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Abstract

A new methodis developedto representprob­
abilistic relations on multiple random events.
Where previously knowledge basescontaining
probabilistic rules were usedfor this purpose,
hereaprobabilitydistributionovertherelationsis
directly representedby a Bayesiannetwork. By
usinga powerful way of specifyingconditional
probability distributions in thesenetworks,the
resultingformalismis moreexpressive thanthe
previousones. Particularly, it providesfor con­
straintson equalitiesof events,andit allows to
de�ne complex, nestedcombinationfunctions.

1 INTRODUCTION

In astandardBayesiannetwork,nodesarelabeledwith ran­
dom variables(r.v.s)

�

that takevaluesin some�nite set
�������
	�	
	�����
��

. A networkwith r.v.s(earth)quake,burglary,
andalarm, eachwith possiblevalues

�

true,false
�

, for in­
stance,thende�nesajoint probabilitydistributionfor these
r.v.s.

Evidence,� , is asetof instantiationsof someof ther.v.s. A
queryasksfor theprobabilityof aspeci�c value

�

of some
r.v.

�

, giventheinstantiationsin theevidence.Theanswer
to this queryis theconditionalprobability ���

���

���

���

in thedistribution � de�nedby thenetwork.

The implicit underlyingassumptionwe heremakeis that
the value assignmentsin the evidenceand the query in­
stantiatethe attributes of one single randomevent, or
object, that has been sampled(observed) according to
the distribution of the network. If, for instance, �

�

�

quake= true,alarm= true
�

, thenboth instantiationsare
assumedto referto onesingleobservedstateof theworld
� , andnot the factsthat therewasanearthquakein 1906,
andthealarmbell is ringingright now.

�
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In case we indeed have evidence about several ob­
served events,e.g. quake(�

�

) = true, alarm(�

�

) = true,
burglary(��� ) = false, then, for the purposeof answer­
ing a query

�

�

�

�

�

�

about one of theseevents, all
evidence about other events can be ignored, and only

���

�

�

�

�

�

� �

���

�

�!� needsto be computed. For each
of thesecomputationsthe sameBayesiannetworkcanbe
used.

Thingsbecomemuchdifferentwhenwealsowanttomodel
relations that may hold betweentwo different random
events. Suppose,for instance,we alsowant to saysome­
thingabouttheprobabilitythatoneearthquakewasstronger
thananother. For this we usethebinaryrelationstronger,
andwould like to relatetheprobabilityof stronger(�

���

�
�

�

to, say, alarm(�

�

) and alarm(�
� ). Evidencemay now

containinstantiationsof strongerfor many differentpairs
of states:

�

stronger(�

�"�

�
� )

�
	�	
	��

stronger(�

�#�

�




)
�

, anda
query may be alarm(�

�

� . In evaluating this query, we
no longer can ignore information about the other events
�$�

��	
	�	��

�




. This means,however, that if we do not want
to imposean a priori restrictionon the numberof events
wecanhaveevidencefor, nosingle�x edBayesiannetwork
with �nite­range r.v.swill besuf�cient to evaluatequeries
for arbitraryevidencesets.

Nevertheless,the probabilisticinformationthat we would
like to encodeaboutrelationsbetweenanarbitrarynumber
of differenteventsmayverywell beexpressibleby some�­
nitesetof laws,applicableto anarbitrarynumberof events.
Onewayof expressingsuchlaws,whichhasbeenexplored
in thepast( (Breese1992),(Poole1993),(Haddawy 1994)),
is to useprobabilisticrulessuchas

stronger �&%

��'

� (*) +

,.- quake�&%��0/ quake�

'

�

/ alarm�&%��0/21 alarm�

'

�

	

(1)

The intendedmeaninghereis: for all statesof the world
�

�

and �
� , given that quake�

�

�

�3/

	
	
	

/41 alarm�

�
�

� is
true, the probability that �

�

is strongerthan �5� is 0.8. A
rule­basecontainingexpressionsof this form thencanbe
usedto construct,for eachspeci�c evidenceand query,



a Bayesiannetwork over binary r.v.s stronger�

�

� �

�$�

� ,
stronger�

�

�
�

�

�

� ,quake�

�

�

� ,. . . , in whichtheanswerto the
querysubsequentlyis computedusingstandardBayesian
networkinference.

In all the above mentionedapproaches,quite strongsyn­
tactic and/orsemanticrestrictionsareimposedin the for­
malismthatseverelylimit its expressiveness.Poole(1993)
doesnot allow thegeneralexpressivenessof ruleslike (1),
but onlycombinesdeterministicruleswith thespeci�cation
of certainunconditionalprobabilities.Haddawy(1994)al­
lows only rules in which the antecedentdoesnot contain
free variablesthat do not appearin the consequent.As
pointedout by GlesnerandKoller (1995),this is a severe
limitation. For instance,we canthennot expressby a rule
like aids�

�

�

�

, contact�

� ���

� that theprobabilityof person
�

having aidsdependsonany otherperson
�

, with whom
�

hadsexual contact.Whenwe do permitanadditionalfree
variable

�

in this manner, it alsohasto bede�ned how the
probabilityof the consequentis affectedwhenthereexist
multiple instantiationsof

�

that makethe antecedenttrue
(this questionalsoariseswhenseveral ruleswith thesame
consequentarepermittedin therule base). In (Glesner&
Koller1995)and(Ngo,Haddawy & Helwig1995)therefore
a combinationrule is addedto therule­base,whichde�nes
how theconditionalprobabilitiesarisingfrom differentin­
stantiations,or rules,areto be combined. If the different
causalrelationshipsdescribedby the rulesareunderstood
to beindependent,thenthecombinationrule typically will
benoisy­or.

The speci�cation of a single combinationrule appliedto
all setsof instantiationsof applicablerules, again,does
not permitusto describecertainimportantdistinctions.If,
for instance,we have a rule that relatesaids�

�

� to the re­
lation contact�

�0���

� , andanotherrule that relatesaids�

�

�

to the relation donor�

� ���

� , standingfor the fact that
�

hasreceived a blood transfusionfrom donor
�

, then the
probabilitycomputedfor aids��� � , usingasimplecombina­
tion rule,will dependonly on thenumberof instantiations
for contact���

���

� andfor donor���

���

� . Particularly, we are
not able to makespecialprovisions for the two rules to
be instantiatedby the sameelement � , even though the
casecontact���

�

�#��/ donor���

�

�#� clearly hasto be distin­
guishedfrom thecasecontact���

�

�#� / donor���

��	

� , or even
contact���

�

�*� / donor���

�

� � .

In this papera representationformalismis developedthat
incorporatesconstraintson theequalityof instantiatingel­
ements,andtherebyallowsusto de�ne differentprobabil­
ities in situationsonly distinguishedby equalitiesbetween
instantiatingelements.

Furthermore,our representationmethodwill allow us to
specify hierarchical,or nested,combinationrules. As
an illustrations of what this means,considerthe unary
predicatecancer�

�

� , representingthat person
�

will de­

velop cancerat some time, and the three placed rela­
tion exposed�

� ��� ��


� , representingthat organ
�

of per­
son

�

was exposedto radiationat time



(by the taking
of an x­ray, intake of radioactively contaminatedfood,
etc). Suppose,now, that for person

�

we have evidence
�

�

�

exposed�

�0�����!��
�


�

���

���

�
	�	
	 �������

���

��	
	�	!���&�

,
where

� �

�

� ���

for some
�!�����

, and

 


�


 
��

for some
� �����

. Assumethat for any speci�c organ
�

, multiple ex­
posuresof

�

to radiationhave a cumulative effect on the
risk of developingcancerof

�

, so that noisy­oris not the
adequaterule to model the combinedeffect of instances
exposed�

�0��� ��
 


� on the probability of developingcancer
of

�

. On the otherhand,developingcancerat any of the
variousorgans

�

canbeviewedasindependentcausesfor
developingcancerat all. Thus,a single rule of the form
cancer�

�

�

�

, exposed�

�0��� ��


� togetherwith a“�at” combi­
nationrule is not suf�cient to modelthe trueprobabilistic
relationships.Instead,weneedto useoneruleto �rst com­
binefor every�x ed

�

theinstancesgivenby different



, and
thenuseanotherrule (herenoisy­or)to combinetheeffect
of thedifferent

�

's.

To permit constraintson the equalityof instantiatingele­
ments,andto allow for hierarchicalde�nitions of combina­
tion functions,in this paperwe departfrom themethodof
representingour informationin a knowledgebasecontain­
ing differenttypesof rules. Instead,wehereuseBayesian
networkswith a nodefor every relationsymbol � of some
vocabulary  , whichis seenasa r.v. whosevaluesarepos­
sible interpretationsof � in somespeci�c domain ! . The
statespaceof theserelationalBayesiannetworkstherefore
canbeidenti�ed with thesetof all  ­structuresover ! , and
its semanticsis aprobabilitydistributionover  ­structures,
aswereusedbyHalpern(1990)tointerpret�rst­orderproba­
bilistic logic. HalpernandKoller(1996)have usedMarkov
networkslabeledwith relation symbolsfor representing
conditionalindependenciesin probabilitydistributionsover

 ­structures.Thiscanbeseenasaqualitativeanalogto the
quantitativerelationalBayesiannetworksdescribedhere.

2 THE BASIC FRAMEWORK

In medicalexampledomainsit is oftennaturalto makethe
domainclosureassumption,i.e. to assumethatthedomain
underconsiderationconsistsjustof thoseobjectsmentioned
in theknowledgebase.Thefollowing examplehighlights
a differentkind of situation,wherea de�nite domainof
objectsis givenover which thefreevariablesareto range,
yet thereis noevidenceaboutmostof theseobjects.

Example2.1 RobotTBayes0.1moves in an environment
consistingof " distinctlocations.TBayes0.1canmakedi­
rectmovesfrom any location

�

to any location
�

unlessthe
(directed)path

�$#��

is blocked. This happensto be the
casewith probability %

(

for all
�'&

�

�

. At eachtime step
TBayes0.1,aswell asa certainnumberof otherrobotsop­



eratingin thisdomain,makeonemovealonganunblocked
path

� # � ��� &

�

�

. TBayes0.1just hascompletedthetask
it wasassignedto do, andis now in searchof new instruc­
tions. It canreceive theseinstructions,eitherby reachinga
terminal­locationfrom whereacentraltaskassigningcom­
putercanbeaccessed,or by meetinganotherrobotthatwill
assignTBayes0.1a subtaskof its own job. Unfortunately,
TBayes0.1only hasthevaguestideaof wheretheterminal
locationsare,or wherethe otherrobotsareheaded.The
bestmodel of its environment that it can comeup with,
is that every location

�

is a terminallocationwith proba­
bility %

�

, andthat any unblockedpath
� # �

is likely to
be takenby at leastonerobotat any giventime stepwith
probability %

� . In orderto plan its next move, TBayes0.1
tries to evaluatefor every location

�

the probability that
going to

�

leadsto success, de�ned as either getting in­
structionsat

�

directly, or beingableto accessa terminal
locationin onemoremove from

�

. Hence,theprobability
of s(uccess)(

�

) is 1 if t(erminal)(
�

) is true,or if
�

�




� and
1 b(locked)(

� ��


) holdsfor some



. Otherwise,therestill is
a chanceof � �

�

� beingtrue,determinedby thenumberof
incomingpaths


 # �

, eachof which is likely to betaken
by anotherrobot with probability %

� . Assuminga fairly
largenumberof otherrobots,theeventthat


 # �

is taken
by somerobotcanbeviewedasindependentfrom


 ��# �

beingtakenby a robot,so that theoverall probability that
anotherrobotwill reachlocation

�

is givenby
�

-

�

�

-

%

�

�

�

,
where

�

�

� � 
2� 
 &

�

� �

1 �
�


����

�

���

, i.e. by combiningthe
individualprobabilitiesvia noisy­or.

Theforegoingexamplegivesaninformaldescriptionof how
theprobabilityof � �

�

� is evaluated,giventhepredicates�

and
�

. Also, theprobabilitiesfor � and
�

aregiven. Piecing
all this informationtogether(andassumingindependence
whenever no dependencehasbeenmentionedexplicitly),
we obtainfor every �nite domain ! of locationsa proba­
bility distribution � for the

�

�

�

�

�

�

�

­structuresover ! .

Ouraim now is to representthis classof probabilitydistri­
butionsin compactform asaBayesiannetworkwith nodes

�

�

�

, and � . Given the descriptionof the dependenciesin
the example,it is clearthat this networkshouldhave two
edges:oneleadingfrom � to � , andoneleadingfrom

�

to � .

Themoreinterestingproblemis how to specifythecondi­
tional probabilityof the possiblevaluesof eachnode(i.e.
the possibleinterpretationsof the symbol at that node),
giventhevaluesof its parentnodes.For thetwo parentless
nodesin our examplethis is accomplishedvery easily: for
a givendomain! , andfor all locations

� �����

! wehave

�����
�

�0���

�!�

� �

%

(

if
� &

�

�

�

if
�

�

� (2)

���

�

�

�

�!�

�

%

��	

(3)

Here �����
�

� ���

� � standsfor the probability that �

� ���

� be­
longsto theinterpretationof � . Similarly for � �

�

�

�

�!� . Since

�
�

�0���

� and �
�

�

�

���

�

� for �

�0���

�

&

�

�

�

�

���

�

� , respectively
�

�

�

�

and
�

�

� �

� for
� &

�

� �

, wereassumedtobemutuallyindepen­
dent,thisde�nesaprobabilitydistributionoverthepossible
interpretationsin ! of thetwopredicates.For example,the
probability that �	� !�
 ! is the interpretationof � is 0
if �

� ���

�

�

� for some
���

! , and %�
 ��


(

�

�

-

%

(

�


�� 
�� �����


 ��


else.

Next, we have to de�ne the probability of interpretations
of � . Given interpretationsof � and

�

, the events � �

�

�

and � �

� �

� areindependentfor
� &

�

� �

. Also, example2.1
containsa hight level descriptionof how theprobabilityof

� �

�

� is to becomputed.Our aim now is to formalizethis
computationrule in sucha manner, that ����� �

�

�!� can be
computedby evaluatinga singlefunctionalexpression,in
the samemanneras �����
�

� ���

� � and ���

�

�

�

� � aregivenby
(2) and(3).

Since ����� �

�

� � dependson the interpretationsof � and
�

,
we begin with functionalexpressionsthataccessthesein­
terpretations. This is doneby using indicator functions

�

�

�����

�

� ���

� and
�

�

�����

�

�

� .
�

�

�����

�

�0���

� , for example,evalu­
atesto 1 if �

� ���

� is in the given interpretation� ���*� of � ,
and to 0 otherwise. Thoughthe function

�

�

�����

�

�0���

� has
to bedistinguishedfrom thelogicalexpression�
�

�0���

� , for
thebene�t of greaterreadability, in thesequelthesimpler
notationwill beusedfor both. Thus, ���

� ���

� standsfor the
function

�

�

�����

�

� ���

� wheneverit appearswithin afunctional
expression.

In orderto �nd a suitablefunctionalexpression�! 
�

�

� for
����� �

�

�!� , assume�rst that
�

�

�

� is true. Since
�

�

�

� implies
� �

�

� , in thiscaseweneedto obtain �" *�

�

�

� �

. In thecase
1

�

�

�

� , theprobabilityof � �

�

� is computedby considering
all locations


 &

�

�

for which either 1 �
�

�0��


� or 1 �
�


����

� .
Any such




thatsatis�es 1 �
�

�0��


��/

�

�




� againmakes� �

�

�

true with probability 1. If only 1 �
�


 ���

� holds, then the
location




merely“contributes”aprobability%

� to ����� �

�

� � .
Thus,for any




, the contribution of



to ����� �

�

� � is given
by max

�

�

�




���

�

-

���

� ��


� �

�

%

�

�

�

-

�
�


����

� �

�

. Combiningall
therelevant




via noisy­or, weobtaintheformula

�# *�

�

�

�

n­o
�

max
�

�

�




���

�

-

���

� ��


� �

�

%

�

�

�

-

�
�


 ���

�!�

�

��
 ��
 &

�

���

(4)

for
�

with 1

�

�

�

� .

Abbreviating the functionalexpressionon the right­hand
sideof (4) by $ �

�

� , we can�nally put the two cases
�

�

�

�

and 1

�

�

�

� together, de�ning

�
 

�

�

�

�

�

�

�

��% �

�

-

�

�

�

� ��$ �

�

�

	

(5)

We now give a generalde�nition of a representationlan­
guagefor formingfunctionalexpressionsin thestyleof (5).
We begin by describingthe generalclassof combination
functions, instancesof whicharethefunctionsn­oandmax
usedabove.



De�nition 2.2 A combinationfunctionis any functionthat
mapsevery �nite multiset (i.e. a setpossiblycontaining
multiple copiesof the sameelement)with elementsfrom
[0,1] into [0,1].

Exceptn­o and max, examplesof combinationfunctions
aremin, the arithmeticmeanof the arguments,etc. Each
combinationfunctionmustincludeasensiblede�nition for
its resulton the emptyset. For example,we hereusethe
conventionsn­o

�

�

max
�

� �

, min
�

� �

.

In thefollowing,weusebold typeto denotetuplesof vari­
ables: �

�

�

� � ��	
	�	!��� 


� for some" . Thenumberof ele­
mentsin tuple � is denotedby

�

�

�

. An equalityconstraint
	

��� � for � isaquanti�er freeformulaovertheemptyvocab­
ulary, i.e.,aformulaonlycontainingatomicsubformulasof
theform

� �

�

� 


.

De�nition 2.3 The classof probability formulasover the
relationalvocabulary  is inductivelyde�ned asfollows.

(i) (Constants)Eachrationalnumber�

���

�

�

���

is a proba­
bility formula.

(ii) (Indicator functions)For every " ­ary symbol �

�

 ,
andevery " ­tuple � of variables,� ��� � is a probability
formula.

(iii) (Convex combinations)When�

� �

�

�

�

�

� areprobabil­
ity formulas,thensois �

�

�

�

% �

�

-

�

�

���

� .

(iv) (Combinationfunctions)When �

���
	
	�	��

�

� areprob­
ability formulas,combis any combinationfunction,

� , 	 are tuplesof variables,and
	

���

�

	�� is an equal­
ity constraint,thencomb

�

�

���
	
	�	!�

�

�

�

	

��	

���

�

	 �

�

is a
probabilityformula.

Note thatspecialcasesof (iii) aremultiplication( �

�

� �

)
and“inversion”( �

�

� �

�

�

�

� �

). Thesetof freevariables
of a probability formula is de�ned in the canonicalway.
The free variablesof comb

� 	�	
	 �

arethe union of the free
variablesof the �

�

, minusthevariablesin 	 .

A probability formula � over  in the freevariables�

�

�

�
�

�
	�	
	����



� de�nesfor every  ­structure
 overadomain
! a mapping!


��

#
�

�

�

���

. Thevalue ����� � for �

�

!




is
de�ned inductively over thestructureof � . We heregive
thedetailsonly for case(iv).

Let ����� � be of the form
comb

�

�

�

���

�

	 �

��	
	
	��

�

�

���

�

	 �

�

	

��	

���

�

	 �

�

(where not
necessarilyall the variablesin � and 	 actually appear
in all the �

�

andin
	

). In orderto de�ne ����� � , we must
specifythemultisetrepresentedby

�

�

�

���

�

	 �

�
	�	
	��

�

�

���

�

	 �

�

	

��	

���

�

	��

� 	

(6)

Let � � !


 � 


be the set
�

�

�

� 	

���

�

�

�

�

�

. For each
�

�

�

� and each
��� �

�

�
	
	�	!�����

, by inductionhypothe­
sis, �

�

���

�

�

�

�

���

�

�

���

. Themultisetrepresentedby (6) now

is de�ned as containingas many copiesof %

���

�

�

���

as
therearerepresentations%

�

�

�

���

�

�

�

� with different
�

or
�

�

. Note that �

�

���

�

�

�

� and �

�

���

�

�

� �

� count as different
representationsevenin thecasethatthevariablesfor which

�

�

and �

� �

substitutedifferentelementsdo not actuallyap­
pearin �

�

. The multiset
�

� ��� �

��
 ��


�


 �

, for instance,
containsasmany copiesof theindicator � ��� � , asthereare
elementsin thedomainover whichit is evaluated.

For any tautologicalconstraintlike



�




, in thesequelwe
simplywrite � .

Anotherborderlinecasethatneedsclari�cation is thecase
where 	 is empty. Hereour de�nition degeneratesto: if

	

��� � holds,thenthemultiset
�

�

�

��� �

�
	�	
	��

�

�

��� �

�

�

��	

��� �

�

containsasmany copiesof %

���

�

�

���

astherearerepresen­
tations%

�

�

�

��� � ; it is emptyif
	

��� � doesnot hold.

By using indicator functions � ��� � , the value of ����� � is
beingde�nedin termsof thevalidity in 
 of atomicformu­
las � ���

�

� . A naturalgeneralizationof probabilityformulas
might thereforebeconsidered,in which not only the truth
valuesof atomicformulasareused,but indicatorfunctions
for arbitrary�rst­order formulasareallowed. As the fol­
lowing lemmashows, thisprovidesnorealgeneralization.

Lemma 2.4 Let � ��� � bea�rst­order formulaovertherela­
tionalvocabulary  . Thenthereexistsaprobabilityformula

������� � over  , usingmaxastheonly combinationfunction,
s.t. for every �nite  ­structure 
 , and every �

�

!


 � 


:
������� �

� �

if f � ��� � holdsin 
 , and ������� �

� �

else.

Proof: By inductionon the structureof � . If ��� � ���5�

for some �

�

 , then �
�

��� �

�

� ����� . For ���

�
�

�

�

� ,
let �

�
�

�
�

���

�

�

�

max
�

�

�

�

���
�

�

�

�

�

. Conjunction
and negation are handled by multiplication and in­
version, respectively, of probability formulas. For

�����

� �

���

���

� the correspondingprobability formula is
������� �

�

max
�

�"! ���

���

�

��� �

�

�

. #

De�nition 2.5 A relationalBayesiannetworkfor the (re­
lational)vocabulary  is givenby a directedacyclic graph
containingonenodefor every �

�

 . Thenodefor an " ­ary
�

�

 is labeledwith aprobabilityformula ��$ �

�
�

�
	�	
	����



�

overthesymbolsin theparentnodesof � , denotedbyPa(� ).

The de�nition for the probability of �
�

� ���

� in (2) does
not seemto quitematchde�nition 2.5,becauseit contains
a distinctionby casesnot accountedfor in de�nition 2.5.
However, thisdistinctionby casescanbeincorporatedinto
a single probability formula. If, for instance,

	
�

��� � and
	

�

��� � aretwo mutuallyexclusive andexhaustive equality
constraints,then

����� �&%

�

max
�

max
�

�

�

�����

�

�

��	��

�����

� �

max
�

�

�

�����

�

�

��	

�

�����

� �

�

�

�

�

(7)



evaluatesto �

�

����� for � with
	 �

��� � , andto �

�

����� for �

with
	

�

��� � .

Let
�

now bearelationalBayesiannetworkover  . Let � be
(thelabelof) anodein

�

with arity " , andlet 
 beaPa(� )­
structureoverdomain! . Forevery �

�

!




, � $ ��� �

���

�

�

���

thenis de�ned. Thus,for every interpretation� ��� � of � in
!




wecande�ne

����� ��� � � %

� �

���

�

�

$

�

�"$ ��� �

�

��� �

�

�

$

�

�

�

-

� $ ��� � �

�

which givesa probabilitydistribution over interpretations
of � , giventhe interpretationsof Pa(� ). Givena �x ed do­
main ! , a relationalBayesiannetworkthusde�nesa joint
probabilitydistribution � over the interpretationsin ! of
the symbolsin  , or, equivalently, a probability measure
on  ­structuresover ! . Hence,semantically, relational
Bayesiannetworksaremappingsof �nite domains! into
probabilitymeasureson  ­structuresover ! .

Example2.6 Reconsidertherelationscancerandexposed
as describedin the introduction. Assumethat � %	�

#

�

�

�

���

is theprobabilitydistributionthatfor any �x edorgan
�

givestheprobabilitythat
�

developscancerafterthe " th
exposureto radiation.Let 
 ��" � %

���




��


(

� ��" � bethecor­
respondingdistributionfunction.Then 
 canbeusedto de­
�ne acombinationfunctioncomb� by lettingfor amultiset

�

: comb�

�

%

�


 ��" � , where" is thenumberof nonzeroel­
ementsin

�

(countingmultiplicities). Usingcomb� weob­
taintheprobabilityformulacomb�

�

exposed�

� ��� ��


�

��
 �

�

�

for thecontributionof organ
�

to thecancerrisk of
�

. Com­
biningfor all

�

, then

� cancer�

�

�

�

n­o
�

comb�

�

exposed�

�0��� ��


�

� 
 �

�

� ��� �

�

�

is a probability formula de�ning the risk of cancerfor
�

,
giventherelationexposed.

In theprecedingexamplewehave tacitly assumeda multi­
sorteddomain,so that the variables

�0��� ��


rangeover dif­
ferentsets“people”, “organs”,“times”, respectively. We
heredo not introducean extra formalizationfor dealing
with many sorteddomains.It is clearthatthis canbedone
easily, but wouldintroduceanextra loadof notation.

3 INFERENCE

The inferenceproblemwe would like to solve is: given
a relationalBayesiannetwork

�

for  , a �nite domain
!

�

�����"�
	
	�	���� 
��

, an evidence set of ground literals
�

�

�

�

�

���

�

�

�
	�	
	��

�

�

���

�

�

�

1 �

���

�

���

���

�

�

�
	�	
	��

1 ��� ����� �

�

with �

� �

 (not necessarilydistinct), �

�

� ! (not neces­
sarilydistinct)for

�

� �

��	
	
	 ���

, andagroundatom �

(

���

(

�

( �

(

�

 

�

�

(

� ! ), whatis theprobabilityof �

(

���

(

� given
�

�

���

�

�

�
	�	
	��

1 �
�

���
�

� ? More precisely: in the probabil­
ity measure� de�ned by

�

on the  ­ structuresover

! , what is the conditional probability �����

(

���

(

�

�

� �

of a structuresatisfying �

(

���

(

� , given that it satis�es
�

�

���

�

�

�
	�	
	��

1 ��� ������� ?

Since for any given �nite domain a relationalBayesian
networkcanbeseenasan ordinaryBayesiannetworkfor
variableswith �nitely many possiblevalues,in principle,
any inferencealgorithmfor standardBayesiannetworkscan
beused.

Unfortunately,however, directapplicationof any suchalgo­
rithm will beinef�cient, becausethey includeasummation
over all possiblevaluesof a node,andthenumberof pos­
sible valueshereis exponentialin the sizeof the domain.
For this reason,it will often be more ef�cient to follow
the approachusedin inferencefrom rule­baseencodings
of probabilisticknowledge,andto constructfor every spe­
ci�c inferencetaskan auxiliary Bayesiannetworkwhose
nodesaregroundatomsin the symbolsfrom  , eachof
whichwith thetwopossiblevaluestrueandfalse(cf.(Breese
1992),(Ngoetal. 1995)).

The reasonwhy we herecan do the sameis that in the
query �

(

���

(

� wedo not askfor theprobabilityof any spe­
ci�c interpretationof �

(

, but only for theprobabilityof all
interpretationscontaining�

(

. For thecomputationof this
probability, in turn, it is irrelevantto know theexact inter­
pretationsof parentnodes�

�

of � . Instead,weonly needto
know whichof thosetuples�

�

belongto �

�

, whoseindicator
�

�

���

�

� is neededin thecomputationof �
$��

���

(

� .

In orderto constructsuchanauxiliarynetwork,wehave to
computefor somegivenatom � ��� � thelist of atoms�

�

���

�

�

on whosetruth value �
$

���0� depends.Oneway of doing
this is to just go througha recursive evaluationof �

$
��� � ,

andlist all thegroundatomsencounteredin thisevaluation.
However, ratherthandoingthis, it is usefulto computefor
every relationsymbol �

�

 , andeachparentrelation �

�

of
� , an explicit descriptionof the tuples � , suchthat ��$ ���5�

dependson �

�

��� � . Suchanexplicit descriptioncanbegiven
in form of a �rst­order formulapa$ $

�

���

�

� � over theempty
vocabulary.

To demonstratethegeneralmethodfor thecomputationof
theseformulas,we show how to obtainpa 

�

�

� ���
�

���

�

� for
�

 
�

�

� asde�ned in (5). By inductionon the structureof
�# , we computeformulaspa 

�

���

��� �����

�

� that de�ne for
a subformula !���� � of �" the set of �

� �����

�

� s.t. !���� �

dependson ���

� �����

�

� . In the end,then,pa 

�

�

�0��� �����

�

� % �

pa"�#

�

�

� ��� �����

�

� .

The two subformulas
�

�

�

� and �

�

-

�

�

�

�!� of �  do not
dependon � at all; thereforewecanlet pa

���%$ ���

�

� ���
�

���

�

� �

pa
� � � ���%$ ��� �

�

� ���
�

���

�

� �'& , where& issomeunsatis�ablefor­
mula.

To obtain pa(

�)$ ���

�

�0���
�

���

�

� we begin with the atomic
subformulas �
�

�0��


� and �
�


 ���

� of $ �

�

� , which yield
pa

���)$�* + � �

�

� ��
���� �����

�

�
�

� �

�

�

/

�

�

�




and



pa
���)+�* $ � �

�

� ��
���� � ���

�

���

� �

�




/

�

�

�

�

respectively.
Theremainingatomicsubformulas

�

�




� ,1, and %

� appear­
ing within the maxcombinationfunction againonly yield
theunsatis�able& . Skippingonetrivial stepwherethefor­
mulasfor the two argumentsof

�

�

� ��


� % � max
� 	�	
	 �

are
computed,wenext obtaintheformula

pa�

�)$�* + ���

�

�0��
 ��� � ���

�

� �

�

� �

�

�

/

�

�

�




��� �

� �

�




/

�

�

�

�

�

(after deletingsomemeaningless& ­disjuncts). $ �

�

�

�

n­o
�

�

�

� ��


�

��
 ��
 &

�

���

dependsonall �
�

� � ���

�

� for which
thereexist some


 &

�

�

s.t. pa�

�%$ * + ���

�

�0��
 ��� � ���

�

� . Hence,

pa(

�)$ ���

�

� ��� � ���

�

� �

�




� �

� �

�

�

/

�

�

�




���2�

� �

�




/

�

�

�

�

� �

�

(8)

which is alreadythe sameaspa
"

#

�)$ ���

�

� ��� � ���

�

� . Finally,
wecansimplify (8), andobtain

pa 

�

�

� ���
�

���

�

� �

�

� �

�

�

/

�

�

&

�

�

��� �

� � &

�

�

/

�

�

�

�

�

	

(9)

In general, the formulas pa$ $

�

���

�

� � are existential
�

­
formulas. It is not alwayspossibleto completelyelimi­
natetheexistentialquanti�ersasin theprecedingexample.
However, it is alwayspossibleto transformpa$ $

�

���

�

� � into
a formulasothatquanti�ersonly appearin subformulasof
the form �

�




���

�

�

, postulatingtheexistenceof at least
" elements.Thismeansthatfor every formulapa$ $

�

���

�

� � ,
andtuples�

�

�

�

� ! , it canbecheckedin timeindependent
of thesizeof ! whetherpa$ $

�

���

�

�

�

� holds.

Theformulapa$ $

�

���

�

� � enablesusto �nd for everytuple �

theparents�

�

���

�

� of � ���0� in theauxiliary network. More­
over, wecantakethis onestepfurther: supposethat in the
originalnetwork

�

thereis a pathof lengthtwo from node
�

� �

via a node�

�

to � . Then,in theauxiliarynetwork,there
is apathof lengthtwofromanode�

� �

���

� �

� viaanode�

�

���

�

�

to � ��� � if f theformula

pa$

� ���

$

���

$
���

�

� � % ���




� pa$ $

�

���

�

	 � / pa$

�

$

� �

��	

�

� �!�

	

(10)
is satis�edfor �

�

� , and �

�

�

� �

. Takingthedisjunction
of all formulasof the form (10) for all pathsin

�

leading
from �

� �

to � then yields a formula pa
�

$ $

� �

���

�

� � de�ning
all predecessors�

� �

���

� �

� of a node � ��� � in the auxiliary
network.

Usingthepa$ $

�

andpa
�

$ $

� �

, we canfor givenevidenceand
queryconstructtheauxiliarynetworkneededto answerthe
query: we begin with a node �

(

���

(

� for thequery. For all
nodes� ��� � addedto thenetwork,weaddall parents�

�

���

�

�

of � ��� � , asde�nedby pa$ $

�

. If � ���0� is notinstantiatedin � ,
usingthe formulaspa

�

$

�

$

, we checkwhetherthe subgraph
rootedat � ���0� containsa nodeinstantiatedin � . If this is
the case,we addall successorsof � ��� � that lie on a path

from � ��� � to an instantiatednode(theseare againgiven
by the formulaspa

�

$

�

$

). Thus, we can constructdirectly
the minimal networkneededto answerthe query, without
�rst backwardchainingfrom everyatomin � , andpruning
afterwards.

Auxiliary networksasdescribedherestill encode�ner dis­
tinctions in the instantiationsof the nodesof

�

than is
actuallyneededto solve our inferenceproblem.Consider,
for example,thecasewherethedomainin example2.1con­
sistsof tenlocations

��� � ��	
	
	���� �

(

�

, thereis noevidence,and
thequeryis � �

� �

� . Accordingto (9), theauxiliary network
will containnodes���

� � ��� �

�

�

���

� � ��� �

� for all
�

�
	

��	
	
	��

� �

.
In applyingstandardinferencetechniqueson this network,
we distinguishe.g. the casewhere �
�

� � ���

�

�

�

�
�

�

�

��� �

� are
true and �
�

� � ���

�

�

�

�
�

�

�

��� �

� are false from the casewhere
�
�

� � ���

�

�

�

�
�

�

�

��� �

� are false and �
�

� � ���

�

�

�

�
�

�

�

��� �

� are true,
and all other �
�

� � ��� �

�

�

�
�

� ����� �

� have the sametruth value.
However, for thegiveninferenceproblem,this distinction
reallyis unnecessary, becausetheidentityof locationsmen­
tionedneitherin evidencenor queryis immaterial. Future
work will thereforebe directedtowards�nding inference
techniquesfor relationalBayesiannetworksthatdistinguish
instantiationsof the relationsin the network at a higher
level of abstractionthanthecurrentauxiliarynetworks,and
therebyreducethecomplexity of inferencein termsof the
sizeof theunderlyingdomain.

4 RECURSIVE NETWORKS

In thedistributionsde�nedby relationalBayesiannetworks
of de�nition 2.5,theevents� ��� � and � ���

�

� with �

&

�

�

�

are
conditionally independent,given the interpretationof the
parentrelationsof � . This is a ratherstronglimitation of
the expressivenessof thesenetworks. For instance,using
thesenetworks,wecannotmodelavariationof example2.1
in which thepredicateblockedis symmetric: ���

� ���

� being
independentfrom �
�

� ���

� , �
�

� ���

��
 ���

� ���

� can not be
enforced.

Thereareother interestingthingsthat we arenot able to
modelsofar. Amongthemarerandomfunctions(themain
concernof (Haddawy 1994)),anda recursive temporalde­
pendenceof a relation on itself (addressedboth in (Ngo
et al. 1995) and (Glesner& Koller 1995)). In this sec­
tionwede�ne astraightforwardgeneralizationof relational
Bayesiannetworksthatallowsusto treatall theseissuesin
a uniformway.

Wecanidentifyarecursivedependenceof arelationonitself
asthegeneralunderlyingmechanismwehave to model.In
the caseof symmetricrelations,this is a dependenceof

� �

� ���

� on � �

� ���

� . In thecaseof a temporaldevelopment,
this is thedependenceof apredicate� �

�

�

� � , having atime­
variableasits �rst argument,on � �

�

-

�

�

� � . Functionscan
beseenasspecialrelations� ���

���

� , wherefor every � there
existsexactly one

�

, s.t. � ���

���

� is true. Thus,for every � ,



� ���

���

� dependson all � ���

���

�

� in thatexactly oneof these
atomsmustbetrue.

It is clearthat thereis no fundamentalproblemin model­
ing suchrecursivedependencieswithin aBayesiannetwork
framework, as long as the recursive dependency of � ���5�

on � � �

�

�

��	
	
	

� ���

�

� doesnot produceany cycles. Mostob­
viously, in the caseof a temporaldependency, the useof

� �

�

-

�

�

� � in ade�nition of theprobabilityof � �

�

�

� � does
notposeaproblem,aslongasanon­recursivede�nition of
theprobabilityof � �

�

�

�0� is provided.

To maketherecursive dependency of � �

� ���

� on � �

�����

� in
a symmetricrelation similarly well­founded,we can use
a total order

�

on the domain. Thenwe cangeneratea
randomsymmetricrelationby �rst de�ning theprobability
of � �

�0���

� with
�

�

�

, andthenthe(0,1­valued)probability
of � �

� ���

� given � �

�0���

� . Now considerthecaseof arandom
function � ���

���

� with possiblevalues
� � ��' ���
	
	�	���'

�

�

.
Here,too,wecanmaketheinterdependenceof thedifferent

� ���

���

� acyclic by usinga total orderon
��' � �
	�	
	 ��'

�

�

, and
assigninga truth valueto � ���

��'��

� by taking into account
the alreadyde�ned truth valuesof � ���

��' 


� for all
'�


that
precede

'
�

in thatorder.

Fromtheseexamplesweseethatwhatweessentiallyneed,
in order to extend our framework to cover a great vari­
etyof interestingspeci�c formsof probabilitydistributions
over  ­structures,arewell­foundedorderingson tuplesof
domainelements. Thesewell­foundedorderingscan be
suppliedvia rigid relationsonthedomain,i.e. �x ed,prede­
terminedrelationsthat arenot generatedprobabilistically.
Indeed,onesuchrelationwealreadyhaveusedthroughout:
the equalityrelation. It is thereforenaturalto extendour
framework by allowing additionalrelationsthat are to be
usedin thesamewayastheequalitypredicatehasbeenem­
ployed,namely, in constraintsfor combinationfunctions.
Also, �x edconstantswill beneededasthepossiblevalues
of randomfunctions.

For thecaseof abinarysymmetricrelation� �

�0���

� , assume,
asabove, thatwe aregivena total (non­strict)order

�

on
the domain. A probability formula that de�nes a proba­
bility distributionconcentratedonsymmetricrelations,and
making � �

�
�

���

�

� true with probability % for all �

�
�

���

�

� ,
thenis

�
$

�

�������

�

�

�

max
�

max
�

%

�

�

�����

�

�

�

� �

(11)

max
�

� �

�

�

���
�

�

�

�

�

1

�
�

�

�

�

�.�

�

�

�

� 	

As in (7), herea nestedmax
� 	
	�	 �

­functionis usedin order
tomodeladistinctionbycases.The�rst innermax­function
evaluatesto % if

�0�

�

�

� , andto 0 else. Thesecondmax­
functionis equalto � �

�

�

��� �

� if
����� �

� , and0 else.

For thetemporalexample,assumethatthedomaincontains
" %

�

time points
�

(

��	
	�	!�

�




, anda successorrelation �

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

"

-

�

�

onthe
�

�

's. Assumethat � �

�

�

� �

is a relationwith a time parameteras the �rst argument,

and that � �

�

(

�

� � shall hold with probability %

(

for all � ,
whereas� �

�

�

�

���

� � hasprobability %

�

if � �

�

���

�0� holds,and
probability %

� else. In order to de�ne the probability of
� �

�

�

� � by a probability formula, the case
�

�

�

(

mustbe
distinguishedfrom the case

�

�

�

�

,
���

�

. For this we
usethe probability formula �

(

�

�

�

�

max
�

�

�

�

���

� �

�

� �

�

�

�

,
whichevaluatesto 0 for

�

�

�

(

, andto 1 for
�

�

�

� �
	�	
	��

�




.
We cannow usetheformula

�"$ �

�

�

� �

�

�

�

-

�

(

�

�

� ��%

(

%

�

(

�

�

� max
�

� �

�

�

�

� ��%

�

% �

�

-

� �

�

�

�

� �!��%

�

�

�

�

�

� �

�

�

�

�

�

�

to de�ne theprobabilityof � �

�

�

� � .

Finally, for a functionalrelation � ���

���

� , supposethat we
aregivena domain,togetherwith the interpretationsof "

constantsymbols
' ���
	�	
	 ��'



, anda strict total order � , s.t.
' �

�

'

�

�

	
	�	

�

'



. Now considertheprobabilityformula

�"$ ���

���

�

�

�

�

- max
�

� ���

��


�

��
 ��


�

� �

���

max
�

max
�

%

� �

�

���

�

' ��� ��	
	�	��

max
�

%



�

�

���

�

'



� �

�

�

�

�

The �rst factor in this formula testswhether � ���

��


� al­
readyis truefor somepossiblevalue

'
�

�

�

. If this is the
case,thenthe probabilityof � ���

���

� given by ��$ ���

���

� is
0. Otherwise,the probability of � ���

���

� is %

�

if f
�

�

'
�

.
Theprobabilitythatby thisproceduretheargument� is as­
signedthevalue

' �

thenis �

�

-

%

�

���

�

-

%

�

�

	
	�	

�

�

-

%

���0�

��%

�

.
By a suitablechoiceof the %

�

any probabilitydistribution
over the

' �

canbegenerated.

Thegivenexamplesmotivatea generalizationof relational
Bayesiannetworks.For this,let � beavocabularycontain­
ing relationandconstantsymbols, arelationalvocabulary
with �
	  

�

�

. An � ­constraint
	

���5� for � is aquanti�er­
free � ­formula.De�ne theclassof � ­probabilityformulas
over  preciselyas in de�nition 2.3, with “equality con­
straint” replacedby “ � ­constraint”.

De�nition 4.1 Let �

�

 beasabove. A recursiverelational
Bayesiannetworkfor  with � ­constraints is given by a
directedacyclic graphcontainingonenodefor every �

�

 . The nodefor an " ­ary �

�

 is labeledwith an � ­
probabilityformula � $ �

�
�

�
	�	
	����



� over Pa(� ) �

�

�

�

.

The semanticsof a recursive relationalBayesiannetwork
is a bit morecomplicatedthanthat of relationalBayesian
networks. The latter de�ned a mappingof domains !

into probability measureson  ­structuresover ! . Re­
cursive relationalBayesiannetworksessentiallyde�ne a
mappingof � ­structures
 into probability measureson

 ­expansionsof 
 . Thismapping,however, is only de�ned
for � ­structureswhoseinterpretationsof thesymbolsin �

leadto well­foundedrecursive de�nitions of the probabil­
ities for the � ­atoms( �

�

 ). If, for instance,�

�

�

�

�

,



and 
 is an � ­structurein which thereexist two elements
�������

� , s.t. neither
� �

�

�

� , nor
�

�

�

���

, then(11) does
not de�ne a probabilitymeasureon

�

�

�

­expansionsof 
 ,
becausethe probabilityof � �

� �����

�

� getsde�ned in terms
of � �

�

�

�����

� , andvice versa.

As in section3, for every �

� �

Pa(� ) �

�

�

�

a formula
pa$ $

�

���

�

� � canbecomputedthatde�nesfor an � ­structure

 and � � ! the tuples �

�

� ! , s.t. �"$ ��� � dependson
�

�

���

�

� . While in section3 existential formulasover the
empty vocabulary were obtained,for recursive relational
networksthepa$ $

�

areexistentialformulasover � .

Thede�nitions of theprobabilities��$ ���0� arewell­founded
for � � ! if f the relation 
�� pa$ $�� %

�

�

���

�

�

�

�

�

pa$ $ ���

�

�

�

� holdsin 


�

is acyclic. A recursive relational
Bayesiannetwork

�

thusde�nesaprobabilitymeasureon
 ­expansionsof those � ­structures
 , for which therela­
tion 
 � pa$ $

� is acyclic for all �

�

 .

The discussionof inference proceduresfor relational
Bayesiannetworksin section3 applieswith few modi�­
cationsto recursive networksaswell. Again,we cancon­
structan auxiliary networkwith nodesfor groundatoms,
using formulaspa$ $

�

and pa
�

$ $

�

. The complexity of this
construction,however, increasesontwo accounts:�rst, the
existentialquanti�cationsin thepa$ $

�

, pa
�

$ $

�

canno longer
be reducedto merecardinalityconstraints.Therefore,the
complexity of decidingwhetherpa

�

�

�

$ $

�

���

�

�

�

� holdsfor given
�

�

�

�

� ! is no longerguaranteedto beindependentof the
sizeof thedomain! . Second,to obtaintheformulaspa

�

$ $

�

we may have to build much larger disjunctions: it is no
longer suf�cient to take the disjunctionover all possible
pathsfrom �

�

to � in the networkstructureof
�

. In ad­
dition, for every relation

�

� on thesepaths,the disjunction
overall possiblepathswithin 
 � pa �

$

�

$�� hastobetaken.This
amountsto determiningthe length

�

of the longestpathin

 � pa�

$

�

$
� , andthentakingthedisjunctionover all formulas
pa

�

�

$

�

$

���

�

� � % � � 	

���
	�	
	��

	

�

� pa�

$

�

$
���

�

	

�

� /

	�	
	

/ pa�

$

�

$
��	

���

� �!�

with
�

�

�

. As a consequence,the formulaspa
�

$ $

�

areno
longerindependentof thestructure
 underconsideration.

5 CONCLUSION

In this paperwe have presenteda new approachto deal
with rule­like probability statementsfor nondeterministic
relationsontheelementsof somedomainof discourse.De­
viating from previousproposalsfor formalizingsuchrules
with a logic programmingstyle framework, we herehave
associatedwith every relationsymbol � a singleprobabil­
ity formulathatdirectlyde�nestheprobabilitydistribution
overinterpretationsof � within aBayesiannetwork.There­
sultingframework is bothmoreexpressiveandsemantically
moretransparentthanpreviousones.It is moreexpressive,
becauseit introducesthetools to restrictthe instantiations
of certainrules to tuplessatisfyingcertainequality con­

straints,andto specifycomplex combinationsandnestings
of combinationfunctions.It is semanticallymoretranspar­
ent,becausea relationalBayesiannetworkdirectlyde�nes
auniqueprobabilitydistributionover  ­structures,whereas
the semanticsof a probabilisticrule baseusuallyareonly
implicitly de�nedthroughatransformation intoanauxiliary
Bayesiannetwork.

Inferencefrom relationalBayesiannetworksby auxiliary
networkconstructionis asef�cient asinference(by essen­
tially the samemethod)in rule basedformalisms. It may
be hopedthat in the casewherethis inferenceprocedure
seemsunsatisfactory, namely, for large domainsmost of
whoseelementsarenotmentionedin theevidence,ournew
representationparadigmwill lead to more ef�cient infer­
encetechniques.
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