
2
BDe (S) .0720+-.0249 .0304+-.0037 .0174+-.0039 .0100+-.0034 | .0785+-.0223 .0422+-.0112 .0209+-.0024 .0163+-.0053
BDe (I) .0731+-.0321 .0323+-.0051 .0147+-.0046 .0098+-.0022 | .0907+-.0244 .0364+-.0085 .0228+-.0031 .0134+-.0057
BDe (La) .0702+-.0307 .0403+-.0088 .0127+-.0039 .0113+-.0037 | .0769+-.0336 .0485+-.0212 .0221+-.0038 .0157+-.0030
BDe (Li) .0646+-.0175 .0290+-.0043 .0134+-.0042 .0070+-.0020 | .0619+-.0209 .0344+-.0054 .0196+-.0021 .0165+-.0017
BIC .0952+-.0259 .0333+-.0035 .0133+-.0028 .0082+-.0019 | .1074+-.0494 .0428+-.0069 .0209+-.0015 .0204+-.0035
3
BDe (S) .0875+-.0282 .0504+-.0221 .0253+-.0075 .0158+-.0021 | .0386+-.0176 .0365+-.0168 .0248+-.0095 .0158+-.0042
BDe (I) .0889+-.0245 .0382+-.0062 .0229+-.0099 .0100+-.0044 | .0516+-.0165 .0409+-.0251 .0193+-.0099 .0106+-.0040
BDe (La) .1079+-.0157 .0335+-.0153 .0166+-.0066 .0138+-.0050 | .0465+-.0156 .0274+-.0094 .0148+-.0084 .0123+-.0068
BDe (Li) .1058+-.0215 .0298+-.0080 .0198+-.0031 .0143+-.0052 | .0481+-.0268 .0276+-.0053 .0184+-.0073 .0136+-.0056
BIC .1108+-.0383 .0574+-.0203 .0143+-.0044 .0096+-.0040 | .0679+-.0217 .0185+-.0073 .0082+-.0020 .0073+-.0048
Z
BDe (S) .0678+-.0179 .0676+-.0157 .0615+-.0167 .0263+-.0089 | .0628+-.0147 .0673+-.0063 .0309+-.0042 .0154+-.0032
BDe (I) .0942+-.0217 .0847+-.0296 .0365+-.0196 .0206+-.0065 | .0564+-.0260 .0448+-.0160 .0321+-.0096 .0145+-.0040
BDe (La) .0880+-.0163 .0357+-.0159 .0365+-.0098 .0220+-.0053 | .0458+-.0189 .0372+-.0096 .0262+-.0065 .0158+-.0027
BDe (Li) .1105+-.0308 .0373+-.0108 .0228+-.0047 .0125+-.0016 | .0594+-.0230 .0266+-.0088 .0185+-.0075 .0133+-.0045
BIC .1181+-.0131 .0628+-.0186 .0260+-.0087 .0162+-.0105 | .0715+-.0252 .0279+-.0128 .0151+-.0057 .0082+-.0033

Table2: Performancen anindependentestsetfor the networkslearnedwith hiddenvariablesusingthe BDe andBIC
scores.Thereportedhumberscorrespondo the differencein log losson the testsetbetweerthe generatinglistribution
andlearneddistributions. The meanandstandardieviation of this quantityfor runon5 datasetsarereported.Thelabels
of therows indicatethe numberof hiddenvariableghatwerelearnedandthe proceduraused.

the ®rsttype of perturbationsa changethelocal neighbor
hoodof thehiddenvariabless tried. This is doneeitherby
addingan edgeto/from a hiddenvariableto anothervari-
able (which might be hidden),or reversingsuchan edge.
After sucha singleedgechangethe procedureestartshe
StructuralEM procedurewith the new structureand runs
until corvergence.Thisis repeatedvhereat eachstagethe
procedurgerturbshebeststructurefoundsofar. Thepro-
cedureusesthe Cheeseman-Stutzcore[6, 7] to evaluate
structuredrom differentrunsof StructuralEM. (The BIC
versionusesthe mawginal BIC score.) This is repeatedor
upto ®we perturbationsAfter thistypeof perturbationsre
tried, the procedureappliesthesecondype of perturbation,
whichis simplyarandomsequencef moves(edgeaddition,
deletionandreversal).In theexperimentgheprocedurep-
plied20suchchangesThentheprocedureasrestartedising
thebasicStructuralEM procedureandthe ®rsttype of per
turbations.After 10 suchrandomwalks,or if thetime limit
is reachedheproceduras terminated.

Theresultssummarizedn Table2, shawv thatthevariants
of the Bayesiarmprocedurausuallymakebetterpredictions
thanthe BIC score but notalways. Also, the performance
of thelinearapproximations oftenbetterthanotherapprox-
imations. The main explanationfor both of thesediscrep-
anciesfrom the missingdatacases thatin theselearning
problemsthe main improvementswhereachieved by runs
thatwhereinitialized by the @right® randomperturbations.
Since,all the runswereterminatedafter 30 CPU minutes,
the runswith the BIC scoreandthe BDe with linear ap-
proximationhave gonethroughmary morerandomrestarts
thanthe otherruns. This is mostnoticeablein the cases
wherethereare more hiddenvariables,sincethey require
mary scoreevaluationdor factorswith incompletedataand
the searchspacethey de®necontainmore local maxima.
Thestructuredearnedwherealsoquitecloseto theoriginal
structure. Due to spacerestrictions,| cannotelaborateon
thishere.

6 DISCUSSION

Inthispaper| describednew approactior Bayesianmodel
selectionin belief networksandrelatedmodels. | believe
that this approachis exciting sinceit attemptsto directly
optimizethetrue Bayesiarscorewithin EM iterations.The
paperdescribesa frameavork for building algorithmsthat
learnfrom incompletedata. This framevork providessome
guaranteesbut leaves opensuchissuesas the collection
of suf®cientstatisticsandthe computationof the expected
scorefor eachfactor. Thesedetailscanbe®lledin for each
classof models.

Therds quiteabit of relatedvork onlearningfromincom-
pletedata. Thegeneraideaof interleaving structuresearch
with EM-like iterationappearedh severalpapers.The®rst
StructuralEM papey Friedman[12] introducedthe frame-
work andestablishedhe ®rstformal cornvergenceresults.
Singh[25] hada similar insight althoughhis procedurds
someavhatdifferent. Like the StructuralEM procedurehis
proceduras iterative. In eachiteration,it generates joint
assignment® all missingvaluesusingthebestmodelfrom
previousiterations.His procedureheninvokesthelearning
procedureof CooperandHerskwits [9] on eachoneof the
completeddatasets Finally, Singh's proceduraneigesthe
learnechetworkstrainsparameterfor thismeigednetwork
usingstandardM procedureandreiteratesThisapproach
canbe interpretedasa stochastiapproximationof Struc-
tural EM. The analysisof this papergivesinsightinto the
limiting behaior of Singh'salgorithm. More precisely by
using completeddatasetsSinghapproximateshe expec-
tation of the score. However, insteadof combiningthese
estimatewithin a singlesearchprocedure Singhsearches
for structuresndependentlyn eachone of the completed
datasets.This leadsto variouscomplications suchasthe
needto megethelearnedhetworks.

Somevariantsof StructuralEM have beenproposediy
Meila and Jordan[21] and Thiessonet al. [27]. Both of
thesevariantslearnmultinetsin which theselectowariable



is hidden (thesecan be thoughtof mixturesof Bayesian
networks).Meila andJordanearnmultinetsin which each
networkis a Chow tree. They exploit this restrictionto

collectall requiredstatisticsin one passat eachiteration.
Althoughthey do not provide ary formal treatmenbf their

procedurethe analysisof [12] directly appliesto their ap-
proach,and shaws that their procedurewill converge to a
local maximum. Thiessoret al. [27] aim to learngeneral
multinetsusingthe Cheeseman-Stutcore[6]. By exam-

ining approximationgo this scorethey motivatealearning
algorithmthat,in theterminologyof this papey canbeseen
asaninstanceof Factored-Bayesian-SEMisingthelinear
approximationappliedto multinets. Thiessoret al. usean

ef®cientmethodfor cachingexpectedstatisticswhenmost
of thevariablesof interestareGaussianthatcananswenll

guerieduringthestructuresearchaftera singlepassonthe
training dataat eachiteration. The analysisin this paper
directly appliesto theirapproach.

Onerestrictionof the StructuralEM algorithmis that it
focuseson learninga single model. In practice,we often
wantto usea committeeof several high scoringmodelsfor
prediction. Suchcommitteesanprovide a betterapproxi-
mationof Eg. (1) andensurethatwe do not committo the
particularsof a singlemodelwhenthe evidencealso sup-
portsothermodels.BothMeila andJordanandThiessoret
al. attempto approximatesuchcommitteedy learningmix-
ture models whereeachmixture components a Bayesian
network.Nonethelesghey arelearninga MAP model,in a
larger classof models. This might be useful,if the source
of thedatacanbe betterdescribedy a mixture. However,
it doesnotaddresshe dependenconasinglemodel.

Alternatively, we mightattemptto directly follow the ba-
sicBayesiarprincipleasformulatedn Eq. (1), andperform
Bayesianmodelaveraging. In this approachmembersof
thecommitteeareweightedby their posteriomprobability. It
turnsoutthatwe canuseavariantof BayesiarstructuraEM
to learnBayesiancommittees.Roughly speakingwe can
run BayesianStructuralEM wherethe @current® candidate
ateachstageis a Bayesiarcommitteeof models(i.e., each
modelis weightedby its posteriorprobability). Then, at
eachiterationwe choosé¢he modelsthathave thehighest
expectedscoregiven the currentcommittee. The formal
treatmenbf thisideais somevhatmorecomple, andis the
topicof currentresearch.

Thereareseveral otherissueshatrequireadditionalun-
derstandingln particular althoughl providedcorvergence
proofsfor theabstractersionof thealgorithmiit is still not
clearwhethertheseproofsapply giventhe approximations
needto performthis algorithmin practice.Empiricalexpe-
rienceshavsthatthe procedureloesconsistentlycorverge.
However, bettertheoreticaunderstandings calledfor.

An additionalaspeciglossedover in this presentations
the computationof the expectedstatistics. This requires
large numberof computationgluringlearning. This is the
main bottleneckin applying this techniqueto large scale
domains.lt is clearthatwe shouldbe ableto improve the
standardnferenceproceduredy exploiting thefactthatwe
are evaluatingthe sameset of queriesover large number
of instances. Moreover, stochasticsimulationseemsan
attractve approachto examinein this contet, since we
canusethe samesampleto evaluatemary queries. This,
however, requiresamorecarefulanalysiof theeffectof the
noisein theestimatioronthe convergencepropertieof the
algorithm. Finally, it would be interestingto understandf
it is possibleto combinevariationalapproachege.g.,[24])
with this typeof learningprocedures.

Anothermajor openquestionis how to decide,in anin-

telligentfashion,on the numberof hiddenvariables.Right
now, theapproachusedin thispaper(andin [12,21,27])is
to learnmodelswith 1 hiddenvariable,2 hiddenvariables,
etc.,andthento selectthe networkwith the highestscore.
This is clearly a blind approach.Moreover, the qualitative
modellearnedwith a hiddenvariabledependon the ini-
tial structureusedby the StructuralEM procedure Current
researchexamineshow to combinethe StructuralEM pro-
cedurewith constraint-basedpproachessuchastheseof
[26] thatlearnconstraint@sto the possiblepositionsof hid-
denvariablesto guidetheintroductionof hiddenvariables
duringthesearch.
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