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Abstract

A nenv methodis developedto represenfprob-
abilistic relations on multiple random events.
Where previously knowledge basescontaining
probabilistic rules were usedfor this purpose,
hereaprobabilitydistributionovertherelationds

directly representethy a Bayesiametwork. By

using a powerful way of specifyingconditional
probability distributions in thesenetworks,the
resultingformalismis more expressve thanthe
previous ones. Particularly, it providesfor con-
straintson equalitiesof events,andit allows to

de ne comple, nesteccombinatiorfunctions.

1 INTRODUCTION

In astandardayesiametwork,nodesarelabeledwith ran-
domvariables(r.v.s) thattakevaluesin some nite set

. A networkwith r.v.s (earth)quakeburglary,
andalarm, eachwith possiblevalues true,false , for in-
stancethende nesajoint probabilitydistributionfor these
r.V.S.

Evidence, , isasetof instantiation®f someof ther.v.s. A
gueryasksfor the probabilityof aspeci c value of some
rv. ,giventheinstantiationsn theevidence.Theanswer
to this queryis the conditionalprobability

in thedistribution de ned by thenetwork.

The implicit underlyingassumptiorwe heremakeis that
the value assignmentén the evidenceand the query in-
stantiatethe attributes of one single randomevent, or
object, that has been sampled(obsered) accordingto
the distribution of the network. If, for instance,

guake= true,alarm= true , thenboth instantiationsare
assumedo referto onesingle obsered stateof the world

, andnot the factsthattherewasan earthquaken 1906,
andthealarmbell is ringing right now.
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In case we indeed have evidence about several ob-
sened events,e.qg. quake( ) = true, alarm( ) = true,
burglary( ) = false then, for the purposeof answer
ing a query about one of theseevents, all
evidence about other events can be ignored, and only

needsto be computed. For each
of thesecomputationghe sameBayesiannetworkcanbe
used.

Thingsbecomemuchdifferentwhenwe alsowantto model
relations that may hold betweentwo different random
events. Supposefor instance we alsowantto say some-
thingabouttheprobabilitythatoneearthquakevasstronger
thananother For this we usethe binaryrelationstronger,
andwould like to relatethe probabilityof stronger(
to, say alarm( ) andalarm( ). Evidencemay now
containinstantiationsof strongerfor mary differentpairs
of states: stronger( ) stronger( ) , anda
guery may be alarm( In evaluating this query we
no longer can ignore information aboutthe other events
. This meanshowever, thatif we do not want
to imposean a priori restrictionon the numberof events
we canhave evidencefor, nosingle x edBayesiametwork
with nite-ranger.v.swill besufcient to evaluatequeries
for arbitraryevidencesets.

Neverthelessthe probabilisticinformationthat we would
like to encodeaboutrelationsbetweeranarbitrarynumber
of differenteventsmayverywell beexpressibldy some -
nite setof laws, applicablgo anarbitrarynumberof events.
Oneway of expressingsuchlaws, which hasbeenexplored
in thepast( (Breesel992),(Poole 993),(Hadday 1994)),
is to useprobabilisticrulessuchas

stronger gquake

alarm

quake
alarm Q)

The intendedmeaninghereis: for all statesof the world

and , giventhat quake alarm is
true, the probabilitythat  is strongerthan is 0.8. A
rule-basecontainingexpressionsof this form thencanbe
usedto construct,for eachspeci ¢ evidenceand query



a Bayesiannetwork over binary r.v.s stronger ,

stronger ,quake ..., inwhichtheanswetothe
guery subsequentlys computedusing standardBayesian
networkinference.

In all the abore mentionedapproachesguite strongsyn-
tactic and/orsemantiarestrictionsareimposedin the for-
malismthatseverelylimit its expressienessPoole(1993)
doesnot allow the generakexpressienessf ruleslike (1),
but only combinegieterministiculeswith thespeci cation
of certainunconditionalprobabilities. Haddavy(1994)al-
lows only rulesin which the antecedentloesnot contain
free variablesthat do not appearin the consequent. As
pointedout by GlesnerandKoller (1995),this is a severe
limitation. For instancewe canthennot expressby arule
like aids contact thatthe probability of person

having aidsdepend®n ary otherperson , with whom
hadseual contact. Whenwe do permitanadditionalfree
variable in this mannerit alsohasto bede ned how the
probability of the consequenis affectedwhenthereexist
multiple instantiationsf that makethe antecedentrue
(this questionalsoariseswhenseveral ruleswith the same
consequendrepermittedin therule base). In (Glesner&
Koller1995)and(Ngo,Haddavy & Helwig1995)therefore
acombinatiorrule is addedo therule-basewhichde nes
how the conditionalprobabilitiesarisingfrom differentin-
stantiationspr rules,areto be combined. If the different
causalrelationshipsiescribedy the rulesare understood
to beindependenthenthe combinatiorrule typically will
be noisy-or

The speci cation of a single combinationrule appliedto
all setsof instantiationsof applicablerules, again, does
not permitusto describecertainimportantdistinctions.If,
for instancewe have arule thatrelatesaids  to there-
lation contact , and anotherrule that relatesaids

to the relation donor , standingfor the fact that
hasreceved a blood transfusionfrom donor , thenthe
probabilitycomputedor aids , usingasimplecombina-
tion rule, will dependonly onthe numberof instantiations
for contact andfor donor . Particularly, we are
not able to make specialprovisionsfor the two rulesto
be instantiatedby the sameelement , even thoughthe

casecontact donor clearly hasto be distin-
guishedfrom the casecontact donor , Or even
contact donor

In this papera representatioformalismis developedthat
incorporateconstrainton the equalityof instantiatingel-

ementsandtherebyallows usto de ne differentprobabil-
ities in situationsonly distinguishedy equalitiesbetween
instantiatingelements.

Furthermore our representatiomethodwill allow us to
specify hierarchical, or nested,combinationrules. As
an illustrations of what this means,considerthe unary
predicatecancer , representinghat person will de-

velop cancerat sometime, and the three placedrela-
tion exposed , representingthat organ  of per
son wasexposedto radiationat time  (by the taking
of an x-ray, intake of radioactvely contaminatedfood,
etc). Supposenow, thatfor person we have evidence
exposed ,
where for some , and for some
. Assumethat for ary specic organ , multiple ex-
posuresof to radiationhave a cumulative effect on the
risk of developingcancerof , sothatnoisy-oris notthe
adequateule to model the combinedeffect of instances
exposed on the probability of developingcancer
of . Ontheotherhand,developingcancerat ary of the
variousorgans canbe viewedasindependentausesgor
developingcancerat all. Thus, a singlerule of the form
cancer exposed togethemwith a“ at” combi-
nationrule is not sufcient to modelthe true probabilistic
relationshipsinsteadwe needto useoneruleto rst com-
binefor every x ed theinstancegjivenby different , and
thenuseanotherule (herenoisy-or)to combinethe effect
of thedifferent 's.

To permit constraintson the equality of instantiatingele-
mentsandto allow for hierarchicable nitions of combina-
tion functions,in this paperwe departfrom the methodof
representin@ur informationin a knowledgebasecontain-
ing differenttypesof rules. Instead we hereuseBayesian
networkswith a nodefor every relationsymbol of some
vocalulary , whichis seenasar.v. whosevaluesarepos-
sibleinterpretation®f in somespeci c domain . The
statespaceof theserelationalBayesiametworkgherefore
canbeidenti ed with thesetof all -structuresver ,and
its semanticss aprobabilitydistributionover -structures,
aswereusedyHalpern(1990jointerpretrst-order proba-
bilistic logic. HalpernandKoller(1996)have usedMarkov
networkslabeledwith relation symbolsfor representing
conditionalindependencida probabilitydistributionsover
-structuresThis canbeseerasaqualitatve analogto the
guantitatve relationalBayesiametworksdescribedere.

2 THE BASIC FRAMEWORK

In medicalexampledomaingt is oftennaturalto makethe
domainclosureassumptioni.e. to assumehatthedomain
underconsideratioonsistgustof thoseobjectamentioned
in the knowledgebase. The following examplehighlights
a differentkind of situation,where a de nite domainof

objectsis given over which thefreevariablesareto range,
yetthereis no evidenceaboutmostof theseobjects.

Example2.1 RobotTBayes0.1Imovesin an environment
consistingof  distinctlocations.TBayes0.Ilcanmakedi-
rectmovesfrom ary location to ary location unlesghe
(directed)path is blodked This happengo bethe
casewith probability  for all . At eachtime step
TBayes0.1aswell asa certainnumberof otherrobotsop-



eratingin thisdomain,makeonemove alonganunblocked
path . TBayesO0.Jjusthascompletedhetask
it wasassignedo do, andis now in searchof new instruc-
tions. It canreceve thesenstructionsgitherby reachinga
terminatlocationfrom wherea centraltaskassigningsom-
putercanbeaccessedyr by meetinganotherobotthatwill
assignTBayesO0.1a subtaskof its own job. Unfortunately
TBayesO0.Jlonly hasthevaguesideaof wheretheterminal
locationsare, or wherethe otherrobotsare headed. The
bestmodel of its ervironmentthatit can comeup with,
is thatevery location is a terminallocationwith proba-
bility , andthatary unblockedpath is likely to
be takenby at leastonerobotat ary giventime stepwith
probability . In orderto planits next move, TBayesO0.1
tries to evaluatefor every location the probability that
goingto leadsto successde ned as either gettingin-
structionsat  directly, or beingableto accessa terminal
locationin onemoremove from . Hence the probability
of s(uccesg) ) is 1 if t(erminal) ) is true, or if and

b(loked) ) holdsfor some . Otherwisetherestill is
a chanceof beingtrue, determinedyy the numberof
incomingpaths , eachof whichis likely to be taken
by anotherrobot with probability . Assuminga fairly
large numberof otherrobots the eventthat is taken
by somerobotcanbe viewedasindependentrom
beingtakenby a robot, so thatthe overall probability that
anotherobotwill reacHocation is givenby ,
where , 1.e. by combiningthe
individual probabilitiesvia noisy-ot

Theforegoingexamplegivesaninformaldescriptonof how
the probability of is evaluated giventhe predicates
and . Also, theprobabilitiesfor and aregiven. Piecing
all this informationtogether(andassumingndependence
when&er no dependenclasbeenmentionedexplicitly),
we obtainfor every nite domain of locationsa proba-
bility distribution for the -structureover

Ouraim now is to representhis classof probability distri-
butionsin compacform asa Bayesiametworkwith nodes
, and . Given the descriptionof the dependenciem
the example, it is clearthat this networkshouldhave two
edges:oneleadingfrom to , andoneleadingfrom to .

The moreinterestingproblemis how to specifythe condi-
tional probability of the possiblevaluesof eachnode(i.e.
the possibleinterpretationsof the symbol at that node),
giventhevaluesof its parentnodes.For thetwo parentless
nodesin our examplethis is accomplishedery easily: for

agivendomain , andfor all locations we have
if
if )
®3)
Here standsfor the probability that be-
longsto theinterpretatbnof . Similarly for . Since

and for , respectrely
and for , wereassumedb bemutuallyindepen-
dent thisde nesaprobabilitydistributionoverthepossible
interpretationén  of thetwo predicatesFor example the

probability that is theinterpretationof is 0
if for some , and
else.

Next, we have to de ne the probability of interpretations

of . Giveninterpretationsof and , the events

and areindependentor . Also, example2.1

containsa hightlevel descriptionof how the probability of
is to be computed.Our aim now is to formalizethis

computationrule in sucha manney that canbe

computedby evaluatinga single functionalexpression,n

the samemanneras and aregiven by
(2) and(3).
Since dependon the interpretationf and

we begin with functionalexpressionghat accesghesein-
terpretations. This is done by using indicator functions

and . , for example, evalu-
atesto 1 if is in the giveninterpretation of ,
andto O otherwise. Thoughthe function has
to bedistinguishedrom thelogical expression , for
thebene t of greatemreadability in the sequelthe simpler
notationwill beusedfor both. Thus, standdor the
function wheneerit appearsvithin afunctional
expression.

In orderto nd a suitablefunctionalexpression for
, assumerst that is true. Since implies
, in this casewe needto obtain . Inthecase
, the probability of is computedoby considering
all locations for which either or
Any such thatsatis es againmakes
true with probability 1. If only holds, thenthe

location merely“contributes”aprobability to

Thus,for ary , the contritutionof to is given
by max . Combiningall
therelevant via noisy-or we obtaintheformula
n-0 max
(4)
for with

Abbreviating the functional expressionon the right-hand
sideof (4) by , we can nally putthetwo cases
and togetherde ning

()

We now give a generalde nition of a representatiofan-
guagefor formingfunctionalexpressionsn thestyleof (5).
We begin by describingthe generalclassof combination
functions instance®f which arethefunctionsn-o andmax
usedabove.



De nition 2.2 A combinatiorfunctionis ary functionthat
mapsevery nite multiset(i.e. a setpossiblycontaining
multiple copiesof the sameelement)with elementfrom
[0,1]into [0,1].

Exceptn-o and max examplesof combinationfunctions
aremin, the arithmeticmeanof the agumentsetc. Each
combinatiorfunctionmustincludea sensiblale nition for
its resulton the emptyset. For example,we hereusethe
corventionsn-o max , min

In thefollowing, we usebold typeto denotetuplesof vari-
ables: for some . Thenumberof ele-
mentsin tuple isdenotedby . An equalityconstaint

for isaquanti erfreeformulaovertheemptyvocab-
ulary, i.e.,aformulaonly containingatomicsubformula®f
theform

De nition 2.3 The classof probability formulasover the
relationalvocahlulary isinductively de ned asfollows.

(i) (Constantsgachrationalnumber
bility formula.

is a proba-

(ii) (Indicatorfunctions)For every -ary symbol ,

andevery -tuple of variables, is a probability
formula.

(iii) (Corvex combinationsyvhen areprobabil-
ity formulas,thensois

(iv) (Combinationfunctions)When are prob-

ability formulas,combis ary combinationfunction,

, aretuplesof variables,and is an equal-
ity constraintthencomb isa
probabilityformula.

Notethatspecialcasesof (iii) aremultiplication( )

and“inversion” ). Thesetof freevariables
of a probability formulais de ned in the canonicalway:.

The free variablesof comb arethe union of the free
variablesof the , minusthevariablesn

A probabilityformula over in thefreevariables
de nesfor every -structure overadomain

amapping . Thevalue for is
de ned inductively over the structureof . We heregive
thedetailsonly for case(iv).
Let be of the form
comb (where not
necessarilyall the variablesin  and actually appear
in all the andin ). In orderto de ne , We must
specifythemultisetrepresentetly
(6)
Let be the set For each
and each , by induction hypothe-
Sis, . Themultisetrepresentedy (6) now

is de ned as containingas mary copiesof as
therearerepresentations with different or
Note that and countas different
representationa/enin thecasehatthevariablesor which
and substitutedifferentelementsio not actuallyap-
pearin . Themultiset , for instance,
containsasmary copiesof theindicator , asthereare
elementsn thedomainover whichit is evaluated.

For ary tautologicalconstraintike
simply write

, inthesequelwe

Anotherborderlinecasethatneedsclari cation is the case
where is empty Hereour de nition degeneratego: if
holds,thenthe multiset

containsasmary copiesof astherearerepresen-
tations ; it is emptyif doesnothold.
By using indicator functions , the value of is

beingde nedin termsof thevalidityin  of atomicformu-
las . A naturalgeneralizatiorof probabilityformulas
might thereforebe consideredin which not only the truth
valuesof atomicformulasareused but indicatorfunctions
for arbitrary rst-order formulasare allowed. As thefol-

lowing lemmashaws, this providesnorealgeneralization.

Lemma2.4 Let bea rst-order formulaovertherela-
tionalvocahlulary . Thenthereexistsaprobabilityformula
over ,usingmaxastheonly combinatiorfunction,
s.t. for every nite -structure , andevery :
iff holdsin , and else.

Proof: By inductionon the structureof . If
for some , then . For ,
let max Conjunction
and negation are handled by multiplication and in-
version, respectrely, of probability formulas. For
the correspondingprobability formula is

max

De nition 2.5 A relational Bayesiametworkfor the (re-
lational)vocalulary is givenby a directedagyclic graph
containingonenodefor every . Thenodeforan -ary
is labeledwith a probabilityformula
overthesymboldn theparennodesf , denotedyPa( ).

The de nition for the probability of in (2) does
not seemto quite matchde nition 2.5, becausét contains
a distinctionby casesot accountedor in de nition 2.5.
However, this distinctionby casesanbeincorporatednto
a single probability formula. If, for instance, and

aretwo mutually exclusive and exhaustve equality
constraintsthen

max max
max (7



evaluatesto for  with , andto for
with
Let nowbearelationalBBayesiametworkover . Let be

(thelabelof) anodein  with arity , andlet

structureoverdomain . Forevery ,

thenis de ned. Thus,for every interpretation of in
we cande ne

beaPa( )-

which givesa probability distribution over interpretations
of , giventheinterpretation®f Pa( ). Givena x ed do-

main , arelationalBayesiametworkthusde nesajoint

probability distribution  over the interpretationsn  of

the symbolsin , or, equialently, a probability measure
on -structuresover Hence,semantically relational
Bayesiametworksaremappingsof nite domains into

probabilitymeasuresn -structuresover

Example 2.6 Reconsidetherelationscancerandexposed
asdescribedn the introduction. Assumethat
is theprobabilitydistributionthatfor ary x edorgan
givesthe probabilitythat developscancerafterthe th
exposureto radiation. Let bethecor
respondinglistributionfunction. Then canbeusedo de-
ne acombinatiorfunctioncomb by letting for amultiset
: comb , Where isthenumberof nonzercel-
ementsn (countingmultiplicities). Usingcomb we ob-
taintheprobabilityformulacomb  exposed
for thecontributionof organ tothecanceriskof . Com-
biningfor all , then

cancer n-o comb exposed

is a probability formula de ning the risk of cancerfor
giventherelationexposed

In the precedingexamplewe have tacitly assumea multi-

sorteddomain,sothatthe variables rangeover dif-

ferentsets“people”, “organs”, “times”, respectrely. We
heredo not introducean extra formalizationfor dealing
with mary sorteddomains.lt is clearthatthis canbedone
easily but wouldintroduceanextra load of notation.

3 INFERENCE

The inferenceproblemwe would like to solwe is: given
a relational Bayesiannetwork  for , a nite domain
, an evidence set of ground literals

with (not necessarilgistinct), (notneces-

sarily distinct)for , andagroundatom

( ), whatis the probability of given
? More precisely: in the probabil-

ity measure dened by onthe - structuresover

, What is the conditional probability

of a structure satisfying , given that it satis es
?

Sincefor ary given nite domaina relational Bayesian
networkcanbe seenasan ordinary Bayesiametworkfor

variableswith nitely mary possiblevalues,in principle,

ary inferencealgorithmfor standardayesiametworksan
beused.

Unfortunatelyhowever, directapplicatiorof ary suchalgo-
rithmwill beinefcient, becaus¢hey includeasummation
over all possiblevaluesof a node,andthe numberof pos-
sible valueshereis exponentialin the sizeof the domain.
For this reason,it will often be more efcient to follow
the approachusedin inferencefrom rule-baseencodings
of probabilisticknowledge,andto constructfor every spe-
ci ¢ inferencetaskan auxiliary Bayesiannetworkwhose
nodesare groundatomsin the symbolsfrom , eachof
whichwith thetwo possiblevaluedrueandfalse(cf.(Breese
1992),(Ngoetal. 1995)).

The reasonwhy we here can do the sameis thatin the
query we do not askfor the probability of ary spe-
ci ¢ interpretatiorof , but only for the probability of all
interpretationgontaining . For the computatiorof this
probability; in turn, it is irrelevantto know the exactinter-
pretationf parentnodes of . Insteadwe only needto
know whichof thosetuples belongto , whosendicator
is neededn the computatiorof

In orderto construcsuchanauxiliary network,we have to
computefor somegivenatom thelist of atoms
on whosetruth value depends.One way of doing
this is to just go througha recursve evaluationof ,
andlist all thegroundatomsencountereéh this evaluation.
However, ratherthandoingthis, it is usefulto computefor
every relationsymbol , andeachparentrelation of
, anexplicit descriptionof the tuples , suchthat
depend®sn . Suchanexplicit descriptiorcanbegiven
in form of a rst-order formulapa overtheempty
vocalulary.

To demonstrat¢éhe generaimethodfor the computatiorof
theseformulas,we shav how to obtainpa for
asde ned in (5). By inductionon the structureof

, we computeformulaspa that de ne for

a subformula of the set of s.t.
dependn . In the end,then,pa

pa

The two subformulas and of do not
depencbn atall; thereforewe canlet pa

pa ,where issomeunsatis ablefor-

mula.

To obtain pa we beyin with the atomic
subformulas and of , which yield
pa and



pa respectrely.
Theremainingatomicsubformulas ,1,and appear
ing within the maxcombinationfunction againonly yield
theunsatis able . Skippingonetrivial stepwherethefor-

mulasfor the two argumentsof max are
computedwe next obtaintheformula
pa
(after deletingsomemeaningless -disjuncts).
n-o dependsnall for which
thereexist some s.t.pa . Hence,
pa
(8)
which is alreadythe sameaspa . Finally,
we cansimplify (8), andobtain
pa
9)

In general, the formulas pa are existential -
formulas. It is not alwayspossibleto completelyelimi-
natethe existentialquanti ersasin theprecedingsxample.
However, it is alwayspossibleo transformpa into
aformulasothatquanti ersonly appeatn subformula®of
theform , postulatingthe existenceof at least

elementsThismeandhatfor every formulapa ,
andtuples , it canbecheckedn timeindependent
of thesizeof whethempa holds.

Theformulapa enablesisto nd for everytuple

the parents of in the auxiliary network. More-
over, we cantakethis onestepfurther: supposehatin the
originalnetwork thereis a pathof lengthtwo from node

viaanode to . Then,in theauxiliary network,there
is apathof lengthtwo fromanode viaanode
to iff theformula

pa pa pa

(10)
is satis edfor ,and . Takingthedisjunction
of all formulasof theform (10) for all pathsin  leading
from to thenyields a formula pa de ning
all predecessors of a node in the auxiliary
network.

Usingthepa andpa , we canfor givenevidenceand
gueryconstructheauxiliary networkneededo answetthe
query: we begin with a node for thequery For all
nodes addedo thenetwork,we addall parents

of ,asde nedbypa . If isnotinstantiatedn
usingthe formulaspa , we checkwhetherthe subgraph
rootedat containsa nodeinstantiatedn . If thisis
the case,we addall successorsf thatlie on a path

from to an instantiatednode (theseare againgiven
by the formulaspa ). Thus, we can constructdirectly
the minimal networkneededo answerthe query without
rst backwardchainingfrom everyatomin , andpruning
afterwards.

Auxiliary networksasdescribecherestill encodener dis-
tinctionsin the instantiationsof the nodesof  thanis
actuallyneededo solwe our inferenceproblem. Consider
for example thecasewvherethedomainin example2.1con-
sistsof tenlocations , thereisnoevidence and
thequeryis . Accordingto (9), the auxiliary network
will containnodes for all .
In applyingstandardnferencetechnique®n this network,
we distinguishe.g. the casewhere are

true and are false from the casewhere
are false and are true,
and all other have the sametruth value.

However, for the giveninferenceproblem,this distinction
reallyis unnecessaypecauséheidentityof locationsmen-
tionedneitherin evidencenor queryis immaterial. Future
work will thereforebe directedtowards nding inference
techniquesor relationaBayesiametworkghatdistinguish
instantiationsof the relationsin the network at a higher
level of abstractionthanthecurrentauxiliary networks and
therebyreducethe compleity of inferencein termsof the
sizeof theunderlyingdomain.

4 RECURSIVE NETWORKS

In thedistributionsde ned by relationalBayesiametworks
of de nition 2.5,theevents and with are
conditionallyindependentgiven the interpretationof the
parentrelationsof . Thisis aratherstronglimitation of
the expressvenessof thesenetworks. For instance using
thesenetworkswe cannotmodelavariationof example2.1

in whichthepredicateblodkedis symmetric: being
independenfrom , cannot be
enforced.

Thereare other interestingthingsthat we are not ableto
modelsofar. Amongthemarerandomfunctions(themain
concernof (Haddavy 1994)),andarecursve temporalde-
pendenceof a relationon itself (addressedboth in (Ngo
et al. 1995) and (Glesner& Koller 1995)). In this sec-
tionwe de ne astraightforwardjeneralizatiomf relational
Bayesiametworksthatallows usto treatall theseissuesn
auniformway.

Wecanidentify arecursvedependencef arelationonitself
asthegeneralunderlyingmechanismwve have to model.In
the caseof symmetricrelations,this is a dependencef
on . In the caseof atemporaldevelopment,
thisis thedependencef apredicate , having atime-
variableasits rst agumenton . Functionscan
beseerasspecialelations , Wherefor every there
existsexactlyone , s.t. istrue. Thus,for every ,



depend®nall
atomsmustbetrue.

in thatexactly oneof these

It is clearthatthereis no fundamentaproblemin model-
ing suchrecursve dependenciesithin aBayesiametwork
framewvork, aslong as the recursive dependeng of
on doesnot produceary cycles. Mostob-
viously, in the caseof a temporaldependeng the useof
in ade nition of theprobabilityof does
notposeaproblemaslongasanon-recursie de nition of
theprobability of is provided.

To maketherecursie dependencof on in
a symmetricrelation similarly well-founded,we can use
atotal order onthe domain. Thenwe cangeneratea
randomsymmetricrelationby rst de ning theprobability

of with , andthenthe (0,1-valued)probability
of given . Now considethecaseof arandom
function with pOSS|bIevaIues

Here, too wecanmakethelnterdependencmfthedlfferent

ag/clic by usingatotal orderon ,and
assigninga truth valueto by taking into account
the alreadyde ned truth valuesof forall that

precede inthatordet

Fromtheseaxampleswve seethatwhatwe essentiallyneed,
in orderto extend our framevork to cover a greatvari-
ety of interestingspeci ¢ formsof probabilitydistributions
over -structuresarewell-foundedorderingson tuplesof
domainelements. Thesewell-foundedorderingscan be
suppliedviarigid relationsonthedomain,.e. x ed,prede-
terminedrelationsthat are not generategrobabilistically
Indeedonesuchrelationwe alreadyhave usedthroughout:
the equalityrelation. It is thereforenaturalto extend our
framewvork by allowing additionalrelationsthat areto be
usedn thesamewayastheequalitypredicatéhasbeenrem-
ployed, namely in constraint§or combinationfunctions.
Also, x edconstantwill be neededasthe possiblevalues
of randomfunctions.

Forthecaseof abinarysymmetriaelation , assume,
asabove, thatwe aregivena total (non-strict)order on
the domain. A probability formula that de nes a proba-
bility distributionconcentratednsymmetriaelations and

making true with probability for all ,
thenis
max max (12)
max

Asin (7), herea nestedmax -functionis usedin order
tomodeladistinctionby casesThe rst innermaxfunction
evaluatedo if , andto 0 else. The secondmax
functionis equalto if , ando else.

For thetemporalexample assumehatthedomaincontains
time points , anda successorelation
onthe 's. Assumehat
is a relationwith a time parameterasthe rst agument,

andthat shall hold with probability  for all
whereas hasprobability  if holds,and
probability  else. In orderto de ne the probability of

by a probability formula, the case mustbe
distinguishedrrom the case , For this we
usethe probability formula max ,
which evaluatego O for , andto 1 for
We cannow usetheformula

max

to de ne the probability of
Finally, for a functionalrelation , Supposehatwe

aregiven a domain,togetherwith the interpretationof
constansymbols , anda stricttotal order , s.t.
. Now considetheprobabilityformula

max
max max
max

The rst factorin this formula testswhether al-
readyis truefor somepossiblevalue . If thisis the
case,thenthe probability of given by is
0. Otherwise the probability of is iff
Theprobabilitythatby thisprocedurégheamgument is as-
signecthevalue thenis

By asuitablechoiceof the
overthe canbegenerated.

ary probability distribution

The givenexamplesmotivatea generalizatiorof relational
Bayesiametworks.For this,let beavocallarycontain-
ing relationandconstansymbols, arelationalvocalulary
with . An -constaint for isaquantier-
free -formula.De ne theclassof -probabilityformulas
over preciselyasin de nition 2.3, with “equality con-
straint”replacedy“ -constraint”.

De nition 4.1 Let beasabove. A recursiveelational
Bayesiannetworkfor ~ with -constaintsis givenby a
directedagyclic graphcontainingone nodefor every
The nodefor an -ary is labeledwith an -
probabilityformula overPa( )

The semanticof a recursve relationalBayesianmnetwork
is a bit morecomplicatedthanthat of relationalBayesian
networks. The latter de ned a mappingof domains
into probability measuren -structuresover Re-
cursive relational Bayesiannetworksessentiallyde ne a
mappingof -structures into probability measure®n
-expansion®f . Thismapping however, is only de ned

for -structuresvhoseinterpretation®f thesymbolsin
leadto well-foundedrecursve de nitions of the probabil-
ities for the -atoms( ). If, for instance, ,



and isan -structurein whichthereexist two elements
, S.t. neither , nor , then(11) does
not de ne a probabilitymeasureon  -expansionof

becausehe probability of getsde ned in terms

of , andvice versa.

As in section3, for every Pa( ) a formula

pa canbecomputedhatde nesforan -structure
and thetuples , S.t. dependn

While in section3 existential formulasover the
empty vocalulary were obtained,for recursve relational
networksthepa areexistentialformulasover

Thede nitions of the probabilities arewell-founded

for iff the relation pa

pa holdsin is ag/clic. A recursve relational

Bayesiametwork thusde nesaprobabilitymeasuren
-expansionf those -structures , for which therela-

tion pa isagyclic for all

The discussionof inference proceduresfor relational
Bayesiannetworksin section3 applieswith few modi -
cationsto recursve networksaswell. Again,we cancon-
structan auxiliary networkwith nodesfor groundatoms,
usingformulaspa andpa The complity of this
constructionhowever, increase®ntwo accounts:rst, the
existentialquanti cationsin thepa ,pa cannolonger
be reducedo merecardinalityconstraints.Therefore the
compleity of decidingwhetheipa holdsfor given
is nolongerguaranteetb beindependendf the
sizeof thedomain . Secondfo obtaintheformulaspa
we may have to build much larger disjunctions: it is no
longer sufcient to take the disjunctionover all possible
pathsfrom to in the networkstructureof . In ad-
dition, for every relation on thesepaths,the disjunction
overall possiblegpathswithin - pa  hastobetaken.This
amountgo determiningthe length of the longestpathin
pa , andthentakingthe disjunctionover all formulas
pa pa pa
with . As aconsequencehe formulaspa areno
longerindependenof thestructure underconsideration.

5 CONCLUSION

In this paperwe have presentech new approachto deal
with rule-like probability statementgor nondeterministic
relationsontheelement®f somedomainof discourse De-
viating from previous proposalgor formalizingsuchrules
with a logic programmingstyle framewvork, we herehave
associateavith every relationsymbol a singleprobabil-
ity formulathatdirectly de nestheprobabilitydistribution
overinterpretationsf within aBayesiametwork.There-
sultingframevork is bothmoreexpressie andsemantically
moretransparenthanpreviousones.lt is moreexpressie,
becausét introduceghetoolsto restrictthe instantiations
of certainrulesto tuplessatisfying certain equality con-

straints andto specifycomplex combinationsandnestings
of combinatiorfunctions.It is semanticallymoretranspar
ent,becausea relationalBayesiametworkdirectly de nes
auniqueprobabilitydistributionover -structureswhereas
the semanticof a probabilisticrule baseusuallyare only
implicitly de nedthroughatransformatiointoanauxiliary
Bayesiametwork.

Inferencefrom relationalBayesiannetworksby auxiliary

networkconstructioris asef cient asinference(by essen-
tially the samemethod)in rule basedformalisms. It may

be hopedthatin the casewherethis inferenceprocedure
seemsunsatisfactorynamely for large domainsmost of

whoseelementsarenotmentionedn theevidence ournew

representatioparadigmwill leadto more ef cient infer-

encetechniques.
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