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Abstract

DNA hybridizationarrayssimultaneouslymeasuretheexpressionlevel for thousandsof genes.These
measurementsprovide a “snapshot”of the cell's transcriptions.A major challengein computational
biology is to uncover, from suchmeasurements,gene/proteininteractionsandkey biologicalfeaturesof
thecellularsystem.

In thispaper, weproposeanew framework for discoveringinteractionsbetweengenesbasedonmul-
tiple expressionmeasurements.This framework buildson theuseof Bayesiannetworksfor representing
statisticaldependencies.A Bayesiannetwork is a graphicalmodelof joint multivariateprobabilitydis-
tributionsthatcapturespropertiesof conditionalindependencebetweenvariables.Suchmodelsareat-
tractive for theirability to describecomplex stochasticprocesses,andfor providing clearmethodologies
for learningfrom (noisy)observations.

We start by showing how Bayesiannetworks can describeinteractionsbetweengenes. We then
presentan ef�cient algorithmcapableof learningsuchnetworks anda statisticalmethodto assessour
con�dencein their features.Finally, we apply this methodto theS.cerevisaecell-cycle measurements
of Spellmanetal. (1998)to uncoverbiologicalfeatures.
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1 Intr oduction

A centralgoal of molecularbiology is to understandthe regulationof proteinsynthesisandits reactions
to externalandinternalsignals. All the cells in an organismcarry the samegenomicdata,but their pro-
tein makeupcanbe drasticallydifferentboth temporallyandspatially. Proteinsynthesisis regulatedby
many mechanismsat its differentlevels. Theseincludemechanismsfor controllingtranscriptioninitiation,
RNA splicing,mRNA transport,translationinitiation, post-translationalmodi�cations,anddegradationof
mRNA/protein.Oneof themainjunctionsat which regulationoccursis mRNA transcription.A majorrole
in this machineryis playedby proteinsthemselves,thatbind to regulatoryregionsalongtheDNA, greatly
affectingthetranscriptionof thegenesthey regulate.

In recentyears,technicalbreakthroughsin spottinghybridizationprobesandadvancesin genomese-
quencingefforts leadto developmentof DNA microarrays, which consistof many speciesof probes,either
oligonucleotidesor cDNA, thatareimmobilizedin a prede�nedorganizationto a solid surface. By using
DNA microarraysresearchersarenow able to measurethe abundanceof thousandsof mRNA targetssi-
multaneously(DeRisi. et al. 1997,Lockhartet al. 1996,Wen et al. 1998). Unlike classicalexperiments,
wheretheexpressionlevelsof only a few geneswerereported,DNA microarrayexperimentscanmeasure
all thegenesof anorganism,providing a “genomic” viewpoint on geneexpression.As a consequence,this
technologyfacilitatesnew experimentalapproachesfor understandinggeneexpressionandregulation(Iyer
etal. 1999,Spellmanetal. 1998).

Early microarrayexperimentsexaminedfew samples,andmainly focusedon differentialdisplayacross
tissuesor conditionsof interest.Thedesignof recentexperimentsfocusesonperformingalargernumberof
microarrayexperimentsrangingin sizefrom a dozento a few hundredsof samples.In thenearfuture,data
setscontainingthousandsof sampleswill becomeavailable.Suchexperimentscollectenormousamountsof
data,which clearly re�ect many aspectsof theunderlyingbiologicalprocesses.An importantchallengeis
to developmethodologiesthatarebothstatisticallysoundandcomputationallytractablefor analyzingsuch
datasetsandinferringbiologicalinteractionsfrom.

Mostof theanalysistoolscurrentlyin usearebasedonclusteringalgorithms.Thesealgorithmsattemptto
locategroupsof genesthathavesimilarexpressionpatternsoverasetof experiments(Alon etal.1999,Ben-
Dor & Yakhini 1999,Eisenet al. 1998,Michaelset al. 1998,Spellmanet al. 1998).Suchanalysisis useful
in discoveringgenesthatareco-regulated.A moreambitiousgoal for analysisis revealingthestructureof
the transcriptionalregulationsystem(Akutsu et al. 1998,Chenet al. 1999,Somogyiet al. 1996,Weaver
et al. 1999).This is clearlya hardproblem:Mainly sincemRNA expressiondataalonegivesonly a partial
picturethatdoesnotre�ect key events,suchastranslationandprotein(in)activation,whichplayamajorrole
in regulationof mRNA transcription.In addition,theamountof samples,even in the largestexperiments
in theforeseeablefuture,doesnot provide enoughinformationto constructa full detailedmodelwith high
statisticalsigni�cance.Finally, usingcurrenttechnology, eventhesefew sampleshaveahighnoiseto signal
ratio,at timesthenoisebeingmuchstrongerthanthesignal.

In this paper, we introducea new approachfor analyzinggeneexpressionpatterns,thatuncoversprop-
ertiesof the transcriptionalprogramby examining statisticalpropertiesof dependenceand conditional
independencein the data. We baseour approachon the well-studiedstatisticaltool of Bayesiannet-
works(Pearl1988).Thesenetworksrepresentthedependencestructurebetweenmultipleinteractingquanti-
ties(e.g.,expressionlevelsof differentgenes).Ourapproach,probabilisticin nature,is capableof handling
noiseandestimatingthecon�dencein thedifferentfeaturesof thenetwork. We arethereforeableto focus
on interactionswhosesignalin thedatais strong.

Bayesiannetworks area promisingtool for analyzinggeneexpressionpatterns.First, they areparticu-
larly usefulfor describingprocessescomposedof locally interactingcomponents;thatis, thevalueof each
componentdirectly dependson the valuesof a relatively small numberof components.Second,statisti-
cal foundationsfor learningBayesiannetworks from observations,andcomputationalalgorithmsto do so
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Figure1: An exampleof asimplenetwork structure.

arewell understoodandhave beenusedsuccessfullyin many applications(Friedmanet al. 1997,Thiesson
et al. 1998). Finally, Bayesiannetworksprovide modelsof causalin�uence: AlthoughBayesiannetworks
aremathematicallyde�nedstrictly in termsof probabilitiesandconditionalindependencestatements,acon-
nectioncanbe madebetweenthis characterizationandthe notion of direct causalin�uence. (Heckerman
etal. 1997,Pearl& Verma1991,Spirteset al. 1993).

Theremainderof this paperis organizedasfollows. In Section2, we review key conceptsof Bayesian
networks,learningthemfrom observations,andusingthemto infer causality. In Section3, wedescribehow
Bayesiannetworkscanbeappliedto modelinteractionsamonggenesanddiscussthetechnicalissuesthat
areposedby this type of data. In Section4, we apply our approachto gene-expressiondataof Spellman
et al. (1998),analyzingthestatisticalsigni�canceof theresultsandtheir biologicalplausibility. Finally, in
Section5, we concludewith adiscussionof relatedapproachesandfuturework.

2 BayesianNetworks

2.1 Informal Introduction

Beforegiving a formal de�nition of BayesianNetworks,we will �rst try to demonstratethebasicconcept
throughseveralexamples.

Let
���������
	

be a joint distribution over two variables
�

and
�

. We saythat variables
�

and
�

are
independentif

����������	
��������	������
	

for all valuesof
�

and
�

. (Equivalently,
������� �
	���������	

.)
Otherwise,the variablesare dependent. When

�

and
�

are dependent,learningthe value
�

gives us
informationabout

�

. Note that correlationbetweenvariablesimplies dependence.However, dependent
variablesmight be uncorrelated.(Formally, correlationis a suf�cient but not a necessarycondition for
dependence.)

For concreteness,we now consider, a somewhat simplistic, biological example. Assumegene � is a
transcriptionfactorof gene � . Therefore,we expect their level of their expressionto be dependent.For
example,measuringhigh expressionlevels of gene � , we expect to �nd gene � over-expressedaswell.
Alternatively, gene� might be inhibiting the transcriptionof gene� , in which caseover-expressionof �

impliesunder-expressionof � .
We canrepresentsuchdependenciesusinga graph,in which eachvariableis denotedby a node.When

two variablesaredependentwe draw anedgebetweenthem;seeFigure1. If thearrow pointsfrom � to � ,
wecall � theparentof � .

We now considerslightly morecomplex situationthat involvesthreegenes� , � , and � . Supposethat
gene � is a transcriptionfactorof gene � . The expressionlevels of eachpair of genes(i.e. � and � , �

and � , and � and � ) aredependent.If � doesnotdirectlyaffect � , thenweshouldexpectthatoncewe �x
theexpressionlevel of � (e.g.,by knockingout � ) wewill observe that � and � areindependent.In other
words,theeffect of gene� on gene� is mediatedthroughgene� . Oncewe know theexpressionlevel of
gene � , theexpressionof gene� doesnot give new informationabouttheexpressionof gene � . In this
case,wehave

���

�

�

�

�

�

	������

�

�

�
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Figure2: An exampleof asimpleBayesiannetwork structure.

This network structureimplies several conditional independencestate-
ments:
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Thenetwork structurealsoimpliesthatthejoint distribution canbespeci-
�ed in theproductform
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andwe saythat � and � areconditionallyindependent, given � . We denotesucha conditionalindepen-
denceas

� �

��� �

�

�

	

.
We wantto representsuchconditionalindependenciesin our descriptionof theinteractionsbetweenthe

variables.In thegraphrepresentation,this is achieved by not having an edgebetween� and � , thusthe
dependency betweenthemis representedasadirectedpaththrough� ; seeFigure1.

Clearly, linearsequencesof dependencearenot theonly typeof dependencies.To seethis, supposeour
ongoingexampleinvolvesanothergene,� , that is alsoregulatedby � . As before,all threepairsof genes
arecorrelated.But, genes� and � areindependentoncewe know the expressionlevel of � . Using our
notation:

� �

�
���

�

�

	

. Thus,gene� explainsthedependencebetween� and � . In sucha situation,we
saythatgene� is acommoncauseof genes� and � . Wemodelthis relationasshown in Figure2. At this
point it is interestingto notethat if theexpressionof gene� is not measured,then � and � would appear
dependentin dataandwe would have drawn an edgebetweenthem. In sucha casewe call � a hidden
commoncause.

Now supposethat gene � inhibits the transcriptionof gene� . We modelthis, by placingan arc from
� to � ; SeeFigure 2. In this case,the expressionof � is regulatedby two genes( � and � ). These
are � 's parents, denotedasPa

�

�

	

If the expressionlevel of � is high, we expect � to be expressedas
well, unlesstheexpressionof � is alsohigh. In that case,we expecttheexpressionof � to be low even
though � is high. This leadsus to the secondcomponentof a BayesianNetwork. In additionto a graph
that describes(in)dependenciesbetweenvariables,eachvariableis describedas a stochasticfunction of
its parents.Speci�cally, we associatewith eachvariable

�

a conditionalprobability modelthat speci�es
theprobabilityof

�

given its parents.We denotetheprobabilityof a variable(gene)
�

to have thevalue
(expressionlevel) � giventhevaluesof its parentspa

��� 	

as
���

�

�

pa
����	 	

.
Usingstochasticmodelsis naturalin thegeneexpressiondomainfor severalreason:First, thebiological

processeswewantto modelarestochastic.(Regardlessof whetherthisis inherentstochasticity, or afunction
of our inability to measuresomeof thequantitiesthatdeterminetheexactexpressionlevels.) Second,the
measurementsof theunderlyingbiologicalsystemarenoisy.

2.2 Representing Distributions with Bayesian Networks

We now review the formal de�nition of Bayesiannetworks. Considera �nite set �

��
 ��� ������� � �����

of
randomvariableswhereeachvariable

���

may take on a value �

�

from thedomainVal
���	� 	

. In this paper,
we focuson �nite domains,thoughmuchof the following holdsfor in�nite domains,suchascontinuous
valuedrandomvariables.We usecapitalletters,suchas

����� ���

, for variablenamesandlowercaseletters
�

��� ���

to denotespeci�c valuestakenby thosevariables.Setsof variablesaredenotedby boldfacecapital
letters�

�������

, andassignmentsof valuesto thevariablesin thesesetsaredenotedby boldfacelowercase
lettersx

�

y
�

z. Wedenote
� �

� �

� �!�
	

to mean� is independentof
�

conditionedon
�

.
A Bayesiannetworkis a representationof a joint probability distribution. This representationconsists
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of two components.The �rst component,
�

, is a directedacyclic graphwhoseverticescorrespondto the
randomvariables

� � ������� � ���

. Thesecondcomponentdescribesaconditionaldistribution for eachvariable,
givenits parentsin

�

. Together, thesetwo componentsspecifyauniquedistribution on
� � ������� � ���

.
The graph

�

representsconditional independenceassumptionsthat allow the joint distribution to be
decomposed,economizingon the numberof parameters.The graph

�

encodesthe Markov Assumption:
Eachvariable

� �

is independentof its non-descendantsgivenits parentsin
�

. Formally, wedenotethisas:

��� � � ��� �

� NonDescendnets
��� � 	 �

Pa
��� � 	 	

(1)

wherePa
��� � 	

is the setof parentsof
� �

in
�

, andNonDescendnets
��� � 	

arethe non-descendentsof
� �

in
�

. By applyingthe chainrule of probabilitiesandpropertiesof conditionalindependencies,any joint
distribution thatsatis�es(1) canbedecomposedin theproductform

����� � ������� � ��� 	��

�

�

��� �

����� � �

Pa
��� � 	 	��

Figure2 shows anexampleof agraph
�

, lists theMarkov independenciesit encodes,andtheproductform
they imply.

To specifya joint distribution, we alsoneedto specify the conditionalprobabilitiesthat appearin the
productform. This is the secondcomponentof the network representation.This componentdescribes
distributions

���

�

�
�

pa
���

�
	 	

for eachpossiblevalue �

�

of
�

�

, andpa
���

�
	

of Pa
���

�
	

. In the caseof �nite
valuedvariables,we canrepresenttheseconditionaldistributionsastables.Generally, Bayesiannetworks
are �e xible and can accommodatemany forms of conditionaldistribution, including variouscontinuous
models.

Given a Bayesiannetwork, we might want to answermany typesof questionsthat involve the joint
probability (e.g.,what is the probability of

� �

� given observation of someof the othervariables?)or
independenciesin thedomain(e.g.,are

�

and
�

independentonceweobserve
�

?). Theliteraturecontainsa
suiteof algorithmsthatcananswersuchqueries(seee.g.(Jensen1996,Pearl1988)),exploiting theexplicit
representationof structurein orderto answerqueriesef�ciently.

2.3 Equivalence Classes of Bayesian Networks

A Bayesiannetwork structure
�

impliesasetof independenceassumptionsin additionto theindependence
statementsof (1). Let Ind

�

�

	

bethesetof independencestatements(of theform
�

is independentof
�

given
�

) thathold in all distributionssatisfyingthesemarkov assumptionsThesecanbederivedasconsequences
of (1).

More thanonegraphcanimply exactly thesamesetof independencies.For example,considergraphs
over two variables

�

and
�

. Thegraphs
��� �

and
��	 �

both imply thesamesetof independencies
(i.e., Ind

�

�

	���
 	

. Wesaythattwo graphs
�

and
�
�

areequivalentif Ind
�

�

	��

Ind
�

���

	

.
This notionof equivalenceis crucial,sincewhenwe examineobservationsfrom a distribution, we often

cannotdistinguishbetweenequivalentgraphs. Resultsof (Chickering 1995,Pearl& Verma1991)show
that we cancharacterizeequivalenceclassesof graphsusinga simplerepresentation.In particular, these
resultsestablishthat equivalentgraphshave the sameunderlyingundirectedgraphbut might disagreeon
thedirectionof someof theedges.Moreover, anequivalenceclassof network structurescanbe uniquely
representedby apartially directedgraph(PDAG), whereadirectededge

��� �

denotesthatall members
of theequivalenceclasscontaintheedge

��� �

; anundirectededge
�

—
�

denotesthatsomemembers
of theclasscontaintheedge

��� �

, while otherscontaintheedge
��� �

. Givena directedgraph
�

the
PDAG representationof its equivalenceclasscanbeconstructedef�ciently (Chickering1995).
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2.4 Learning Bayesian Networks

Theproblemof learningaBayesiannetwork canbestatedasfollows. Givenatrainingset �

� 


x
�

������� �

x
�

�

of independentinstancesof � , �nd a network �

���

�

�����

that bestmatches � . The commonapproach
to this problemis to introducea statisticallymotivatedscoringfunction that evaluateseachnetwork with
respectto thetrainingdata,andto searchfor theoptimalnetwork accordingto thisscore.

A commonlyusedscoringfunction is the Bayesianscoring metric (see(Cooper& Herskovits 1992,
Heckermanet al. 1995) for completedescription):Score

�
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	���
 ���

�

�

�

	���	���
 ���

�

�

�
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	���
 ���
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� where � is a constantindependentof
�

and
���

�

�

�

	 ��� ���

�

�

�

��� 	������ �

�

	����

is
themarginal likelihoodwhich averagestheprobabilityof thedataover all possibleparameterassignments
to

�

. The particularchoiceof priors
���

�

	

and
����� �

�

	

for each
�

determinesthe exact Bayesian
score.Undermild assumptionson theprior probabilities,this scoringmetric is asymptoticallyconsistent:
Givena suf�ciently largenumberof samples,graphstructuresthatexactly captureall dependenciesin the
distribution, will receive, with high probability, a higherscorethanall othergraphs(Barron& Cover 1991,
Friedman& Yakhini 1996,Höffgen1993). This means,thatgivena suf�ciently largenumberof instances
in largedatasets,learningprocedurescanpinpointtheexactnetwork structureupto thecorrectequivalence
class.

Heckermanetal. (1995)presenta family of priors,calledBDepriors, thatsatisfytwo importantrequire-
ments:First, thesepriorsarestructure equivalent, if

�

and
� �

areequivalentstructuresthey areguaranteed
to have thesamescore.Second,thepriorsaredecomposable. Thatis, thescorecanberewritten asthesum
ScoreBDe

�

���

�

	 ���

�

ScoreContributionBDe
���

�
�

Pa
���

�
	

�

�

	

, wherethecontribution of every variable
�

�

to thetotal network scoredependsonly on its own valueandthevaluesof its parentsin
�

. Thesetwo
propertiesaresatis�ed for BDe priorswhenall instancesx � in � arecomplete—that is, they assignvalues
to all thevariablesin � .

Oncetheprior is speci�edandthedatais given, learningamountsto �nding thestructure
�

thatmaxi-
mizesthescore.Thisproblemis known to beNP-hard(Chickering1996),thusweresortto heuristicsearch.
The decompositionof the scoreis crucial for this optimizationproblem. A local searchprocedurethat
changesoneedgeat eachmove canef�ciently evaluatethegainsmadeby adding,removing or reversinga
singleedge.An exampleof sucha procedureis agreedyhill-climbing algorithmthatat eachstepperforms
the local changethat resultsin themaximalgain,until it reachesa local maximum. Although this proce-
duredoesnot necessarily�nd a global maximum,it doesperformwell in practice,whencombinedwith
multiple randomrestarts.Examplesof othersearchmethodsthatadvanceusingone-edgechangesinclude
beam-search,stochastichill-climbing, andsimulatedannealing.

2.5 Learning Causal Patterns

A Bayesiannetwork is amodelof dependenciesbetweenmultiplemeasurements.Wearealsointerestedin
modelingtheprocessthatgeneratedthesedependencies.Thus,we needto modelthe �o w of causalityin
thesystemof interest(e.g.,genetranscription).A causalnetworkis a modelof suchcausalprocesses.It' s
representationis similar to a Bayesiannetwork (i.e. a DAG whereeachnoderepresentsa randomvariable
alongwith alocalprobabilitymodelfor eachnode),thedifferencebeingit interpretstheparentsof avariable
asits immediatecauses.

We can relatecausalnetworks and Bayesiannetworks, by assumingthe CausalMarkov Assumption:
given thevaluesof a variable's immediatecauses,it is independentof its earliercauses.Whenthecausal
Markov assumptionholds, the causalnetwork satis�es the Markov independenciesof the corresponding
Bayesiannetwork, thusallowing us to treatcausalnetworks asBayesiannetworks. This assumptionis a
naturalonein modelsof geneticpedigrees:oncewe know thegeneticmakeupof the individual's parents
thegeneticmakeupof herearlierancestorsarenot informative aboutherown geneticmakeup.

ThemaindifferencebetweencausalandBayesiannetworks,is thatacausalnetwork modelsnotonly the

5



distribution of theobservations,but alsotheeffectsof interventions. If
�

causes
�

, thenmanipulatingthe
valueof

�

(i.e.,settingit to anothervaluein suchawaythatthemanipulationitself doesnotaffect theother
variables),affectsthevalueof

�

. On theotherhand,if
�

is a causeof
�

, thenmanipulating
�

will not
affect

�

. Thus,althoughtheBayesiannetworks
� � �

and
� 	 �

areequivalent,ascausalnetworks
they arenot.

Whencanwe learna causalnetwork from observations? This issuereceived a thoroughtreatmentin
the literature(Heckermanet al. 1997,Pearl& Verma1991,Spirteset al. 1993). We only sketchthemain
ideahere.Fromobservationsalone,we cannotdistinguishbetweencausalnetworks thatspecifythesame
independenceassumptions,i.e., up to an equivalenceclass. Thus,as in Bayesiannetworks, we canonly
narrow down ourmodelto anequivalenceclass.Whenlearninganequivalenceclass(PDAG) from thedata,
we canconcludethatthetruecausalnetwork is possiblyany oneof thenetworksin this class.If a directed
edge

� � �

is in thePDAG, thenall thenetworks in theequivalenceclassagreethat
�

is animmediate
causeof

�

. Thus,we infer thecausaldirectionof theinteractionbetween
�

and
�

.

3 Applying BayesianNetworks to ExpressionData

In thissectionwedescribeourapproachto analyzinggeneexpressiondatausingBayesiannetwork learning
techniques.We modeltheexpressionlevel of eachgeneasa randomvariable.In addition,otherattributes
that affect the systemcanbe modeledas randomvariables. Thesecan includea variety of attributesof
the sample,suchasexperimentalconditions,temporalindicators(i.e., the time/stagethat the samplewas
taken from), backgroundvariables(e.g.,which clinical procedurewasusedto get a biopsysample),and
exogenouscellularconditions.

By learninga Bayesiannetwork basedon the statisticaldependenciesbetweenthesevariables,we can
answerawiderangeof queriesaboutthesystem.For example,doestheexpressionlevel of aparticulargene
dependson theexperimentalcondition?Is this dependencedirect,or indirect?If it is indirect,which genes
mediatethedependency? Wenow describehow onecanlearnsuchamodelfrom thegeneexpressiondata.
Many importantissuesarisewhenlearningin this domain.Theseinvolve statisticalaspectsof interpreting
theresults,algorithmiccomplexity issuesin learningfrom thedata,andpreprocessingof thedata.

Mostof thedif�culties in learningfrom expressiondatarevolve aroundthefollowing centralpoint: Con-
trary to mostpreviousapplicationsof learningBayesiannetworks,expressiondatainvolvestranscriptlevels
of thousandsof geneswhile currentdatasetscontainat mosta few dozensamples.This raisesproblems
in computationalcomplexity andthestatisticalsigni�canceof theresultingnetworks. On thepositive side,
geneticregulationnetworksaresparse,i.e.,givenagene,it is assumedthatnomorethana few dozengenes
directlyaffect its transcription.Bayesiannetworksareespeciallysuitedfor learningin suchsparsedomains.

3.1 Representing Partial Models

Whenlearningmodelswith somany variables,suchsmalldatasetsarenot suf�ciently informative to sig-
ni�cantly determinethat a single model is the “right” one. Instead,many different networks shouldbe
consideredreasonablegiventhedata.1 Our approachis to analyzethis setof plausiblenetworks. Although
this set can be very large, we might attemptto characterizefeatures that are commonto most of these
networks,andfocuson learningthem. Beforewe examinethe issueof inferring suchfeatures,we brie�y
describetwo classesof featuresinvolving pairsof variables.While at this point we focusonly on pairwise
features,it is clearthatthisanalysisis not restrictedto them.

The�rst typeof featuresis Markov relations: Is
�

in theMarkov blanket of
�

? TheMarkov blanket of
�

is theminimalsetof variablesthatshield
�

from therestof thevariablesin themodel.Moreprecisely,
�

1This observation is not uniqueto Bayesiannetwork models.It equallywell appliesto othermodelsthatarelearnedfrom this
data,suchasclusteringmodels.

6



givenits Markov blanket is independentfrom theremainingvariablesin thenetwork. It is easyto checkthat
this relationis symmetric:

�

is in
�

's Markov blanket if andonly if thereis eitheranedgebetweenthem,
or bothareparentsof anothervariable(Pearl1988). In thecontext of geneexpressionanalysis,a Markov
relationindicatesthat the two genesarerelatedin somejoint biological interactionor process.Note, two
variablesin a Markov relationaredirectly linked in the sensethat no variablein the model mediatesthe
dependencebetweenthem. It remainspossiblethat an unobserved variable(e.g.,proteinactivation) is an
intermediatefactorin their interaction.

The secondtype of featuresis order relations: Is
�

an ancestorof
�

in all the networks of a given
equivalenceclass?That is, doesthe given PDAG containa pathfrom

�

to
�

in which all the edgesare
directed?This typeof featuredoesnot involve only a closeneighborhood,but rathercapturesa long range
property. Undertheproperassumptions(seeSection2.5), learningthat

�

is anancestorof
�

in thePDAG
would imply that

�

is a causeof
�

. However, theseassumptionsdo not necessarilyhold in thecontext of
expressiondata.Thus,we view sucha relationasanindicationthat

�

mightbeacausalancestorof
�

.

3.2 Estimating Statistical Confidence in Features

We now facethefollowing problem:To whatextentdoesthedatasupporta givenfeature?More precisely,
we want to estimatea measureof con�dencein the featuresof the learnednetworks,where“con�dence”
approximatesthe likelihoodthata given featureis actuallytrue(i.e. is basedon a genuinecorrelationand
causation).Ideally, we would wantto computetheposterior

���

�

�

�

	

over network structure.This would
allow usto computetheposteriorbelief in eachfeature,by summingtheposteriorprobabilityof all networks
thathavethefeature.Unfortunately, wecannotcomputetheposteriorexplicitly sincethenumberof possible
networksis huge.Instead,we resortto anapproximatemethodin thegeneralspirit of theidealsolution.

An effective and relatively simpleapproachfor estimatingcon�denceis the bootstrap method(Efron
& Tibshirani1993). The main ideabehindthe bootstrapis simple. We generate“perturbed”versionsof
our original dataset,andlearnfrom them. In this way we collect many networks, all of which arefairly
reasonablemodelsof thedata.Thesenetworksshow how smallperturbationsto thedatacanaffectmany of
thefeatures.

In ourcontext, we usethebootstrapasfollows:

� For
�

��� �������

(in ourexperiments,weset
� �����	�

).

– Re-samplewith replacement,
 instancesfrom � . Denoteby �

�

theresultingdataset.
– Apply thelearningprocedureon �

�

to induceanetwork structure
�

�

�

.

� For eachfeature � of interestcalculatecon�dence
�

�

	
�

�




�




���
�

�

�

�

�

�
	

, where �

�

�

	

is 1 if � is a
featurein

�

, and0 otherwise.

We refer thereaderto (Friedman,Goldszmidt& Wyner1999)for moredetails,aswell aslarge-scalesim-
ulationexperimentswith this method.Thesesimulationexperimentsshow that featuresinducedwith high
con�dencearerarelyfalsepositives,evenin caseswherethedatasetsaresmallcomparedto thesystembe-
ing learned.Thisbootstrapprocedureappearsespeciallyrobustfor theMarkov andorderfeaturesdescribed
in Section3.1.

3.3 Efficient Learning Algorithms

In Section2.4,we formulatedlearningBayesiannetwork structureasanoptimizationproblemin thespace
of directedacyclic graphs. The numberof suchgraphsis super-exponentialin the numberof variables.
As we considerhundredsandthousandsof variables,we mustdealwith anextremelylarge searchspace.
Therefore,we needto use(anddevelop)ef�cient searchalgorithms.
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To facilitate ef�cient learning,we needto be able to focus the attentionof the searchprocedureon
relevantregionsof thesearchspace,giving riseto theSparseCandidatealgorithm(Friedman,Nachman&
Pe'er1999).Themainideaof this techniqueis thatwe canidentify a relatively smallnumberof candidate
parentsfor eachgenebasedon simplelocal statistics(suchascorrelation).We thenrestrictour searchto
networks in which only thecandidateparentsof a variablecanbe its parents,resultingin a muchsmaller
searchspacein whichwe canhopeto �nd agoodstructurequickly.

A possiblepitfall of this approachis that early choicescanresult in an overly restrictedsearchspace.
To avoid this problem,we devisedan iterative algorithmthat adaptsthe candidatesetsduring search.At
eachiteration � , for eachvariable

� �

, thealgorithmchoosestheset �

�

�

� 
 � � ������� ����� �

of variableswhich
are the mostpromisingcandidateparentsfor

�
�

. We thensearchfor �

�

, an optimal network in which
Pa

���

��� � 	��

�

�

� . Thenetwork foundis thenusedto guidetheselectionof bettercandidatesetsfor thenext
iteration.Weensurethat �

�

monotonicallyimprovesin eachiterationby requiringPa
���	��


����� 	��

�

�

� . The
algorithmcontinuesuntil thereis nochangein thecandidatesets.

We brie�y outlineour methodfor choosing�

�

� . In the initial phaseof the algorithm,we usethescore
ScoreContributionBDe

��� � � ��


�

�

	

to measurethequality of having
��


asa parentof
� �

. We thenset ���

�

to bethe � variableswith thehighestsuchscores.Sincethescoresof familiesarenot additive, this choice
of candidatescanbesub-optimal.In lateriterations,we take into accountthenetwork foundin theprevious
iteration,andmeasurethe quality of adding

��


to
� �

's currentparents. Thus,we evaluateeach
��


by
computingScoreContributionBDe

��� � ��
 ��
 ���

Pa
��� �

��� � 	

�

�

	

wherePa
��� �

��� � 	

aretheparentsof
� �

in
thenetwork foundat theendof previousiteration.Wethenset �

�

� to consistof Pa
��� �

���
�

	

andthevariables
thatmaximizethisscore.Wereferthereaderto (Friedman,Nachman& Pe'er1999)for moredetailson the
algorithmandits complexity, aswell asempiricalresultscomparingits performanceto traditionalsearch
techniques.

3.4 Discretization

In orderto specifya Bayesiannetwork model,we still needto de�ne the local probabilitymodelfor each
variable.At thecurrentstage,wechooseto focuson thequalitative aspectsof thedata,andsowediscretize
geneexpressionvaluesinto threecategories: �

� � � �

and
�

, dependingon whetherthe expressionlevel is
signi�cantly lower than,similar to, or greaterthantherespective control. Thecontrolexpressionlevel of a
genecanbeeitherdeterminedexperimentally(asin themethodsof (DeRisi.etal. 1997)),or it canbesetas
theaverageexpressionlevel of thegeneacrossexperiments.Themeaningof “signi�cantly” is de�ned by
settinga thresholdto theratio betweenmeasuredexpressionandcontrol. In our experimentswe choosea
thresholdvalueof

� ���

in logarithmic(base
�

) scale.
It is clearthatby discretizingthemeasuredexpressionlevelswe areloosinginformation.An alternative

to discretizationis using(semi)parametricdensitymodelsfor representingconditionalprobabilitiesin the
networkswe learn(e.g(Heckerman& Geiger1995,Lauritzen& Wermuth1989,Hoffman& Tresp1996)).
However, a badchoiceof theparametricfamily canstronglybiasthe learningalgorithm. We believe that
discretizationprovidesa reasonablyunbiasedapproachfor dealingwith this typeof data.We arecurrently
exploring theappropriatenessof severaldensitymodelsfor this typeof data.

4 Application to Cell CycleExpressionPatterns

Weappliedourapproachto thedataof Spellmanetal. (1998),containing76geneexpressionmeasurements
of themRNA levelsof 6177S.cerevisiaeORFs.Theseexperimentsmeasuresix timeseriesunderdifferent
cell cycle synchronizationmethods.Spellmanet al. (1998)identi�ed 800 geneswhoseexpressionvaried
over thedifferentcell-cycle stages.Of these,250clusteredinto 8 distinctclustersbasedon thesimilarity
of expressionpro�les. We learnednetworkswhosevariablesweretheexpressionlevel of eachof these800
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Figure3: Histogramsof thenumberof featuresat differentcon�dencelevelsfor thecell cycledataset,and
therandomizeddataset. Thehistogramson the left areof orderrelations,andtheon theright for Markov
relationsThesehistogramsareall basedon the250genesdataset.

genes.Someof the robustnessanalysiswasperformedonly on the setof 250 genesthat appearin the 8
majorclusters.

In learningfrom thisdata,wetreateachmeasurementasasamplefrom adistribution,anddonottake into
accountthetemporalaspectof themeasurement.Sinceit is clearthat thecell cycle processis of temporal
nature,wecompensateby introducinganadditionalvariablethatdenotesthecell cyclephase.Thisvariable
is thenforcedto bearoot in all thenetworkslearned.Its presenceallowsto modeldependency of expression
levelson currentcell cycle.2

Fromthis dataset,we learnedBayesiannetworksusingtheSparseCandidatealgorithmwith a 200-fold
bootstrap.Thelearnedfeaturesshow thatwe canrecover intricatestructureevenfrom suchsmalldatasets.
It is importantto notethatour learningalgorithmusesno prior biological knowledge nor constraints. All
learnednetworks andrelationsarebasedsolely on the informationcontainedin the measurementsthem-
selves.Theseresultsareavailableat ourWWW site:
http://www.cs.h uj i. ac .il /l abs/ pmai2 /e xp re ss ion .

4.1 Robustness Analysis

We performeda numberof teststo analyzethestatisticalsigni�canceandrobustnessof our procedure.We
carriedmostof thesetestson thesmaller250genedatasetfor computationalreasons.

To testthecredibility of ourcon�denceassessment,wecreatedarandomdatasetby randomlypermuting
theorderof theexperimentsindependentlyfor eachgene.Thusfor eachgenetheorderwasrandom,but the
compositionof theseriesremainedunchanged.In sucha dataset,genesareindependentof eachother, and
thuswe do not expectto �nd “real” features.As expected,bothorderandMarkov relationsin therandom
datasethave signi�cantly lower con�dence.We comparethedistribution of con�denceestimatesbetween
theoriginal datasetandthe randomizedonein Figure3. Clearly, thedistribution of con�denceestimates
in the original datasethave a longerandheavier tail in the high con�denceregion. Also, the con�dence
distribution for therealdatasetis concentratedcloserto zero.Thissuggeststhatthenetworkslearnedfrom
therealdataaresparser.

Ouranalysisinvolveslessthan15%of theS.cerevisaegenes.Thisraisesconcernthatomissionsof genes
leadto spuriousconclusions.To estimatewhethersuchconclusionsappearin our analysis,we testedthe
robustnessof our analysisto theadditionof moregenes,comparingthecon�denceof the learnedfeatures
betweenthe250and800genedatasets.We founda stronglinearcorrelationbetweencon�dencelevelsof
featuresobtainedfrom thetwo datasets.

A crucial choicein our procedureis the thresholdlevel usedfor discretizationof theexpressionlevels.

2We notethat we canalso learntemporalmodelsusinga Bayesiannetwork that includesgeneexpressionvaluesin two (or
more)consecutive timepoints(Friedmanet al. 1998).Wearecurrentlyperusingthis issue.
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Table1: List of dominantgenesin theorderingrelations(top14 outof 30)

Gene/ORF Dominance # of descendentgenes
Score

��� � ��� �
notes

YLR183C 551 609 708 Containsforkheadedassosiateddomain,thuspossiblynuclear
MCD1 550 599 710 Mitotic chromosomedeterminant,null mutantis inviable
CLN2 497 495 654 Rolein cell cycle START, null mutantexhibits G1 arrest
SRO4 463 405 639 Involvedin cellularpolarizationduringbudding
RFA2 456 429 617 Involvedin nucleotideexcisionrepair, null mutantis inviable
YOL007C 444 367 624
GAS1 433 382 586 Glycophospholipidsurfaceprotein,Null mutantis slow growing
YOX1 400 243 556 Homeodomainproteinthatbindsleu-tRNA gene
YLR013W 398 309 531
POL30 376 173 520 Requiredfor DNA replicationandrepair, Null mutantis inviable
RSR1 352 140 461 GTP-bindingproteinof therasfamily involvedin budsiteselection
CLN1 324 74 404 Rolein cell cycle START, null mutantexhibits G1 arrest
YBR089W 298 29 333
MSH6 284 7 325 Requiredfor mismatchrepairin mitosisandmeiosis

It is clearthat by settinga differentthreshold,we would get differentdiscreteexpressionpatterns.Thus,
it is importantto test the robustnessandsensitivity of the high con�dencefeaturesto the choiceof this
threshold.This wastestedby repeatingtheexperimentsusingdifferentthresholdlevels. Again, thegraphs
show a de�nite linear tendency in thecon�denceestimatesof featuresbetweenthedifferentdiscretization
thresholds.

4.2 Biological Analysis

We believe that the resultsof this analysiscanbe indicative of biologicalphenomenain the data. This is
con�rmed by our ability to predictsensiblerelationsbetweengenesof known function. We now examine
several consequencesthat we have learnedfrom the data. We consider, in turn, the order relationsand
Markov relationsfoundby ouranalysis.Weonly verybrie�y summarizea few of these.

4.2.1 Order Relations Themoststriking featureof thehigh con�denceorderrelations,is theexistence
of dominantgenes. Out of all 800 genesonly few seemto dominatethe order(i.e., appearbeforemany
genes).Theintuition is thatthesegenesareindicative of potentialcausalsourcesof thecell-cycle process.
Let ��� �������
	

denotethe con�dencein
�

beingancestorof
�

. We de�ne the dominancescore of
�

as
�	� 
 �
������
 ��� ��� ��� �������
	

�

�

usingtheconstant� for rewardinghigh con�dencefeaturesandthe threshold�
to discardlow con�denceones. We refer to geneswith high dominancescoreasdominantgenes.These
genesareextremelyrobust to parameterselectionfor both � , � andthediscretizationcutoff of Section3.4.
A list of thehighestscoringdominantgenesappearsin Table1.

Inspectionof the list of dominantgenesrevealsquite a few interestingfeatures.Among the dominant
genesare thosedirectly involved in cell-cycle control and initiation (e.g.,CLN1, CLN2 andCDC5) and
geneswhosenull mutantis inviable (e.g.,MCD1 andRFA2). Theseareclearly key genesin basiccell
functions. Most of the dominantgenesare nuclearproteins,and someof the unknown genesare also
potentiallynuclear:(e.g.,YLR183Ccontainsa forkhead-associated domainwhich is foundalmostentirely
amongnuclearproteins). Many of thesegenesarecomponentsof pre-replicationcomplexesandinvolve
very earlystepsof replication.Suchfunctionsareprior conditionsto mostprocessesin thenucleusandthe
cell in general.A few nonnucleardominantgenesarelocalizedin thecytoplasmmembrane(SRO4,GAS1
andRSR1).Theseareinvolved in thebuddingandsporulationprocesswhich have animportantrole in the
cell-cycle.

Wealsonotethatmany of thedominatedgenes(i.e. arecausedby dominatorswith high con�dence)are
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Table2: List of topMarkov relations

Con�dence Gene1 Gene2 notes
1.0 YKL163W-PIR3 YKL164C-PIR1 Closelocality onchromosome
0.985 PRY2 YKR012C No homologfound
0.985 MCD1 MSH6 Bothbind to DNA duringmitosis
0.98 PHO11 PHO12 Bothnearlyidenticalacidphosphatases
0.975 HHT1 HTB1 BothareHistones
0.97 HTB2 HTA1 Both areHistones
0.94 YNL057W YNL058C Closelocality onchromosome
0.94 YHR143W CTS1 Homologto EGT2cell wall control,bothdocytokinesis
0.92 YOR263C YOR264W Closelocality onchromosome
0.91 YGR086 SIC1
0.9 FAR1 ASH1 Both partof a matingtypeswitch,expressionuncorelated
0.89 CLN2 SVS1 Functionof SVS1unknown, possibleregulationmediatedthroughSWI6
0.88 YDR033W NCE2 Homologto transmembrameproteins,suggestingboth involved in proteinse-

cretion
0.86 STE2 MFA2 A matingfactorandreceptor
0.85 HHF1 HHF2 Both areHistones
0.85 MET10 ECM17 Both aresul�te reductases
0.85 CDC9 RAD27 Both participatein Okazakifragmentprocessing

themselvespartof thereplicationmachinery, (e.g.CDC54andMCM2), or aretranscriptionregulators(e.g.
RME1,ASH1,andTEC1).Thesecausalrelationsdonotonly makesensebut alsoshow thathighcon�dence
orderrelationsidentify pairsof geneswhichareclose(i.e. with smallnumberof intermediatefactors)in the
causalpathway.

4.2.2 Markov Relations Inspectionof thetop Markov relationsrevealsthatmostpairsarefunctionaly
related.A list of thetop scoringrelationscanbefoundin Table2. Amongthese,all involving two known
genes(10/20) make sensebiologically. When one of the ORFsis unknown careful searchesusing Psi-
Blast (Altschul et al. 1997),Pfam (Sonnhammeret al. 1998)andProtomap(Yonaet al. 1998)canreveal
�rm homologiesto proteinsfunctionally relatedto the othergenein the pair. (e.g. YHR143W, which is
pairedto the endochitinaseCTS1, is relatedto EGT2 - a cell wall maintenanceprotein). Several of the
unknown pairsare physicallyadjacenton the chromosome,and thus presumablyregulatedby the same
mechanism.Suchanalysisraisesthenumberof biologicallysensiblepairsto 17/20.For theother3 pairsno
clearhomologycouldbeassigned.

TherearesomeinterestingMarkov relationsfound that arebeyond the limitations of clusteringtech-
niques.Onesuchregulatorylink is FAR1-ASH1: bothproteinsareknown to participatein a matingtype
switch. The correlationof their expressionpatternsis low and(Spellmanet al. 1998)clusterthem into
differentclusters.Amongthehigh con�dencemarkov relations,onecanalso�nd examplesof conditional
indpendence,i.e.,agroupof highly correlatedgeneswhosecorrelationcanbeexplainedwithin ournetwork
stucture.Onesuchexampleinvolvesthegenes:CLN2,RNR3,SVS1,SRO4andRAD41, their expressionis
correlated,in (Spellmanet al. 1998)all appearin thesamecluster. In our network CLN2 is with high con-
�dence a parentof eachof theother4 genes,while no links arefoundbetweenthem.This suitsbiological
knowledge:CLN2 is a centralcell cycle controlwhile thereis no clearbiologicalrelationshipbetweenthe
others.

5 Discusionand Future Work

In this paperwe presenteda new approachfor analyzinggeneexpressiondatathat builds on theoryand
algorithmsfor learningBayesiannetworks. We describedhow one can apply thesetechniquesto gene
expressiondata. The approachincludestwo techniquesthat weremotivatedby the challangesposedby
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this domain:a novel searchalgorithm(Friedman,Nachman& Pe'er1999)andanapproachfor estimating
statisticalcon�dence(Friedman,Goldszmidt& Wyner1999).Weappliedourmethodsto therealexpression
dataof Spellmanet al. (1998).Althoughwe did notuseany prior knowledge,wemanagedto extractmany
biologicallyplausibleconclusionsfrom thisanalysis.

Our approachis quite different thanthe clusteringapproachusedby (Ben-Dor& Yakhini 1999,Alon
etal. 1999,Eisenetal. 1998,Michaelsetal. 1998,Spellmanetal. 1998),in thatit attemptsto learnamuch
richer structurefrom the data. Our methodsarecapableof discovering causalrelationships,interactions
betweengenesotherthanpositive correlation,and�ner intra-clusterstructure.Wearecurrentlydeveloping
hybrid approachesthat combineour methodswith clusteringalgorithmsto learnmodelsover “clustered”
genes.

Thebiologicalmotivationof ourapproachissimilartoworkoninducinggeneticnetworksfromdata(Akutsu
etal. 1998,Chenetal. 1999,Somogyietal. 1996,Weaveretal. 1999).Therearetwo key differences:First,
themodelswe learnhave probablisticsemantics.Thisbetter�ts thestochasticnatureof boththebiological
processesandnoisyexperimentation.Second,our focusis on extractingfeaturesthatarepronouncedin the
data,in contrastto currentgeneticnetwork approachesthatattemptto �nd a singlemodelthatexplainsthe
data.

We arecurrentlyworking on improving methodsfor expressionanalysisby expandingthe framework
describedin this work. Promisingdirectionsfor suchextentionsare:(a)Developingthetheoryfor learning
local probabilitymodelsthatarecapableof dealingwith thecontinuousnatureof thedata;(b) Improving
the theoryandalgorithmsfor estimatingcon�dencelevels; (c) Incorporatingbiological knowledge(such
aspossibleregulatoryregions)asprior knowledgeto theanalysis;(d) Improving our searchheuristics;(e)
Applying DynamicBayesianNetworks(Friedmanetal. 1998)to temporalexpressiondata.

Finally, oneof themostexciting longertermprospectsof this line of researchis discoveringcausalpat-
ternsfrom geneexpressiondata. We plan to build on andextendthe theoryfor learningcausalrelations
from dataandapply it to our domain. The theoryof causalnetworks allows learningboth from observa-
tional dataandinterventionaldata,wheretheexperimentinterveneswith somecausalmechanismsof the
observed system. In the context of geneexpression,we shouldview knockout/overexpressed mutantsas
suchinterventions.Thus,we candesignmethodsthatdealwith mixedformsof datain aprincipledmanner
(See(Cooper& Yoo1999)for a recentwork in thisdirection).In addition,this theorycanprovide toolsfor
experimentaldesign, thatis, understandingwhichinterventionsaredeemedmostinformative to determining
thecausalstructurein theunderlyingsystem.
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