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Abstract

Given a set of samples of an unknown probability distribution, we study the problem of
constructing a good approximative Bayesian network model of the probability distribution in
question. This task can be viewed as a search problem, where the goal is to find a maximal
probability network model, given the data. In this work, we do not make an attempt to learn
arbitrarily complex multi-connected Bayesian network structures, since such resulting models
can be unsuitable for practical purposes due to the exponential amount of time required for
the reasoning task. Instead, we restrict ourselves to a special class of simple tree-structured
Bayesian networks called Bayesian prototype trees, for which a polynomial time algorithm
for Bayesian reasoning exists. We show how the probability of a given Bayesian prototype
tree model can be evaluated, given the data, and how this evaluation criterion can be used
in a stochastic simulated annealing algorithm for searching the model space. The simulated
annealing algorithm provably finds the maximal probability model, provided that a sufficient
amount of time is used.

1 Introduction

Learning structures from data is always relative to a class of models, set of structures which share
some common properties. In our work we have restricted ourselves to learning probabilistic net-
work structures, i.e., constructing a Bayesian network representation of a probability distribution
described by a set of representative data samples. This learning task can be described in the
abstract setting as a search in the network space, where the goal is to find a maximal probability
network model for the data. The learning process has two important components: an evaluation
criterion for a candidate network, and a search algorithm for selecting new candidate networks.
Under certain assumptions, a probabilistic evaluation criterion for comparing different Bayesian
network models can be constructed by computing directly the probability of a given Bayesian net-
work [7], or indirectly [20] by using the Minimum Description Length approach [32]. This type of
criteria are totally independent of the search algorithm used, and hence each search algorithm can
be combined with several different criteria. In this paper, we use a combination of the techniques
adopted from [20, 32] for constructing an example of suitable evaluation criteria.

In principle, the best model for the problem domain probability distribution can be found by
going through all the possible networks, and choosing the model with the highest probability.
Unfortunately, in the Bayesian network framework the number of possible models is too large for
such an exhaustive search approach to be used in practice (see the combinatorial analysis in [33]).
For this reason most existing learning methods for Bayesian networks typically use simple greedy
heuristics for searching the model space. In order to improve the performance of the learning
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algorithms, more elaborate search algorithms need to be used. Standard numerical optimization
methods, such as gradient descent or conjugate gradient methods are not directly applicable since
the gradient of the function to be maximized is not available. Another, more severe drawback with
these methods is that there is nothing to prevent the methods from getting stuck in local maxima.
This is an important aspect, as in the large model space in question the probability of having a
large number of local maxima is very high, in which case the quality of the solution found with
such optimization methods may be poor.

Simulated annealing [24] is an iterative stochastic sampling method which has been shown to
be able to find a maximum probability state of the sampling space almost surely, provided that
a sufficient number of iterations is used [11]. After being introduced to the optimization theory
community in [14], simulated annealing has been applied to many different (NP-hard) optimization
problems, such as TSP, graph partitioning, graph coloring, number set partitioning and clustering
(for an extensive survey of applications, see [1, pp.89-90]). Unfortunately, the number of iterations
for the theoretically guaranteed convergence is too high for practical purposes, but in many cases
good results has been obtained even with a relatively small number of iterations [1].

Simulated annealing has also been used for implementing the reasoning computation in Bayesian
networks [26]. However, as suggested in [5], in this work we use the simulated annealing algorithm
for learning, i.e., finding a globally maximal probability Bayesian network model for our problem
domain. In contrast to most existing learning algorithms for Bayesian networks, we do not try to
learn arbitrarily complex multi-connected Bayesian network structures. In this restriction we are
motivated by the fact that in the general case the resulting model can be unsuitable for practical
purposes as the Bayesian reasoning task with multi-connected networks may take an exponen-
tial amount of time [6]. Instead, we restrict ourselves to a special class of simple tree-structured
Bayesian networks, Bayesian prototype trees [28, 29], for which a polynomial time algorithm for
Bayesian reasoning exists [31]. In addition, the Bayesian prototype tree model can also be im-
plemented extremely efficiently on massively parallel hardware, as there is a direct mapping from
a Bayesian tree structure to a multi-layer feedforward neural network structure [28]. The model
also conforms interestingly to the intuitively appealing memory-based reasoning paradigm (see e.g.
[15]), and it can be seen as a Bayesian solution to the case matching and case adaptation problems
(see [29]) in such domains.

The Bayesian prototype tree model is based on the assumption that the problem domain prob-
ability distribution can be approximated by a set of prototype vectors, where each prototype
represents a set of (in some sense) similar problem domain instances. The approach is very similar
to finite mixture models, and statistical kernel-based density estimators, where the problem domain
probability distribution is approximated as a finite sum of particular types of kernel distributions
(e.g., Gaussian). Such models are becoming increasingly popular in the neural network community,
since the models can often be implemented very efficiently on massively parallel neural network
architectures [25, 37, 21, 13]. In our approach we restrict ourselves to discrete problem domains,
which allows us to drop all assumptions about the form of the underlying probability distribution.
The prototype vectors are regarded as values of a latent hidden random clustering variable, which
forms the root of the prototype tree model, and the actual problem domain random variables are
the leaves of the tree. The approach resembles the discrete version of the AutoClass model [4],
the simple Bayesian classifier model in [18] and [19], and the finite mixture model of multivariate
Bernoulli distributions in [12], but unlike these models, our network can be used also for general
regression tasks, not only for classification.

The Bayesian prototype tree model is described in more detail in Section 2. Naturally the
accuracy of the model depends on how well the chosen Bayesian prototypes reflect the actual
probability distribution. In [28, 29] the prototypes were assumed to be provided by a domain
expert. However, although using experts is viable in some domains, in many cases such prototypes
need to be inferred from raw data. In Section 3, we determine the Bayesian prototype tree structure
and the corresponding parameters, given a set of training data. A probabilistic evaluation criterion
for comparing different prototype tree models is represented in Section 4. Using this evaluation
criterion as an example, we show in Section 5 how to use the simulated annealing algorithm for



searching for the best model of the problem domain. Results of some preliminary experiments with
this approach are reported in Section 6.

2 The Bayesian prototype tree model

We code the problem domain knowledge by using values of m discrete attributes (random variables)
Ay, ..., Ay, where each attribute A; has n; possible values, a;1,...,a;,,. Hence the problem
domain space consists of [[;~, n; possible data vectors d}, CZ;L = (Va(A1), ..., Va(Ap)), where
Vi(A4;) is the value of attribute A; in instance d}, Vi(4;) €{ai1, ..., ain, }-

The Bayesian prototype tree model is based on the assumption that the data vectors cfh in the
problem domain space are not distributed uniformly, but form clusters or classes of (in some sense)
similar vectors. This is a reasonable assumption in many real-world domains, although in certain
more or less artificial (logical) problems this is not necessarily the case. Let C denote a random
variable the values of which represent the problem domain classes, and let Cy,...,C; be the labels
of the [ existing classes. The probability distribution inside each class C is represented by a class
prototype vector

Py = (Py(an), ..., Po(ain,), -, Pe(am1), - - -, Po(tmn,,)),
where Pj(a;;) expresses the likelihood for attribute A; to have value a;; in class Cy:
Pk(ai]') = P(AZ = aij|C = Ck)

If the data vectors can be partitioned to form a set of separate classes where the members of each
class are relatively close to each other, knowing membership in a class (say, Cy) is sufficient infor-
mation for determining the values of the attributes, since they are now given by the corresponding
class prototype vector ﬁk In the Bayesian framework this means that all the variables A; are
conditionally independent of each other, given the value of the variable C (which does not, how-
ever, mean that the attributes are independent). In other words, the problem domain probability
distribution can be modeled by a tree-structured Bayesian network, where a single variable C is
the root of the tree, and variables 4; form the leaves (see Figure 1).

Figure 1: Bayesian prototype tree representation of the problem domain probability distribution
with a class variable C and attribute variables Aq, ..., A,,.

It should be noted that the Bayesian prototype tree model does not impose any unrealistic
assumptions about independencies between the measurable attributes Aq, ..., A,,, since by intro-
ducing an artificial (hidden) clustering variable C and making the corresponding local conditional
independence assumptions inside each class, we do not have to care about any possible global de-
pendencies between any two measurable attributes. Naturally, the goodness of our model depends
on how well the classes reflect the actual clusters in the real world, but theoretically the Bayesian
prototype tree model can be used to represent any probability distribution. As an extreme exam-
ple, consider the case where each of the data vectors d is modeled by a separate single-member
class: this kind of model can certainly be used to represent any probability distribution exactly.
Naturally the huge number of classes makes this primitive approach infeasible, but if the data are
not completely uniformly distributed, classes with similar vectors can be combined to decrease



the size of the model. An additional problem is of course, that the problem domain probability
distribution is not usually fully given, but only represented by a set of sample vectors. In the
following, we show how to construct a Bayesian prototype tree model, given a set of sample data
and a partitioning of the sample vectors.

3 Constructing prototype trees from data

Let our training data set D consist of N complete! data vectors d], ey JN. We start by assuming
that I/, the number of clusters in the problem domain, does not exceed N, the number of items in
the training set. This is usually a safe assumption to make, since otherwise it can be argued that
as there are clusters in the domain space with no representatives in the training set, the size of the
training set is too small for successful construction of a problem domain model.

Let us initially consider clustering the N data vectors of the training set into N clusters
Ci,...,Cn, and provide each data vector dy, with the corresponding cluster index ¢(h) € {1,...,N}.
The partition vector €= (c(1),...,¢(N)), consisting of values of all the N data cluster indices, rep-
resents one possible partitioning of the data into at most N classes. The actual number of classes,
l, is the number of non-empty clusters, where a cluster Cj, is empty if ¢(h) # k, forallh=1,...  N.

Maximum likelihood estimates of the class prototype vectors corresponding to a given partition-
ing of the training data into [ classes can be either derived by simply using the relative frequencies
of value occurrences, or as noted in [7, 18], approximated more accurately with the formula

Fk(ai]') +1
_ 1
|Ck| + ng M

where F(aj;) is the number of vectors in cluster C with the property A; = a;;, and |Cy| is the
total number of vectors partitioned in cluster Cj. In addition, to be able to use our prototype tree
model for Bayesian reasoning, we need also [ prior probabilities, one for each of the classes Cp. As
the conditional probabilities in (1), these can be approximated by

- N+

As in our framework a given data partition & fully determines (through formulae (1) and (2)) the
corresponding Bayesian prototype tree model, we can identify each model with the corresponding
partition vector, and represent each M as a vector, M = (¢(1),...,¢(N)). Hence to find an
optimal Bayesian prototype tree model, we need to find an optimal partition vector among the
NN different vectors. In Section 5 we show how the simulated annealing algorithm can be used
for searching through the space of partition vectors. To be able to use the search algorithm, we
need an evaluation criterion for comparing alternative clusterings. In the next section, we present
one possible criterion based on probability theory. Observe that in our Bayesian framework the
evaluation criterion and the actual search algorithm used for finding the most probable model are
completely independent of each other, and hence e.g. the simulated annealing approach can be
used with various different evaluation criteria, not only with the one example given below, and
correspondingly, each criterion can be used with several search algorithms.

Py(aij) =

P(C)

4 An evaluation criterion for prototype trees

Let M denote a Bayesian prototype tree constructed as described in the previous section using a
data set D. Assuming that the training set D represents the problem domain distribution well, an
optimal prototype tree is obtained by finding a model which maximizes the probability

PAM)P(D| M)

P(M |D) = )

IIncomplete data vectors can be transformed to complete vectors by adding an ‘unknown’ category to the value
sets of the attributes with missing values [4].



As the probability P(D) is constant for a given training set, we can compare the likelihood of
different prototype sets by using as the criterion the formula

P(M | D) = cP(M)P(D | M), (3)

where ¢ can be any positive constant. This criterion can also be approximated using the Minimum
Description Length (MDL) [32] approach, where the goal is to minimize the size S of the model
M, given the data:

S(M | D) = S(M) + S(D | M) = —log P(M) — log P(D | M).

The first term S(M) is the size of the prototype tree structure (with the corresponding parameters
Py(a;;) and P(Cy)), and the term S(D | M) can be regarded as the size of the error of the model
M. To minimize the total model size, one has to deal with a tradeoff between these two terms: if
the accuracy of the model is increased, this usually requires also increasing the size (the number
of classes) of the model, whereas using a small size model usually causes the size of the error to
increase. In this framework, the difficult problem of overfitting can be avoided, since the MDL
principle gives a penalty to complex models representing the training data too accurately.

There are many different approaches to approximating the terms S(M) and S(D | M). For
example, we can apply Theorem 2.2 in [20] to derive an approximation for S(D | M) as

m {
S |IM) = —NZZEPk (ai;)P(Ci)log =212 — N>~ P(Cy) log P(Cx)

k=1i=1j=1 k=1
—N > P(ai;)log P(aij), (4)
i=1j=1

where m is the number of attributes, n; is the number of values of attribute A;, I is the number of
classes, N is the size of the training set D, and the parameters Py(a;;) and P(Cy) are computed
from the data as shown in Section 3. The prior probabilities P(a;;) can be computed in a similar
manner. The third term containing a sum of these prior probabilities is constant for a given data
set, and can hence be ignored. An alternative criterion, which computes the probability P(D | M)
directly, is given in [7].

To approximate the model size S(M), let us first code all the different Bayesian trees using
the information theoretically optimal coding scheme in [32]. As our model contains ! prototype
vectors and ! prior probabilities (one for each class Cy), we now need

M) :lZnﬂ'—l—lr, (5)
i=1

bits to code all the parameters in the model, where r is the number of bits needed to store a
truncated real value. Observe that for a particular problem domain, m, n; and r will be constants,
but [ can vary from 1 to N (the size of the data set). This is not the only encoding scheme possible,
but it is straightforward and reflects well the intuitive bias towards “simpler” trees, i.e., trees with
the root node having less possible values.

Combining the results above, we get

P(M | D) x 275MID) = 9=S(M)=S(DIM) (6)

where S(M) is the size of the Bayesian tree structure as defined in (5), and S(D | M) is computed
using formula (4).

5 Searching the prototype tree model space by simulated
annealing

Given a Bayesian tree with [ prototypes, and a partition of the data D into these ! classes, we can
use the criterion (6) for computing the probability of the given Bayesian tree structure, given the



data, and hence evaluate the goodness of the tree representation. However, for a Bayesian tree
with [ prototypes, there are IV ways to cluster the data, if the size of the data set is N, so it is
clearly computationally infeasible to use the proposed scheme for evaluating all the possible tree
structures with all the possible data partitions. In [30] we presented a greedy heuristic for the
search process. This heuristic was a “bottom-up” approach which starts by partitioning all the
data vectors in separate clusters, and continues by combining the two prototypes which produce
the greatest increase in the probability P(M | D). In the following, we show how the simulated
annealing algorithm can be used for performing a more elaborate stochastic local search in the
model space. Our approach is supported by the results of applying simulated annealing for finding
globally optimal clusterings [3, 35, 16]. An alternative approach to our clustering problem can
be obtained by using a family of algorithms based on alternating between finding the maximum
probability model for a given clustering, and computing a new clustering based on the assumption
that the current model is correct [9, 8]. Perhaps the most famous variant of this procedure is
the computationally simple K-means clustering algorithm [22]. With this kind of approach, there
would be no need for an evaluation criterion at all, as clustering is based on comparing data
vectors against prototype vectors, not comparing models against each other. However, although
the method converges provably under certain conditions to a locally optimal clustering [8, 36],
the outcome depends on the number of the prototype vectors used, and the choice of the initial
prototype vectors, and hence finding a globally optimal clustering with this approach is difficult.
Some attempts towards more robust variations of the approach are reported in [17, 23], but the
global convergence properties of the resulting algorithms are hard to analyze theoretically.

In simulated annealing, our clustering problem is solved by introducing a stochastic Markov
chain process {M; | t = 0,1,...}, where X is a random variable the values of which are the
partition vectors, and M, is the value of X at time ¢. In the following, we show how to construct
a process which converges to the optimal model M, almost surely:

lim P(M; = M) =1. (7)

Let M; = (e:(1),...,e:(N)) be the value of random variable X at time ¢, and let P(M; | D)
denote the probability P(X = M, | D). In our simulated annealing process, we generate a new
candidate M4 for the next value of X by changing the cluster indices ¢(h) of a randomly chosen
small subset of data vectors d_;l. The resulting new partition vector M;41 is accepted as the next
value for the random variable X with probability

1
M N

where T'(¢) is a monotonicly decreasing function converging to zero as t approaches infinity, and the
conditional probabilities P(M; | D) and P(My41 | D) are computed using equation (6). The value
of the function 7" is usually called the (computational) temperature of the process. Without the
temperature parameter, the probability p; is identical to the acceptance probability proposed by
Barker in [2]. An alternative form for the acceptance probability, proposed originally by Metropolis
et al. in [24], is given by

p P(Mi41|D
pe(Miy1) = { 1P(M D) , P%\fljl%%; =b (9)
(B )™ i iy < L

It has been argued that in practice the Metropolis form should be preferred since in the case of
equally probable states, Barker’s method changes the state with probability 1/2, whereas Metropo-
lis’ method changes the state with probability 1, thus offering possibly a better sampling of the
states. However, it should be noted that the stochastic process generated by using the Barker’s
formula can be implemented extremely efficiently by using a massively parallel architecture [26, 27].
Theoretically there is no preference for either of these models, since using the candidate generation
scheme described above both methods lead to a stochastic process fulfilling the condition (7) (see

[26]).



Algorithm 1 (Searching models by simulated annealing)

1. /* start with a random clustering: */
forh =1to N do

(a) co(h) = RANDINT(1,N);
2. Construct a prototype tree model Mg corresponding to the initial clustering cp;
3. fort = 0 to oo do

(a) Compute the new computational temperature T'(t);
(b) If T(t) = 0 then stop;

(¢) /* generate a new clustering by changing randomly a fraction of the cluster indices */

forh =0to N do

i. If (RANDREAL(0,1) < 0)
then ¢;41(h) = RANDINT(1,N); /* choose randomly a new cluster */
else ci41(h) = ei(h);

(d) Construct a new prototype tree model My41 corresponding to the new clustering & 41;
(e) Compute the probability p;(M;41) by using equation (8) or (9);
(f) If ( p1(Mz41) < RANDREAL(0,1) )

then ;41 = &; /* reject new clustering, restore old value */

The parameter # controls the number of data vectors to be moved from their current cluster to a
new, randomly chosen cluster. Theoretically the value of  can be anything between 0 and 1, but
in our experiments we have typically used small values between 1/N and 0.05.

If the computational temperature T'(t) is decreased slowly enough, the simulated annealing algo-
rithm given will converge to the maximum probability clustering resulting in maximum probability
model M, [1]. Unfortunately, finding a proper cooling schedule for decreasing the temperature
may be difficult in practice [26].

6 Experiments

To test the proposed framework in practice, we ran a series of experiments by using a set of
medical data dealing with diagnosis of Nephropathia epidemica (NE), which is the mildest form of
hemorrhagic fevers with renal syndrome [10]. In these experiments, each data vector consisted of
values of 33 attributes, the last of which gives the diagnosis of the patient (NE or non-NE). The
training set consisted of 210 vectors with 70 positive (NE) and 140 negative (non-NE) cases, and
the testing set contained 105 vectors, of which 35 were positive and 70 negative. The diagnoses of
the data vectors were obtained by complex viral antibody tests, which can not normally be used
for diagnosing the patients in hospitals. In the following, by success rate we mean the proportional
number of correct classifications in the testing set, after the model had been trained with the
training set.

For comparison, the data was first given to a group of 15 students attending a neural network
course, and each student was permitted to use whatever model they chose to experiment with the
data. The resulting success rates ranged from 76.2% to 91.5%. The two clear winners with the
success rates of 91.5% used Backpropagation (BP) (see e.g. [34]) and Learning Vector Quantization
(LVQ) [17], respectively. The best BP result was obtained by a 32-5-3-2 network, and by adding
20% noise to the training data. However, finding this setup required a lot of experiments, and
constant manual tuning of the parameters of the algorithm during the training. The best LVQ
result was obtained by first using a statistical analysis package for finding a suitable number of
reference vectors, and then learning the vectors by using the algorithm versions LVQ1, LVQ2 and



LVQ3, in that order. At each stage, the training was repeated 50-150 times for searching for the
optimal setting of the parameters.

For the simulated annealing approach described in the previous section, we decided at this
initial phase not to use the probability P(M) in computing the evaluation criterion, since the
search space with over 210%!0 possible vectors requires very long annealing schedules, and hence
much computing resources, which at this time were not available. In addition, it was not yet clear
to us what is in practice the optimal value r, the number of bits to represent a truncated real
value, which is needed for computing S(M) in (5). It seems that too large values of r give too
high a penalty to models with many classes, whereas training with too small values for r results
in too complex models. Consequently, we chose to try the simulated annealing approach first
with a constant number of classes (in which case P(M) is constant and can be ignored), starting
with two classes, and repeating the tests with increasing number of classes. To our surprise,
this approach produced a success rate of 92.4% already with only two clusters. We are currently
still continuing with our experiments, and based on these very restricted early tests we do not
wish to make any claims of the superiority of the Bayesian approach against the neural network
techniques. Nevertheless, it looks evident that with the Bayesian prototype tree learning approach
it is easy to find simple models with a performance comparable to that of much more complex neural
network architectures, with the additional benefit that the resulting models are also semantically
interpretable, as the class prototype vectors represent probability distributions inside clusters of
similar data vectors.

7 Conclusion

We have presented a method for deriving probabilistic Bayesian network models from data. In this
work, we have restricted ourselves to a class of simple tree-structured Bayesian prototype tree mod-
els, although in principle the approach presented can be adapted also for learning multi-connected
Bayesian networks. The reasons for choosing the family of Bayesian prototype tree models was
twofold: firstly, the resulting Bayesian network models can be implemented extremely efficiently,
especially if massively parallel hardware is available. Secondly, the prototype tree structure has
an intuitively appealing, clear semantic interpretation as a memory-based reasoning system. The
learning algorithm introduced is based on a stochastic simulated annealing search algorithm. We
are currently experimenting with the proposed simulated annealing learning algorithm for Bayesian
prototype trees, and in the future we plan to apply the algorithm to well-known benchmark prob-
lems in order to compare our approach with alternative methods.
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