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fg”=a hGe a4s�`�`mfg\�aj÷�¤Ms•lœ[]ž=`•s•fgh=a ”+foh¯`mŒ=a4s•cme•’qcma k]a cmlba ”

`bfo\�ajlbtofge a:§ ¢

©qh�²�³*y8`bŒ=a*e _GcmcmaXhY`/a k8fg”=a h=e a�foljs�^zs•cma h8`j[•rI`bŒ=a�e _=cmcba h8`

lm`•s�`ba@Å8`mŒ=aXcma•rM[]cma@yGfg`Ie:s�h4fgh��L_=a h=e a/`mŒ=a/^=cm[8e aXlml�[�r1a ›8`maXh=”8’

fgh=•�`mŒGa�l•s�\4^GtoaXlj`m[�`mŒ=a�lm`•s•`ma�k@s�cbfŽs•ž=tga lœs•`�÷�¢/©qh�^zs•cm`mfge•’

_=tvs�c:yLfoh¯`mŒ=a4• ’ i `mc•s•e•xYfgh=•«a ›=s•\4^=tga�lmŒ=[�•�h+fgh•µ,fg•@_=cba –Gy

s�tgt>`mŒGa�l•s�\�^=tga lj•�fgtgt
lb`•s:p�eXto[]lma tgp+e tg_=lm`ba cmaX”¡s�cm[]_=h=”+`mŒ=a

[@žGlma cbk@a ”¶^z[]lmfg`mfg[@hŸ[•rj`mŒ=a�[@ž

Æ

aXe `�žLa e�s•_=lma«`bŒ=a
s•e e _=c•s�`ma

lmaXh=lm[]cEcba�s�”=fgh=•]l>•�fotgt8”=[]\4fghzs�`ba�`mŒGa�•Ea�s•x*lm`•s�`ba�a k@[]to_G`mfg[@h

\4[8”=aXtjfgh£`mŒGa�e [@hG”=fg`mfg[@hzs•tj”=fglb`mcmfgž=_G`mfg[@h†rN[@c4•]a h=a c•s�`bfohG•

`mŒGaœhGa •—l•s•\4^=tga l:¢
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­�Œ=a«^=cb[@ž=tga \�•�fg`bŒŸ`mŒ=a«hzs•fok]a
s•^=^=tgfge�s�`bfo[]hŸ[�rjl•s�\4^Gtofgh=•

s�tg•][@cmfg`bŒ=\4l�e:s�h�s�tglm[�žLa*k8fga •�a ”�s�l�[@hGa*[�r>cma lb[@_=cbe a4s�tgtg[�’

e�s•`mfg[@h
¢�­�Œ=a�l•s�\4^GtoaXl s•cma4s«eX[@h=lb`mc•s•fgh=a ”¡cba lm[]_=cmeXa@yEs•h=”

lmŒG[@_=tg”*žLaEs�tgtg[8e�s�`ba ”*fgh�`mŒ=a�lm`•s�`ba�lm^zs•e a�`m[j`bcmp�`m[�°q®z`b±�`mŒ=a

s�eX`m_zs•t

Æ

[@fgh8`j”Gfolb`mcbfožG_=`mfg[@hŸs�l�•�a tgtEs�l�^L[@lblmfgž=tga@¢�d=s�\�^=tga l

`mŒLs�`
ŒLs:k@a>•¬s•h=”=a cba ”�[�Ç�foh8`b[�`m[@`•s�tgtgp�fg\
s�•]fghzs�cbpElbe a hzs•cmfg[@l

lmŒG[@_=tg”*h=[]`
žLaE^Gcm[@^Ls�•Ys•`ma ”,y�lmfgh=e a�`mŒGa p*”=[/h=[@`,e [@h8`mcbfgž=_=`ma

a h=[]_=•@Œ+`m[�`mŒ=a�a lb`mfg\
s•`mfg[@h«[�r�`mŒ=a�”=a lbfocba ”+^=cm[]žzs�ž=fgtgfg`mfga l:¢

­�Œ=a�fg”=a�s/[�rzlb_=cmk8fgk@s�tu’q[�rv’q`mŒGa•’M®L`m`maXlm`�¤Md=´�µ>§,l•s•\4^=tgfgh=•�fol>`b[

^=cba•rMa cba h8`mfvs�tgtgp*^=cb[@^zs••Ys�`ba�rN[@cm•�s�cb”�fgh*`bfg\4a�`bŒ=[@lba�l•s�\�^=tga l

`mŒLs�`�Œzs:k]a
ŒGfo•]Œ†tofgx]a tgfoŒG[Y[8”+rM[]c�`mŒ=a¯[@ž=lba cmk]a ”£a k8fg”=a h=eXa@¢

­�Œ=aŸd=´�µ ^=cb[YeXa lml�x]a a ^=l�sª®z›8a ” h8_=\�žLa c�[�r*l•s•\4^=tga l:y

ž=_=`�•@a h=aXc•s�`ba l�`bŒ=a�l•s•\4^=tga�^L[@^=_GtŽs•`mfg[@h rM[@c>`mfg\�a�lmtgfge a�÷Iž8p

s�•�a fg•@Œ8`maX”4c•s•h=”=[]\ lba tga e `bfo[]h�rMcm[]\ `bŒ=ajl•s�\�^=tga lEs�`�`mfg\4a

÷��‘Ã]y�•�Œ=a cbaE`bŒ=a�•Ea fg•]ŒY`,fgl
•@fgk]a h*ž8p�`mŒ=a�tgfox]a tgfgŒ=[8[Y”ørM[@c,`mŒ=a

a k8fg”=a h=eXaE[]ž=lma cbk@a ”�s�`1`bfg\4a,÷�¢1­�Œ=fgl
fg”=a:s�fol,e tg[@lba tgpjcmaXtŽs•`ma ”

`m[�`bŒ=a*_=lba*[�r,®z`mhGa lml ’šcba tvs�`maX”•^=cb[@^zs••Ys•`mfg[@h�foh«•]a h=a `bfoe�s�tu’

•@[]cmfg`mŒG\4l
s�hG”�`bŒ=a�l•s•\4^=tga•’qcma ^L[@lbfg`mfg[@h=fgh=•�\�a `mŒG[Y”�_=lma ”�fgh

c•s•h=”=[]\4fgÂ a ”+°m•][œ•�fg`bŒ�`mŒ=a�•�fgh=h=aXcmlm±�s�tg•@[]cmfg`mŒ=\�lE¤ {jtg”=[@_Gl

s�hG” ��s�Â fgc•s•h=fqyzÃ:|@|•~Y§ ¢

­�Œ=a�dG´œµ†s•^=^=cm[8s�e•Œ«e�s�h+s�tglm[�žLa*_=h=”Ga cmlb`m[8[8”ªs•lœs�lmtgfge a•’

ž8p]’šlbtofge a�tgfgx@a tgfgŒ=[8[8”�•EaXfo•]Œ8`mfgh=•�^=cm[8e a lbl�¢j³/s�`bŒ=a c�`mŒLs�h«_=lq’

fgh=•+`mŒ=a«l•s•\4^=tga l�`m[+^=cb[�kYfg”=a�s•h¸s�^G^=cm[�›8fg\
s•`mfg[@h+`m[+`mŒ=a

Æ

[]foh8`�^=cb[@žzs•ž=fgtgfo`qpŸ”Gfolb`mcbfožG_=`mfg[@h [�k@a c�`mŒ=a+a h8`mfgcma¶¤v\�_=tg`mfu’

lmtgfge a�§�hGa `q•E[]cmx1y8•�aœ[]h=tgp�_=lma�`bŒ=a \˜`m[�^=cm[]^zs�•8s�`ma/`mŒ=a�žLa•’

tgfga•rjlm`•s�`ma �™`bŒ=a

Æ

[@fgh8`*^=cb[@žzs•ž=fgtgfo`qp¯”=fglm`mcbfgž=_=`mfg[]hŸ[�k@a c�`mŒ=a

lm`•s�`ba �†rMcm[]\}[@hGa�`mfg\4a�lbtgfoeXa�`m[*`bŒ=a�h=a ›8`�¢�!&[@cma�^Gcma e fglba tgpYy

`mŒGaœ•�a fg•@Œ8`ba ”«l•s�\�^=tga l�s�`�`mfg\4aø÷��†Ãœs•cma*s�h�s�^G^=cm[�›8fg\
s ’

`mfg[]h4`m[�`mŒGaœžLa tgfga•rIlb`•s•`ma�s•`E`bfo\�a�÷"�¸Ã]¢
·Ÿa/e�s�h«`bŒ=a h«_=lma
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`mŒGaEl•s�\4^Gtofgh=•�s�`,`mŒ=a�h=a ›8`>`mfg\�a�lmtgfge a@¢,­�Œzs�`,fgl�y�•�a�l•s•\4^=tga

a�s•e•Œ¶lm`•s�`ma«s�e eX[@cm”GfohG•�`m[�fg`bl*•EaXfo•]Œ8`�y>s�l*”=a“®zh=a ”¶žYp+[@_Gc

e _=cbcma h8`�¤vtgfgx@aXtofgŒ=[8[8”4•�a fg•@Œ8`ba ”z§�l•s•\4^=tga l:¢�­�Œ=aXlma�l•s�\�^=tga l

s�cbajfgh4`b_=cmh«•�a fg•@Œ8`maX”4_=lbfohG•�`bŒ=aja k8fg”=a hGe a�s�`�`mfg\�a�÷�y=s•h=”

^=cb[�kYfg”=a�s�h4s•^=^=cm[�›8fg\
s•`mfg[@h�[�r
`mŒGajžLa tgfoa“rIlm`•s�`baœs�`�`mfg\�a�÷�¢

¦j[]`ma�`mŒLs�`�`mŒGaœ^Gcm[@žLs�ž=fgtgfg`qp�[•r
l•s�\�^=tgfgh=•�s�•@fgk@a h�lm`•s�`ma*s•`

`mfg\�aj÷jfgl/•@fgk@a h

Æ

_=lm`/ž8p
`bŒ=a�tofgx]a tgfoŒG[Y[8”UrM[@c/`mŒ=a�a k8fg”=a h=e a

s�`,`mfg\4aW÷�y@s�h=”�h=[@`>ž8p�`mŒ=a�s�e eX_=\�_=tvs�`ba ”*tgfgx@a tgfgŒ=[8[8”jrN[@cIs•tgt

a k8fg”=a h=eXa�_=^¯`m[
s•h=”�fgh=e tg_=”GfohG•�`mfg\4a/÷*¤Ms�l�•�[@_=tg”«žLa*`mŒ=a

e�s•lma�fgh*lm`•s�h=”Ls�cm”�tgfgx@aXtofgŒ=[8[8”�•EaXfo•]Œ8`mfgh=•Y§X¢1­�Œ=fgl>fgl
žLa e�s�_Glma

`mŒGa�l•s�\�^=tgaE^L[@^G_=tvs�`mfg[]h‘s•`I`bfg\4a�÷��&Ãøfoh�d=´�µ¶ú�Ï!�bÍ•ú@ÿ%$�cba•’

�za eX`ml�`mŒ=a�a k8fg”=a h=e a/_=^�`m[�`mfg\4aW÷&�«ÃE`bŒ=cm[]_=•@Œ�`mŒGa�^=cm[8e a lbl

[�r1^=cba•rMa cba h8`mfvs�tL^=cm[]^zs�•8s�`bfo[]h
¢1­�Œ=ajs•tg•@[@cbfg`mŒ=\—fgl>lmŒ=[�•�h�fgh

µ,fg•@_=cba "G¢

d=´�µ e tga�s•cmtgp£^=cb[�k8fo”Ga l4lb[@\4a¯fo\�^=cm[�k]a \4aXhY`�[�k@aXc
tgfgx@aXtofu’

Œ=[8[8”Ÿ•EaXfo•]Œ8`mfgh=•«fghŸ•@a h=aXc•s�tqy,ž=_=`�”=[8a l�h=[@`*`•s�x]a4s�”=k@s•h8’

`•s••@a+[�r�`bŒ=a+lma h=lb[@c�k@s•tg_=a l4fgh£ö8_=fg`ba•`bŒ=a•l•s�\�a�•¬s:p£s•l

²�³�¢=©qh«`mŒ=a�e [@h8`maX›Y`/[�r�`mŒGa • ’ i `mc•s�e•x8fohG•�^=cm[]ž=tga \•y=d=´�µ

•�fgtgtE\�_=tg`bfo^Gtop«`bŒ=a4l•s�\4^GtoaXl*e tg[@lba lm`�`b[•`bŒ=a�s�e `b_zs�t�`bc•s�e•x

lm[«`bŒzs�`�s�tg\4[]lm`�`mŒGa�a h8`bfocba�^L[@^G_=tvs�`mfg[]h
eX[@h=lbfolb`ml*[•r�°mcba�s:’

lm[]hzs�žGtoaX±�l•s•\4^=tga l�s•h=”Ÿ•�fgtgt�h=a k]a c�lm^=cba�s�”¶[@_=`�[�k@aXc*`mŒ=a

a h8`mfgcba�lm_=c ršs�e a]¢��j[�•�a k@a c:y>`mŒ=a�l•s�\�^=tga l�•�fotgt>lm^Gcma�s•”¡[@_G`
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ž8p•s�hŸs�\�[@_=h8`�cba tvs�`maX”Ÿ`m[«`mŒ=a�_=h=eXa cm`•s�fgh8`qp•fgh�`bŒ=a�lm`•s�`ma

a k][@tg_=`mfg[]h�\�[Y”Ga tqy�cba •Ys•cm”=tga lblE[•rRŒG[�•¸s�eXe _=c•s•`ma/`mŒ=a/lma h=lb[@c

\4[8”=aXt=fgl�¢>µ=[]cm`m_Ghzs�`ba tgpYy�`bŒ=aœs•”=k@s�h8`•s�•@aXlI^Gcm[�k8fg”=a ”�ž8p‘²�³

s�hG”¸d=´�µõe�s•h¡žLa
eX[@\�ž=fgh=a ”Ÿfgh8`m[+s�h¸²�³j¹@dG´œµõŒ8p8ž=cbfo”,y

lmfg\�^=tgp�žYp«s�^=^Gtop8fgh=•�d=´�µ¶`m[4`bŒ=a�²�³õl•s�\�^=tgfohG•�^=cb[8e a lml:¢

­�Œzs•`
fgl�y�c•s�`bŒ=a c>`mŒzs•h�^Gcm[@^Ls�•Ys•`mfgh=•js•tot8`bŒ=aElbtgfoeXa•’M÷��4Ã>l•s�\U’

^=tga l�s�`*lb`ma ^ –«fghŸ`mŒ=a«²�³–s•to•][@cbfo`bŒ=\•yL•�a4_=lba4`bŒ=a
d=´�µ

`maXe•ŒGh=fgöY_Ga�`m[¯rM[8e _=l�[@h¡`bŒ=a�[]h=a l�`mŒLs�`4s�cba�\4[]lm`*tgfgx@aXtop8¢

­�Œzs•`œfgl:y1•Ea�l•s•\4^=tga�rNcm[@\ `bŒ=a�”=fglm`mcbfgž=_=`mfg[]h•[]ž=`•s•fohGa ”�fgh

lm`ba ^�•�[�r>`mŒ=a*²�³õs�tg•@[]cmfg`mŒG\•y�s�h=”«`bŒ=a h«^=cm[]^zs�•8s�`baj`mŒG[@lma

`mŒGcm[@_G•@Œ«`mŒ=a�\�[Y”GfÕ®La ”4lb`•s�`ba•’qa k@[]to_G`mfg[@h«\4[8”=aXtš¢
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©qh4`bŒ=fgl�lma eX`mfg[@h
y8•�a�cma ^L[@cb`�[@h�lm[@\�ajlbfo\�^=tga�a ›8^zaXcmfg\4a h8`bl

•�aje�s•cmcmfga ”�[@_=`�`m[*e []h8®zcb\–`mŒ=a/fghY`b_=fg`mfgk@a�fg”=a�s•lE^=cba lmaXhY`ba ”

s�žL[�k@a]¢�­�Œ=a�hGa `q•E[]cmx�_Glma ”+fgh�[@_=c�a ›8^La cmfg\�a h8`ml�Œzs�l/`mŒ=a

l•s•\4a�`b[@^L[@tg[@•]pœs•lI`bŒ=a�h=a `q•�[@cmx�lmŒ=[�•�h�fgh�µ,fo•]_=cma�Ã@¢ ��­�Œ=a

s�fg\—fgl�`b[œfgh8k@aXlm`mfg•8s�`ma�`bŒ=a�^=cb[@ž=tga \ [�r1l•s�\�^=tga�^L[@^=_=tvs•`mfg[@h

”=fgk@aXcm•@aXh=e a�[�k@aXcœ`bfg\4a@yLs�h=”+`m[�lmŒ=[�• `mŒzs•` ²�³}s�hG”ªd=´�µ

\4fg`bfo•8s�`ba�`mŒ=a+^=cm[]ž=tga \•¢†·Ÿa«\�a�s�lb_=cma�`bŒ=a•s:k]a c•s••@a�s�ž8’

lm[]tg_=`ma�a cmcb[@c*fgh�`bŒ=a�\
s•cm•]fohLs�t1^=cb[@žzs•ž=fgtofg`bfoaXl�[�r�`mŒ=a�lm`•s�`ma

k@s�cbfvs�ž=tga l�[•rCs `mfg\4a�lmtgfge aœs•l¬sœrM_=h=e `bfg[@h�[�rL÷��£`mŒzs•`�fgl�y]`mŒ=a
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s�›8fgl�\4a�s•lm_=cba l�`mfg\4a/fgh4`mŒGa*lmfg\�_=tvs�`ba ”�a h8k8fgcm[@hG\4a h8`�¢

µ,fg•@_=cba #+lmŒ=[�•�l�`mŒ=a+a cbcm[@c�žzaXŒzs:k8fo[]_=c�rN[@c:��· [�k@a c "]‚

`mfg\�a�lb`ma ^=l�rM[]c •�"=y�Ã�‚]‚=y�Ã:‚@‚@‚Gy
s�hG”£Ã�‚@‚]‚@‚Ul•s�\�^=tga l�y>s:k]’

a c•s�•@aX”¸[�k]a c "@‚¯c•s�hG”=[@\�top¯•@a h=aXc•s�`ba ”£lba `ml�[•rœa k8fg”=a h=eXa@¢

­�Œ=a�cba lm_Gto`bl«e tga�s�cbtop¶lmŒ=[�• `bŒzs�`j��· ršs•fotgl�”=c•s�\«s�`mfge�s•tgtop

a k]a h�[@h�`bŒ=fgl�k@a cbp�lbfg\4^=tga�h=aX`q•E[]cmx1¢>­�Œ=a�^=cb[@ž=tga \ fol�`mŒzs•`

s�l�s�h8p••]fgk@a hŸl•s�\4^Gtoa�fgl*^=cb[@^zs••Ys�`ba ”¡[�k]a c*`bfo\�a@y1lb[Y[]h=a c

[@c�tvs•`ma c�fg`�•�fgtgt�l•s�\�^=tga
s+lb`•s�`ba�k@s�tg_=a�`mŒzs•`�\
s•x@a l�`mŒ=a

[@žGlma cbk@a ”¶a k8fo”Ga h=e a�fg\4^L[@lblmfgž=tga4¤ŽrM[@c�a�s•e•ŒŸlb`•s•`ma4k@s•tg_=a*fgh

[@_Gc�h=a `q•�[@cmx1y8[]h=a�[�rI`bŒ=a/rM[@_GcE[]ž=lma cbk@s�`bfo[]h«k@s�tg_=a l�fgh4h=[]`

^L[@lmlbfgž=tga�§ ¢�{�rM`ba c*lb_�>4e fga h8`mtgp+\
s�h8p«lm`ba ^=l:y�ú�ÏvÏ1`mŒGa�l•s�\U’

^=tga l�aXh=”�_=^�•�fg`mŒ�•EaXfo•]Œ8`W‚GyYs•`>•�Œ=fge•Œ�^L[@fgh8`>•Eajs•lmlbfo•]h‘s•h

a cbcm[@c/[�rjÃ@¢Þ‚G¢�­�Œ8_=l�y1s rM`ma c –@|�lb`ma ^=l�•�fg`mŒ�•�"�l•s�\�^=tga l�y=s•tgt

`mŒGajl•s•\4^=tga l�s•cma�a ›8`mfgh=•]_=fglmŒ=aX”�foh4s•tgt "]‚�e�s•lma l:¢�!«_=tg`mfg^=tgp]’

fgh=•4`bŒ=a�h8_=\�žLa cj[•r¬l•s�\4^GtoaXlj[@hGtop«”=aXtŽs:p8l�`mŒGa�fohGa k8fo`•s�ž=tga

ž8p
s�lm\«s�tgtzh8_=\�žLa c�[�r>lm`maX^=l�¢

µ,fg•@_=cba�€�lbŒ=[�•�lj`bŒ=a�eX[@cmcba lm^L[@hG”=fgh=•«a cmcb[@c�žzaXŒzs:k8fo[]_=c�rM[]c

²�³�¢z¦/[@`ba�`bŒzs�`�`mŒGa�lbe�s�tga�[�rE`bŒ=a��

�

s�›8fglœfgl/fohGe cma�s•lma ”Ÿž8p

Ã�‚G¢
­�Œ8_=l:y@`bŒ=a�a cbcm[@c�cmaX\
s�fgh=l>•�a tgt=•�fg`mŒ=fgh�`mŒ=ajs•e e a ^G`•s�žGtoa

��•4Ö�Ù ×mÖ*ßbà]×q×mÖmØ@ÔNÓ 
 � �X×���ÚÞØBA«Ô��;A:ÖbØYÖb×mÙ�ÔqÖ�ÝNÚÕÜ/ÚÞÓÕÙ ×�Ö�C �=Öm×qÚ�F

Ü�ÖbØ@ÔqÙ Ó1á@Ù:ÔqÙ � �X× �Xà@×EÔN×mÙ��*ßjÝNà]×mÛ�ÖbÚÞÓÞÓÕÙXØYß•Ö�ØYÖ•Ô���� ×��@Ý•ô

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25 30 35 40 45 50

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

25 samples
100 samples

1000 samples
10000 samples

µ,fg•@_=cba #����

Öm×�� �X×mÜ�Ù Ø8ß•Ö � �6”7•��

�

×mÙ ����Ý�� �	�>ÚÞØ�AœÔ��8Ö�Ù Û:Öb×mÙ�A:Ö

Ù �YÝ��XÓÞàYÔqÖ�Öb×q×
�X×�ÚÞØ¡Ô��8Ö4Ü�Ù ×EAXÚÞØYÙXÓ �]×
�	�8Ù	�]ÚÞÓÞÚoÔNÚÕÖ•Ý��	��Ô��YÖ�ÝqÔqÙ�ÔqÖ

Û ÙX×qÚÕÙ	�]ÓÕÖ•Ý �	�LÙjÔNÚÕÜ�Ö�ÝNÓÞÚÕß•Ö�Ù�Ý,Ù �gà@ØYß•ÔNÚ �XØ � �

x

��Ù Û�Öb×mÙ�A�Ö•á��XÛ�Öb×��$w

×mÙXØYá��:Ü/Ó 
;A�ÖbØ8Öm×mÙ:ÔqÖ•á�Ö•Û:ÚÕá@ÖbØYß•Ö�ß•Ù�ÝqÖ•Ý•ô

c•s•h=•@a]¢—©q`«”=[8a l�y�ŒG[�•Ea k]a c�y/lmŒG[�•$s+lmtg[�• fgh=e cma:s�lma+[�k@aXc

`mfg\�a@¢j©q`/fglœ^L[@lblmfgž=tga*`bŒzs�`�`mŒGa�a cbcm[]c�s�lbpY\�^=`m[]`ma l�s�lø÷��

 

y8ž=_=`�•�a�Œzs:k@a�h=[]`�p@a `�cb_=h«`mŒ=[]lma*a ›8^La cmfg\�a h8`ml�¢

0

0.02

0.04

0.06

0.08

0.1

0 5 10 15 20 25 30 35 40 45 50

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

25 samples
100 samples

1000 samples
10000 samples

µ,fg•@_=cbaœ€����

Öb×�� � ×mÜ�ÙXØYß•Ö �	�"!

�

�

�

×mÙ ����Ý�� � �>ÚÞØBA�Ô��YÖ�Ù Û:Öb×mÙ�A:Ö

Ù �YÝ��XÓÞàYÔqÖ�Öb×q×
�X×�ÚÞØ¡Ô��8Ö4Ü�Ù ×EAXÚÞØYÙXÓ �]×
�	�8Ù	�]ÚÞÓÞÚoÔNÚÕÖ•Ý��	��Ô��YÖ�ÝqÔqÙ�ÔqÖ

Û ÙX×qÚÕÙ	�]ÓÕÖ•Ý �	�LÙjÔNÚÕÜ�Ö�ÝNÓÞÚÕß•Ö�Ù�Ý,Ù �gà@ØYß•ÔNÚ �XØ � �

x

��Ù Û�Öb×mÙ�A�Ö•á��XÛ�Öb×��$w

×mÙXØYá��:Ü/Ó 
;A�ÖbØ8Öm×mÙ:ÔqÖ•á�Ö•Û:ÚÕá@ÖbØYß•Ö�ß•Ù�ÝqÖ•Ý•ô

µ,fg•@_=cba lEÄ=y]|=y@s•h=”
Ã:‚/lmŒ=[�•†`mŒGa�^za c rM[@cb\
s•h=e a�[�r
d=´�µ•s•h=”

²�³/¹@d=´�µ�y>e [@\�^zs�cba ”¡•�fg`bŒ¸²�³�y1rM[]c‘•�"=y/Ã�‚@‚Gy�s�h=”õÃ�‚]‚@‚

l•s•\4^=tga l�cmaXlm^La e `mfgk]a tgpY¢õ­�Œ=a«cmaXlm_=tg`ml�lmŒ=[�• `bŒzs�`4dG´œµ fgl

s�h�a“ÇRa eX`mfgk@a*\�a e•Œzs�hGfolb\—rM[]c�\
s•fghY`•s�fgh=fgh=•/žz[]_=h=”=a ”�a cmcb[@c

[�k@aXcE`bfo\�a@¢,{jtg`mŒ=[]_=•@Œ4dG´œµ [@h�fo`blE[�•�h�lbŒ=[�•�l�lm[]\4a •�ŒLs�`

Œ=fg•@ŒGa c�a cmcb[@c�`mŒzs•h•²�³�yRs•l�[@h=a�•E[]_=tg”«a ›8^za eX`�y,`mŒ=a�e [@\U’

ž=fghzs•`mfg[@h«[�r�²�³ s�h=”•dG´œµ™lmŒ=[�•�l�tg[�• aXcmcm[]c�rM[]cœs�tgt,`mfg\4a

lm`ba ^=l�s�h=”«lmŒG[�•�l�h=[�lmfg•@h�[�r�”=fgk@aXcm•@fgh=•�s�`�s�tgtq¢

µ,fghzs�tgtgpYy�µ,fg•@_=cba*Ã@Ã�lmŒG[�•�lE`bŒ=a�^zaXcqrM[]cm\
s•h=e a�[•rI²�³*y@dG´œµ�y

s�hG”•²�³j¹]d=´�µ†s�l*s�rM_=h=eX`mfg[@h�[•rE`mŒGa�h8_=\�žLa c�[�r�l•s�\�^=tga l

rM[]c�`mŒ=a�c•s�h=•]a "@‚+`b[£Ã�‚]‚@‚+l•s•\4^=tga l:¢£­�Œ=a¯•@c•s•^=Œ†•@fgk@aXl

`mŒGa4s:k@a c•s�•@a4s•ž=lm[]tg_=`ma�a cbcm[]c�fgh+`mŒ=a�\
s�cb•@fghzs•t
^=cb[@žzs•ž=fgtofu’

`mfga l�[•rE`mŒ=a�lm`•s�`ba�k@s•cmfvs�ž=tga*s�`ø÷�# "]‚=¢/­�Œ=a*•@c•s�^=ŒGlœlbŒ=[�•

`mŒLs�`*d=´�µ†lmaXa \4l�`m[«žLa h=a•®L`*\�_=e•Œ«toaXlml�rMcb[@\$s•”=”=fg`mfg[@hLs�t

l•s•\4^=tga l�`bŒzs�hõ²�³ �£fgh¶ršs�e `:yj`bŒ=a�e _Gcmk@a+fgl
s•to\�[@lb` �Rs�`:¢

Z�_=cbcma h8`mtgp8y=[]_=cj`bŒ=a [@cba `mfge�s•tEs�hLs�tgp8lmfgl�[�r�`mŒGa�s�tg•@[]cmfg`mŒG\–fgl

h=[]`Elb_�>4e fga h8`mtgp4s�”Gk@s�h=e aX”
`b[�aX›Y^GtŽs•fgh4`mŒGfol�^=Œ=aXh=[@\�a h=[@h,¢



0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 5 10 15 20 25 30 35 40 45 50

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

ER
SOF

ER/SOF

µ,fg•@_=cbaœÄ�� �

Öb×�� �X×mÜœÙXØYß•Ö �	� !

�

�Bœ

@

���@ÙXØYá !

�

�

œ

@

� �

�

×mÙ ���

Ý�� � �>ÚÞØBA*Ô��8Ö�Ù Û:Öm×mÙ�A:ÖjÙ �YÝ��XÓÞàYÔqÖjÖb×q×
�X×�ÚÞØ4Ô��YÖ�Ü�ÙX×EA ÚÞØ8Ù Ó �]×
�	�8Ù$F

�@ÚÞÓÞÚÕÔNÚÕÖ•Ý�� ��Ô��YÖ*ÝqÔqÙ:ÔqÖ�Û ÙX×qÚÕÙ	�]ÓÕÖ•Ý � ��Ù�ÔNÚÕÜ�Ö*ÝNÓÞÚÕß•Ö�Ù�Ý�Ù �gà@ØYß•ÔNÚ �XØ

� �

x

�=Ù Û:Öb×mÙ�A:Ö•á � Û:Öm× �3w�×mÙ Ø8á��:Ü/Ó 
:A:ÖmØ8Öb×mÙ�ÔqÖ•á�Ö•Û:ÚÕá@ÖbØYß•Ö*ß•Ù:ÝqÖ•Ý �

� � ×�š �/ÝqÙ:Ü �]ÓÕÖ•Ý•ô

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 5 10 15 20 25 30 35 40 45 50

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

ER
SOF

ER/SOF

µ,fg•@_=cbaœ|�� �

Öb×�� �X×mÜœÙXØYß•Ö �	� !

�

�Bœ

@

���@ÙXØYá !

�

�

œ

@

� �

�

×mÙ ���

Ý�� � �>ÚÞØBA*Ô��8Ö�Ù Û:Öm×mÙ�A:ÖjÙ �YÝ��XÓÞàYÔqÖjÖb×q×
�X×�ÚÞØ4Ô��YÖ�Ü�ÙX×EA ÚÞØ8Ù Ó �]×
�	�8Ù$F

�@ÚÞÓÞÚÕÔNÚÕÖ•Ý�� ��Ô��YÖ*ÝqÔqÙ:ÔqÖ�Û ÙX×qÚÕÙ	�]ÓÕÖ•Ý � ��Ù�ÔNÚÕÜ�Ö*ÝNÓÞÚÕß•Ö�Ù�Ý�Ù �gà@ØYß•ÔNÚ �XØ

� �

x

�=Ù Û:Öb×mÙ�A:Ö•á � Û:Öm× �3w�×mÙ Ø8á��:Ü/Ó 
:A:ÖmØ8Öb×mÙ�ÔqÖ•á�Ö•Û:ÚÕá@ÖbØYß•Ö*ß•Ù:ÝqÖ•Ý �

� � ×

n

w�w�ÝqÙ�Ü �@ÓÕÖ•Ý•ô

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 5 10 15 20 25 30 35 40 45 50

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

ER
SOF

ER/SOF

µ,fg•@_=cbajÃ�‚ � �

Öb×�� �X×mÜ�Ù Ø8ß•Ö � � !

�

�Yœ

@

��� Ù Ø8á !

�

�

œ

@

� �

�

×mÙ ���

Ý�� � �>ÚÞØBA*Ô��8Ö�Ù Û:Öm×mÙ�A:ÖjÙ �YÝ��XÓÞàYÔqÖjÖb×q×
�X×�ÚÞØ4Ô��YÖ�Ü�ÙX×EA ÚÞØ8Ù Ó �]×
�	�8Ù$F

�@ÚÞÓÞÚÕÔNÚÕÖ•Ý�� ��Ô��YÖ*ÝqÔqÙ:ÔqÖ�Û ÙX×qÚÕÙ	�]ÓÕÖ•Ý � ��Ù�ÔNÚÕÜ�Ö*ÝNÓÞÚÕß•Ö�Ù�Ý�Ù �gà@ØYß•ÔNÚ �XØ

� �

x

�=Ù Û:Öb×mÙ�A:Ö•á � Û:Öm× �3w�×mÙ Ø8á��:Ü/Ó 
:A:ÖmØ8Öb×mÙ�ÔqÖ•á�Ö•Û:ÚÕá@ÖbØYß•Ö*ß•Ù:ÝqÖ•Ý �

� � ×

n

w�w�w�ÝqÙ:Ü �@ÓÕÖ•Ý•ô

0

0.02

0.04

0.06

0.08

0.1

0 100 200 300 400 500 600 700 800 900 1000

A
vg

 a
bs

ol
ut

e 
er

ro
r

Time step

ER
SOF

ER/SOF

µ,fg•@_=cba�Ã@Ã�� �

Öb×�� � ×mÜ�ÙXØYß•Ö�� ��!

�

�"œ

@

���LÙ Ø8á�!

�

�

œ

@

�¡Ù:ÝjÙ

�gà@Ø8ß•ÔNÚ �XØ �	�1Ô��YÖ�Ø�àYÜ �ƒÖb×�� �jÝqÙ:Ü �@ÓÕÖ•Ý �

�

×mÙ ����Ý�� �	�>ÚÞØ�A�Ô��YÖ�Ù Û�F

Öb×mÙ�A:Ö�Ù �YÝ��XÓÞàYÔqÖ«Öb×q×
� ×*ÚÞØ¡Ô��8Ö4Ü�ÙX×EA ÚÞØ8Ù Ó �]×
�	�8Ù	�]ÚÞÓÞÚÕÔNÚoÖ•Ý � �jÔ��YÖ

ÝqÔqÙ:ÔqÖ�Û Ù ×qÚÕÙ �@ÓÕÖ•Ý � �X×EÔNÚÕÜ�ÖjÝNÓÞÚÕß•Ö

x"m

�3w��YÙ Û:Öb×mÙ�A:Ö•á � Û:Öb× �3w�×mÙ ØIF

á��:Ü/Ó 
 A:ÖbØYÖb×mÙ:ÔqÖ•á�Ö•Û:ÚÕá]ÖmØ8ß•Öœß•Ù:ÝqÖ•Ý•ô

� �

½

¼

‹��b¿j‡8Àm½

¼

Š

¼

¾ �X¿/‰8ˆ����,‰��•½�‰��

·Ÿa�Œzs:k@a�^=cmaXlma h8`maX”¡`q•�[4k@aXcmp+lmfg\4^=tga*s�hG”•fgh8`m_=fg`bfok]a*fg\�’

^=cb[�k@a \�a h8`ml*`bŒzs�`*\«s�x]a�`bŒ=a4tgfgx@a tgfgŒ=[8[8”••�a fg•@Œ8`bfohG•
`ba e•Œ8’

h=fgö8_=aõa•ÇRaXe `mfgk@a rM[@c†”=p8hzs•\4fge£^=cb[@žzs•ž=fgtgfolb`mfge£h=aX`q•E[]cmx8l�¢
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lm_Gajfgl�•�Œ=a `bŒ=a c�`bŒ=a lma�s�^=^Gcm[Ys•e•Œ=a l�s�cma/_=h8ž=fvs�lba ” �,”=[*`mŒGa p

e []hYk]a cm•]aj`b[*`mŒ=a�cbfg•@Œ8`Es�hGlm•�a cEs�l�`mŒGa�hY_G\�žza c>[•r
l•s�\�^=tga l

•@cb[�•�l�`b[�fgh8®zh=fg`qp8¢•²�³ fol�e tga�s•cmtgp•_GhYžGfŽs•lma ”,y�žLa e�s�_Glma«fg`
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