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Abstract

Bayesian networks are a core method for uncertainty representation and reasoning in artificial
intelligence. This dissertation focuses on efficient approximate Bayesian network inference for
computing the most probable explanation. New algorithms for efficient approximate inference are
presented, and new techniques are described for creating hard synthetic Bayesian networks.

Three major research results related to speeding up Bayesian network inference are presented
in this dissertation. First, improvements are made in the use of genetic algorithms. Local optima
is an important problem in Bayesian network inference. Classical genetic algorithms converge,
like hill-climbing algorithms, to one local optimum, while niching genetic algorithms converge to
multiple local optima. This dissertation introduces the Probabilistic Crowding niching genetic
algorithm, and presents theoretical and empirical results showing that Probabilistic Crowding gives
predictable convergence, which at equilibrium is proportional to the utility function, which for
Bayesian networks is the probability of an explanation.

Second, improvements are made to stochastic local search algorithms for efficient Bayesian net-
work inference. This dissertation presents the Stochastic Greedy Search algorithm, which introduces
noisy steps that allows local search to escape local optima. We also introduce different measures of
gain (or gradient) and an operator-based approach, giving several ways to search locally. Compar-
isons to the state-of-the-art inference algorithm Hugin show that Stochastic Greedy Search performs
significantly better for satisfiability Bayesian networks as well as for certain Bayesian networks from
applications. In application networks, initialization algorithms, which compute the most probable
explanation in bounding cases, prove to be very valuable, and we introduce two novel initializa-
tion algorithms denoted forward and backward dynamic programming. Initialization starts the
local search at points closer to local optima than when search starts from an explanation created

uniformly at random.
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Lastly, improvements are made to the use and measurement of abstraction and aggregation to
improve Bayesian network inference. A criterion is introduced that quantifies how different methods
of abstraction impact the quality of inference. The criterion regards abstraction as noise and uses
variance as a measure of quality. Results are presented that quantify how different methods and
levels of abstraction effect accuracy.

Two major research results are presented that relate to creating hard synthetic Bayesian net-
works for empirical research on inference algorithms. One method translates deceptive problems
studied in genetic algorithms to a Bayesian network setting. We show that Bayesian networks
can be deceptive, and this is important since genetic algorithm performance suffers on deceptive
problems. The other result is based on translating satisfiability problems into a Bayesian network
setting, in a way that allows control over the level of difficulty of the Bayesian network inference
problem. In particular, we show how graph connectivity, value of conditional probability tables as
well as the degree of regularity of the underlying graph affect the speed of inference in Hugin and

Stochastic Greedy Search.
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Chapter 1

Introduction

Complex, uncertain environments are of interest to many areas of research. For that reason, un-
certainty reasoning based on numerous approaches, including probability theory, certainty factors,
neural networks, and fuzzy logic has been investigated. Although probability theory seems like a
natural point of departure for uncertainty reasoning, it was ignored for a long time because one
believed probability theory would require too much information and give intractable algorithms.
Recent years have seen solutions to the problems of information requirements and algorithmic
intractability. One factor is the technological advances in memory capacity and processor speed
of computers. Another factor is the development of Bayesian networks and algorithms that ex-
ploit their structure, following Pearl’s seminal work [Pearl, 1988] on local propagation in Bayesian
networks (BNs). Still, it appears that uncertainty reasoning based on probability theory in gen-
eral and Bayesian networks in particular has not reached its full potential. For example, exact
computation in BNs with just a hundred or a few hundred nodes can be extremely slow. In the
present work, we attack the problem of inefficiency of exact inference by focusing on approxima-
tions. The approximations are of two types, algorithmic approximations and BN approximations.
By algorithmic approximation we mean to compute an answer to a computational problem without
guaranteeing that this is an optimal solution to that problem. In other words, we investigate the
trade-off between speed and accuracy in a Bayesian network context. Specifically, we are motivated
by and investigate the computational problem of efficiently computing the most probable expla-
nation in Bayesian networks. The two main algorithmic approximation techniques we investigate
are stochastic, namely genetic algorithms and stochastic local search. Genetic algorithms (GAs)

are inspired by nature and are used for adaptation, search, optimization, and learning in complex



and uncertain environments [Goldberg, 1989c]. Stochastic local search is based on the observation
that by performing search in the neighborhood of an existing answer, one can iteratively make
improvements leading to a good and even optimal answer.

In addition to algorithmic approximations using genetic algorithms and stochastic local search,
we consider the problem of approximating a BN using another BN, again in the context of com-
puting a most probable explanation. Once more, there is a trade-off between speed and accuracy:
Computation in an approximated BN can be much faster than in the original BN, however at the
cost of loss of accuracy.

The rest of this chapter is organized as follows. Section 1.1 describes uncertainty reasoning in Al
and in decision theory, emphasizing the history and role of decision and Bayesian networks. Section
1.2 discusses knowledge representation using Bayesian networks, while Section 1.3 gives an overview
of inference in Bayesian networks. Section 1.4 presents genetic algorithms. The contributions of
this dissertation are discussed in Section 1.5, while Section 1.6 briefly presents the dissertation,

chapter by chapter.

1.1 Reasoning and Learning Under Uncertainty

The decision sciences and artificial intelligence (AI) are both concerned with reasoning about ac-
tion given incomplete information and scarce resources [Horvitz et al., 1988 [Henrion et al., 1991].
The decision sciences consist of Bayesian decision theory, the psychology of judgement, and their
application in operations research and decision analysis [Horvitz et al., 1988]. The two sub-areas
of the decision sciences that are of greatest interest to us are decision theory and decision analysis.
Decision theory is made up of probability theory and utility theory. Decision analysis is concerned
with elicitation, representation, reasoning, and search procedures. Since the focus of this disser-
tation is uncertainty reasoning, we will often not distinguish between decision theory and decision
analysis in the following.

This section gives a brief introduction to Bayesian networks; for more detail we refer to intro-
ductory books [Pearl, 1988] [Neapolitan, 1990] [Russell and Norvig, 1995] [Jensen, 1996] [Castillo
et al., 1997] and articles [Pearl, 1990] [Charniak, 1991] [Basye et al., 1992] [Spiegelhalter et al.,
1993].



What does decision theory have to offer AI7 Decision-theoretic techniques offer a principled way
to reason under uncertainty and incompleteness, take into account complex preferences, and reason
about decisions [Horvitz et al., 1988]. Decisions underlie actions that an agent may take, and as
AT moves towards complex, real-world problems, uncertainty becomes a prominent feature. Belief
and decision networks are at the center of attention in the decision-theoretic approach to Al. There
are several reasons for this. First, uncertainty, both pertaining to environment estimation and
decision outcome, are core Al concerns. Bayesian networks and decision networks are currently
the dominant approach to uncertainty modelling in AI [Pearl, 1988] [Russell and Norvig, 1995],
and decision theory, and in particular its subset probability theory, has recently been exploited
in several areas of Al. These areas include expert systems, planning, machine learning, control of
inference, perception, model construction, temporal reasoning, nonmonotonic reasoning, intelligent
tutoring, and natural language processing [Horvitz et al., 1988]. Second, the basis of Bayesian
networks and decision networks in probability and decision theory give them a sound scientific
foundation as well as an ‘interface’ to other disciplines such as mathematics, statistics, operation
research, and economics. Third, Bayesian networks and decision networks have proven useful in
applications. Evidence of this is the availability of shells for development of Bayesian networks and
decision networks as well as descriptions of applications in the literature.

In the following, we focus on decision-theoretic expert systems, since this is historically the most
prominent area [Horvitz et al., 1988]. Decision-theoretic (or normative) expert systems were among
the earliest expert systems. FEarly diagnostic expert systems, developed during the 1960s, were
based on probability theory. The following simplifying assumptions were adopted in these early
decision-theoretic expert systems. First, that hypotheses (diseases) are mutually exclusive and
collectively exhaustive. Second, that any piece of evidence (symptom) is conditionally independent
of any other piece of evidence given the hypotheses. Suppose H, E; and E; are random variables.
Let h be a hypothesis, and e; and e; two pieces of evidence. Then the conditional independence
assumption amounts to letting Pr(E; = e; | H = h) = Pr(E; = ¢; | H = h, E; = ej). These two
assumptions lead to simpler probability specification and belief propagation. Expert systems based
on the above two assumptions performed at the level of experts or better, but their acceptability

did not match their performance.



During the 1970s, the rule-based and heuristic paradigms became alternatives to the decision-
theoretic paradigm. Two well-known rule-based expert systems that incorporate uncertainty repre-
sentation and computation are MY CIN [Buchanan and Shortliffe, 1984] and PROSPECTOR [Duda
et al., 1976]. The uncertainty calculations in these and similar expert systems were regarded as ap-
proximations to the probabilistic ideal. MYCIN and PROSPECTOR are in many ways impressive
systems. However, their rule-based approach to reasoning under uncertainty is limited. The areas
where rule-based inference prove to be most problematic are in the treatment of prior beliefs and
in the assumption of modularity [Horvitz et al., 1988]. Furthermore, there exist empirical studies
showing that the uncertainty calculations used in an expert system matter when evidence is weak
or conflicting. Thus there are both theoretical and practical reasons to consider alternatives to the
rule-based approach to uncertainty.

The limitations of the rule-based approach to expert systems led to a renewed interest in
decision theory in the 1980s and 1990s. Research on decision theory for expert systems can be
split into knowledge representation, knowledge engineering (or modeling), belief propagation, and
explanation [Horvitz et al., 1988]. These areas of research are also of interest to the field of
AT as a whole. For purposes of knowledge representation, the notion of a decision basis defines a
complete representation of a decision problem. A decision basis consists of components representing
alternatives, states, preferences, and relationships in a decision situation. Numerous representations
of a decision basis have been developed. We will focus on decision networks (or influence diagrams),
which is a graphical representation of the decision basis. A decision network is an directed acyclic
graph (DAG) where the nodes represent properties or quantities of interest. The arcs represent
influences between nodes. The nodes in a decision network are of three types: decision nodes,
chance nodes, and value nodes. A Bayesian networks is a decision network with only chance nodes.
The next section describes Bayesian networks knowledge representation, while later sections focus

on inference in Bayesian networks.

1.2 Bayesian Networks

BNs (also known as Bayesian, causal, or probabilistic networks) are currently the dominant un-

certainty knowledge representation technique in AI [Pearl, 1988] [Neapolitan, 1990] [Russell and



Norvig, 1995] [Jensen, 1996]. Bayesian networks are directed acyclic graphs (DAGs) where nodes
represent random variables, and edges represent conditional dependence between random variables.
The reason why Bayesian networks are important is their theoretically sound foundation in proba-
bility and graph theory, their usefulness in diverse Al contexts, as well as their proven strength in
applications.

The notation used in the following is this: Random variables are represented using italic upper-
case letters: A, B,C, ..., X,Y, Z. Values of random variables are italic lowercase letters, for example
if A has n values we have values ag, ..., a,, and when A is instantiated to a; we say A = a;. When
the values of a set of random variables are disjoint, we may abbreviate by omitting the random vari-
ables. For example, A = a; would be equivalent to a;. For a set of (instantiated) random variables
we use bold italic uppercase (lowercase) letters. For example, rather than listing the random vari-
ables V1,...,V,, we may say V. And a set of instantiated random variables 1 = e1,... ,E, = en,
may be abbreviated as e (for evidence).

Bayesian networks encode joint probability density functions in a sparse manner. Let Vi,... ,V,
be random variables. Then the joint probability density function (pdf) is denoted by Pr(V1,... ,V,,),
and one can specify the joint pdf as an exponentially sized table—a joint pdf table. For theoretical
purposes, working with the joint pdf table is fine, since the conditional probability of a random

variable V' given observed evidence e is defined as:

Pr(V | e) = L;(r‘(/j)

if Pr(e) > 0, else it is undefined. However, as a basis for an inference algorithm the explicit
representation and manipulation of a joint pdf table poses problems when there is a large number
of random variables. First, the joint pdf table needs exponentially many numbers to be completely
specified. Second, even if such a joint was given, it would taken exponential time to manipulate it,
for example when marginalizing.

A Bayesian networks addresses these problems by representing a joint pdf intensionally rather
than extensionally. If we don’t distinguish between random variables and nodes, a Bayesian net-

works consists of:



e A set of nodes (random variables) and a set of directed edges between the nodes. A node has
a finite, mutually exclusive and exhaustive set of states. Real-valued nodes can also be used,
and even mixed with discrete-valued nodes [Olesen, 1993], however this dissertation focuses

on the discrete case.
e The nodes (vertices) and the directed edges form a directed acyclic graph (DAG).

e For each variable U with parents Vi,...,V,, there is a conditional probability table Pr(U |

Vi,...,Vn) =Pr(U | IIyy), where II is a function giving a node’s parents.

An example should make these concepts clear. Consider the following example, originally in-

troduced by Charniak [Charniak, 1991]:

Suppose when I go home at night, I want to know if my family is home before I try
the doors. (Perhaps the most convenient door to enter is double locked when nobody
is home.) Now, often when my wife leaves the house, she turns on an outdoor light.
However, she sometimes turns on this light if she is expecting a guest. Also, we have
a dog. When nobody is home, the dog is put in the back yard. The same is true if
the dog has bowel troubles. Finally, if the dog is in the back yard, I will probably hear
her barking (or what I think is her barking), but sometimes I can be confused by other

dogs.

We will refer to this as the ‘family out’ example; it can be formalized as a Bayesian networks
as shown in Figure 1.1. In Figure 1.1, the oval nodes represent random variables. Each node is
binary. For example, F'O has values fo and ~ fo. In other words, the family can be out (FO = fo,
abbreviated fo) or not out (FO = ~ fo, abbreviated ~ fo). Prior and conditional probabilities are
shown in tabular format in the figure. For example, the table at the top left stands for Pr(FO):
Pr(fo) = 0.15 and Pr(" fo) = 0.85. Notice that Pr(fo) + Pr("fo) = 1. In the figure, conditional
probabilities are presented similarly in conditional probability tables. For example, Pr(do | fo,bp) =
0.99 and Pr("do | fo,bp) = 0.01 are presented in the left-most row in the Pr(DO | FO, BP) table.

There are two aspects to any Bayesian networks: a qualitative aspect and a quantitative aspect.
The qualitative aspect of a Bayesian networks concerns the causal network’s (or the DAG’s) struc-

ture. Figure 1.2 shows the causal network for the ‘family out’ example. In a causal network, the
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fo |0.15

bp [0.01
~fo |0.85 ~bp 10.99
FO: | fo | ~fo
lo |0.60 |0.05
~lo [0.40 |0.95 FO fo ~fo

do |0.99 |0.90 |0.97 |0.03

~do |0.01 [0.10 |0.03 |0.97

Dog-out (DO)
do

DO: | do |~
hb |0.70 |0.01
~hb 10.30

Figure 1.1: The ‘family out’ Bayesian networks.

Family-out (FO) Bowel-problem (BP)

Light-on (LO)

Dog-out (DO)

Hear-bark
(HB)

Figure 1.2: The ‘family out’ causal network.
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Figure 1.3: The three node triplet configurations in a causal graph or Bayesian networks.

direction of edges connecting nodes is important. We distinguish between three types of connec-
tions in causal networks: linear, diverging, and converging. These connection types are illustrated
in Figure 1.3. Consider a node V7 and two of its neighbors V; and V; in an arbitrary causal network.

The structure of the subgraph induced by V1, V;, and V} is one of:
1. linear: V; — Vi — Vj. V; is Vi's parent, which again has Vj as child.
2. converging: V; — V4 « V;. V; and V; are both among V;’s parents.
3. diverging: V; « Vi — V. V; and Vj are both among V;’s children.

This terminology can be used about the node Vi as well as about a node triplet (V;, V1, V}).
For example, in Figure 1.2 the node Dog-out is linear if Family-out, Dog-out, and Hear-bark are
considered; it is converging if Family-out, Dog-out, and Bowel-problem are considered. The node
triplet Light-on, Family-out, and Dog-out gives an example of the diverging connection type.

The three triplet configurations determine when uncertainty propagation between two nodes
takes place along a path in the underlying undirected graph of a causal network. Consider a path
P between two nodes U and V in the underlying undirected graph of a causal network. The path

P is called d-separating if there is an intermediate variable E along the path such that:

e the connection is serial or diverging and the state of E is known, or

e the connection is converging, and neither the state of E nor of any of its descendants is known.
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A path that is not d-separating is called a d-connecting path.

An important idea regarding uncertainty propagation between two nodes is d-separation. Two
variables in a causal network are d-separated if all paths between them are d-separating paths.
Two variables that are not d-separated are d-connected. We will come back to the concepts of
d-separated and d-connected after discussing the quantitative aspects of Bayesian networks.

The quantitative aspect of a Bayesian networks concerns how concepts from probability theory
are added to the causal network, resulting in a Bayesian networks. Since a causal network is a DAG,
it’s nodes can be sorted topologically into a sequence Vi, ... ,V,. Corresponding to this sequence,

we can use the chain-rule representation of a joint pdf:
Pr(Vi, Vo, ..., Vo) =Pr(V1) Pr(Va | V1) - - Pr(V, | Vi1, ..., VA).

Since each V; is a node in the causal graph, each factor on the right-hand side specifies the con-
ditional probability for some node V; in the causal network (we do not distinguish between nodes

and random variables). Let IIy be the set of parents of V. It seems reasonable that
Pr(‘/i ‘ Viet,. .. a‘/l) = Pr(‘/i ’ HV@);

i.e. that V; is conditionally independent of all other nodes given its parents. Assuming this is the
case, it makes sense to specify probabilities in a Bayesian networks by specifying the conditional

probability of a node given its parents. More formally, we have the following theorem.

Theorem 1 Consider a Bayesian networks over the set of nodes Vi,... ,V,. Let each node V; be
defined conditionally in terms of its parents Ily,. Then the joint pdf Pr(Vi,...,V,,) is defined as

follows:

Pr(Vi,..., Vi) :ﬁPr(% | IIy,). (1.1)

Proof sketch: Proof proceeds by induction on the number of nodes in the network. Since the

network is a DAG, a node V with no children must exist. The inductive hypothesis applies to
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the network with that node removed: The node V is conditionally independent of the rest of the
network given the parents. That observation combined with the inductive hypothesis leads to the
theorem above.

The notion of conditional probability is used in connection with belief propagation (probability
distribution over a node given evidence so far) and belief specification (probability distribution over
a node given its parents). Notice that the latter is a special case of the former, and that the former
is closely related to d-separation. The significance of d-separation is as follows. If two variables
U and V are d-separated, then a change in belief for U has no impact on the belief in V' and
vice versa. The concept of d-separation can be illustrated using the family out example (adapted

from [Charniak, 1991]):

[Clonsider the random variables Family-out and Hear-bark. Are these variables inde-
pendent? Intuitively not, because if my family leaves home, then the dog is more likely
to be out, and thus, I am more likely to hear it. However, what if I happen to know that
the dog is definitely in (or out of) the house? Is Hear-bark [conditionally| independent
of Family-out then? That is, is Pr(hb | fo,do) = Pr(hb | do)? The answer now is yes.
After all, my hearing her bark was dependent on her being in or out. Once I know

whether she is in or out, then where the family is of no concern.

So, once the status of the node Dog-out is known, it d-separates Hear-bark and Family-out.
This is an example of a serial evidence node (Dog-out) d-separating two other nodes (Hear-bark
and Family-out), and how this implies conditional independence for the corresponding random
variables.

We introduce a special notation for conditional independence. Let U, V, and W be random

variables. Assume that U is conditionally independent of V' given W, in other words

Pr(U | W,V) = Pr(U | W) (1.2)

or alternatively
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Pr(U,V | W) =Pr(U | W) Pr(V | W). (1.3)

We will abbreviate this as I(U,V | W). Similarly, conditional dependence will be abbreviated as

D(U,V | W). The result that generalizes the example above can now be stated.

Theorem 2 (Verma and Pearl 1988). Consider a Bayesian networks with nodes V', and let X,Y,
and Z be subsets of V such that X and Y are d-separated by Z in the Bayesian networks. Then

I(X,Y | Z). Thatis, X andY are conditionally independent given Z.

The significance of this theorem is that conditional independence follows from d-separation.
This fact is exploited in theorems as well as in algorithms. The algorithmic importance follows
from the fact that d-separation can be checked in time linear in the number of edges in a causal

network [Geiger et al., 1990].

1.3 Bayesian Network Inference

What can a Bayesian networks be used for? The basic Bayesian networks inference algorithm is to
compute the probability density over one variable, say H, given the evidence e encountered so far,
i.e. Pr(H | e). For the ‘family out’ example, if the light is on and we don’t hear the dog bark, this
can be expressed as evidence e = {LO = lo, HB = ~hb}. In this case, the posterior probability of
FO = fois 0.5. In other words: Pr(FO = fo | LO = lo,HB = hb) = Pr(fo | lo,hb) = 0.5. This
is an example of diagnostic inference, since we’re observing symptoms (instantiations of Light-on
and Hear-bark) and are interested in a diagnosis (distribution over Family-out). Bayesian networks
can also used for prediction, where the probability densities over symptoms are predicted from
assumptions about one or several diagnoses, or for mixed inference, where both symptoms and
diagnoses are known and the probability densities over other symptoms, diagnoses or intermediate
nodes may be inferred.

More formally, two typical diagnostic (or abductive) inference tasks are belief updating and

belief revision [Pearl, 1988|. Belief updating computes the posterior belief over a hypothesis node
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Figure 1.4: Classification and examples of Bayesian networks structure.

H given instantiated evidence nodes Ei, ..., Ep,, more formally Pr(H | E1 = e1,....,Ep = en).
Belief updating is also known as probabilistic inference. Belief revision computes the posterior
belief over a set of hypotheses nodes Hq, ..., H; given evidence nodes FEni,..., E,,, more formally
Pr(Hy,...,Hy | E1 = eq,..., Ey = ep,). Belief revision for the case where all nodes are instantiated
is also known as computing an explanation. The task of computing the most probable explanation
(MPE), or the k most probable explanations (kMPE) are of particular interest in this dissertation.

A naive algorithm for answering any query concerning a joint pdf is to store a table representing
the joint pdf and then marginalize out all the variables not in the query. However, the table
is exponentially sized in the number of random variables, and this approach is therefore only
feasible for a small number of random variables. Smarter inference algorithms structure the random
variables in a Bayesian networks and exploit the Bayesian networks structure.

All Bayesian networks are directed acyclic graphs. Within the class of directed acyclic graphs,
we distinguish between singly connected graphs and multiply connected graphs. Singly connected
networks are also known as Chow trees [Pearl, 1988]. Within singly connected graphs, we distinguish
between trees and polytrees. This Bayesian networks classification, along with example Bayesian
networks, is shown in Figure 1.4.

A multiply connected graph is more expressive than a polytree which is more expressive than
a tree. Unfortunately, the computational complexity of belief propagation increases with expres-

siveness. Both trees and polytrees have tree structure in the underlying undirected graph. The
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problem with multiply connected graphs is that there are cycles in the underlying undirected graph.
Cycles mean that evidence can travel from one node to another through many distinct paths, and
this causes problems for belief propagation algorithms. Belief propagation in trees is linear [Pearl,
1988], while belief propagation in multiply connected graphs has been shown to be NP-hard [Cooper,
1990]. So an exponential worst-case time complexity can not be avoided unless P = N P.

At the same time, inference in many real-world BNs has proven to be tractable in practice.
Algorithms routinely perform inference over multiply connected BNs with up to approximately
one thousand nodes. This apparent paradox has lead to an intense investigation of BN inference
algorithms, which can be classified as exact or approximate. FEzact algorithms include network
propagation [Kim and Pearl, 1983] [Pearl, 1988], conditioning [Pearl, 1988], and clustering [Pearl,
1988] [Lauritzen and Spiegelhalter, 1988] [Jensen et al., 1990b]. Approximation algorithms include
stochastic simulation [Pearl, 1988], bounded conditioning [Horvitz et al., 1989], and search.

Here is a more detailed description of some inference algorithms:

e Network propagation [Kim and Pearl, 1983 [Pearl, 1988|: Propagates belief by message
passing between the nodes in a Bayesian networks, and by performing local computations in

the network. The algorithm works for trees and polytrees.

e Cutset conditioning [Pearl, 1988]: Transforms a multiply connected graph into several singly

connected graphs, and performs network propagation over each singly connected graph.

e Clustering [Pearl, 1988] [Lauritzen and Spiegelhalter, 1988] [Jensen et al., 1990b]: Transforms
a multiply connected graph into an undirected graph that is a tree, and performs belief

propagation over the tree. The propagation is similar to that of network propagation.

e Algebraic method [Li and D’Ambrosio, 1994]: Views probabilistic inference as a combinatorial
optimization problem, the optimal factoring problem. Probabilistic inference is the problem
of finding an optimal factoring given a set of probability distributions. Marginalization is
symbolic and query-driven, which is different from the above three approaches where it is

numerical and data-driven.

In the following, we present in more detail the network propagation and clustering approaches to
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inference in Bayesian networks. The network propagation approach applies to trees and polytrees,

while clustering can also be applied to multiply connected graphs.

1.4 Genetic Algorithms

GAs are function optimizers that employ stochastic, population-based search [Holland, 1975] [Gold-
berg, 1989¢c|. A population representing candidate solutions is evaluated for fitness using a fitness
function. Genetic operators, such as crossover and mutation, then create a new population from
the old. The probability of transfer of the genetic material of an individual is a function of its
fitness. GAs are attractive because of their robustness, generality, simplicity, and because of their
success in applications.

This section presents the simple genetic algorithm, some GA theory, discusses of the central
role of building blocks in GAs, and mentions the notions of diversity preservation and approximate
fitness evaluation. The reader interested in genetic algorithms is referred to books [Goldberg,

1989¢| [Michalewicz, 1992] and articles [Goldberg, 1994] on this topic.

1.4.1 The Simple Genetic Algorithm

A prototypical genetic algorithm, the so-called simple genetic algorithm (SGA) [Goldberg, 1989c],
is shown in Figure 1.5. The essence of SGA is really quite simple: The two main data types
are individual and population, where a population is an array of individuals. Central in each
individual is its chromosomes (or strings). Assuming a binary alphabet {0,1} and a string length
[ = 8, an example chromosome is C; = 10110100. In the SGA algorithm, the outermost loop is
iterated for maxgen iterations. For each generation the functions select, crossover, mutate, and
objfunc are repeatedly invoked. select(pop) picks an individual from its input population pop. The
probability of an individual being picked is proportional to its fitness—this is known as proportional
selection. crossover(chrom;, chroms, new-chromj, new-chroms, Pr(Crossover)) takes chromosomes
chrom; and chroms as input, creating new-chrom; and new-chroms as output by crossing over with
probability Pr(Crossover). The SGA uses single-point crossover, where each chromosome is split
at just one position. For instance, if C7 = 10110100 is crossed over with C = 00001111 at position
4, the chromosomes C3 = 00000100 and Cy = 10111111 result. With probability Pr(Mutation),
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Algorithm SGA

gen := 1
randomize(oldpop)
repeat
g=1
repeat
mate; := select(oldpop)
matey := select(oldpop)
crossover (oldpop[mate; ].chrom, oldpop[mates].chrom,
newpop|j|.chrom, newpoplj + 1].chrom,
Pr(Crossover))
newpop|j].chrom := mutate(newpop|j].chrom, Pr(Mutation))
newpop|j + 1].chrom := mutate(newpop[j + 1].chrom, Pr(Mutation))
newpop/[j].fitness := objfunc(decode(newpop|j].chrom))
newpop|j + 1].fitness := objfunc(decode(newpop[j + 1].chrom))
Jg=J+1
until j >n
oldpop := newpop
gen := gen + 1
until gen > maxgen

Figure 1.5: The simple genetic algorithm.

mutate(chrom, Pr(Mutation)) mutates each allele in the chromosome chrom and then returns the
mutated chromosome. For instance, C5 = 00111111 is computed from C4 by mutating the first bit.
The functions decode and objfunc make up the interface to the objective function, computing fitness
of the two new individuals. The function decode maps a genotype—in this case one chromosome—to
a phenotype. The eight-bit chromosome may, for example, represent an integer in the range 0 — 127
or a BN with eight binary nodes. The fitness function objfunc takes a value in this phenotypic
space and assigns it a fitness value, typically a real number.

Given the setup outlined above, the SGA functions as a black-box function optimizer in the sense
that no assumptions are made concerning the objective (or fitness) function. The SGA employs
generate and test, a variant of blind search, but is still able to compute a probably approximately
correct function optimum in polynomial time, under certain restrictions. Since many computational
problems can be cast as optimization problems, the SGA—and more generally GAs—are important
algorithms. What makes GAs different from other optimizers is (i) they are population-oriented

and (ii) multiple operators (crossover, mutation, selection) are working ‘concurrently’ over the
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population.

1.4.2 Genetic Algorithm Theory

A GA explicitly processes strings; implicitly it processes schemata which represent sets of strings.

A schema H is a string over the alphabet {0, 1,*}. For example, the schema
H; =101101 * =
represents the strings
{10110100, 10110101, 10110110,10110111}.

A schema’s order w is defined as the number of non-*’s in the schema string. For instance, w(H;) =
w(101101 % %) = 6. A schema’s defining length § is defined as the distance between the non-*’s that
are farthest apart. Hp’s defining length is 6(H;) = 6(101101 % %) =6 — 1 = 5.

Let f(H) be the fitness of schema H, f the average schema fitness, m(H,t) the number of
instances of schema H in the population at time ¢, and [ the length of the chromosome string. The

schema theorem gives a lower bound on schema processing [Holland, 1975] [Goldberg, 1989c]:

m(H,t+1) > m(H, t)@ <1 — Pr(Crossover) (;(Hl) — Pr(Mutation)w(H)) .

T

Intuitively, the schema theorem says that schemata with above-average fitness, low order, and small
defining length grow exponentially. Such highly fit, low-order schemata of small defining length
are called building blocks. Although the schema theorem is important, one also needs to realize its
idealized point of view. Two cases in point are that the values of f(H) and f vary over time and
are not constant as suggested in the schema theorem, and that it only takes into account schema

loss, not schema gain.
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1.4.3 Genetic Algorithm Practice

One of the central insights gained over years of GA theory and practice is that building blocks play a
key role. The following principles summarize the role of building blocks in GA processing [Goldberg
et al., 1992]:

1. Ensure an adequate initial supply of building blocks

2. Ensure that the necessary building blocks are expected to grow
3. Solve problems of bounded building block difficulty

4. Ensure that building block decisions are made well

5. Ensure that building blocks are properly mixed (or exchanged)

All of these points could be expanded upon; however since they are largely intuitively clear,
we will only explain point four concerning building block decisions. The problem here is sampling
noise. Since each string contains several schemata, there is uncertainty in relating fitness to indi-
vidual schemata. The solution to the sampling noise problem is population sizing. By making the
population large enough, the sampling noise problem is minimized.

So far, the presentation has focused on the SGA. However, the SGA is a representative of a family
of algorithms. Other family members are attained by varying the SGA’s data structures, selection
operator, crossover operator, or mutation operator. Alternative data structures are vectors of real
numbers (evolution strategies) and computer programs (genetic programming) [Goldberg, 1989c]
[Michalewicz, 1992]. Using alternative data structures can make integration with other algorithms
easier, and may therefore be an important part of hybrid GAs. Alternatives to proportionate
selection are tournament selection and ranking selection. Selection can also be augmented with
elitism, where the k£ best fit individuals are always retained in the population from one generation
to the next. Similarly, there are variants of crossover and mutation.

Two advanced GA issues that are of particular interest to us, are diversity preservation and

approximate fitness function evaluation. Both of these aspects are discussed in the next section.
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1.5 Contributions of Dissertation

With the notions of Bayesian networks, genetic algorithms, and local search introduced, we present
the main contributions of this dissertation.

In each case, we start with presenting the contribution from a Bayesian network point of view.
After that, we consider the contribution from a more general point of view, such that it might be
appreciated by readers who are primarily interested in, say, genetic algorithms or stochastic local

search, rather than Bayesian networks.

1.5.1 Problem Hardness: Deceptive and Satisfiability Bayesian Networks

In order to distinguish the performance of search algorithms, it helps to use hard problems. In this
dissertation, we take research on hard problems from other areas and introduce it into the realm of
Bayesian networks. In particular, we translate deceptive functions and satisfiability problems into
corresponding Bayesian networks, giving deceptive BNs and satisfiability (SAT) BNs respectively.
These BNs are part of an experimental paradigm for generating increasingly hard instances. Such
hard instances can be used to benchmark new and existing algorithms. For instance, running
experiments with the satisfiability Bayesian networks, we have found that existing exact algorithms

are extremely inefficient on these hard instances.

1.5.2 Genetic Algorithm Niching: Probabilistic Crowding

Bayesian networks can be highly multi-modal, thus making search algorithms converge to local
rather than to global optima. The genetic algorithm technique known as niching addresses the
problem of multi-modality. Niching algorithms address multi-modality by maintaining diversity,
and in particular they need to maintain useful diversity.

This dissertation introduces a novel niching algorithm, probabilistic crowding. Like its prede-
cessor deterministic crowding, probabilistic crowding is fast, simple, and requires no parameters
beyond that of the classical GA. In probabilistic crowding, subpopulations are maintained reliably,
and it is possible to analyze and predict how this maintenance takes place. This dissertation also
identifies probabilistic crowding as a member of a family of algorithms, which we call integrated

tournament algorithms. Integrated tournament algorithms also include deterministic crowding,
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restricted tournament selection, parallel recombinative simulated annealing, the Metropolis algo-

rithm, and simulated annealing.

1.5.3 Local Search: Stochastic Greedy Search

We have developed a stochastic local search algorithm augmented with stochastic initialization
algorithms. The algorithm, SGS, performs several orders of magnitude better than existing exact
algorithms on certain hard networks constructed as described above. SGS is also comparable in
performance to exact algorithms on a benchmark of Bayesian networks developed in applications.
We attribute this strength to its dynamic programming and forward simulation based stochastic

initialization algorithm.

1.5.4 Problem Approximation: Abstraction in Bayesian Networks

Approximate fitness function evaluation is traditionally concerned with saving computation time;
we also use it to decrease the search space size. This part of the dissertation focuses on hierarchical
abstraction for computing a most probable explanation in Bayesian networks. The ability to speed
up Bayesian network inference using abstraction is an important goal, since speed of computation
is a serious problem in large Bayesian networks. We make a connection between abstraction and
noise to introduce quality criteria for abstraction. An experimental study is described that applies
three abstraction algorithms to two large real-world Bayesian networks in the domains of barley

crop yields and electromyography, and quantifies the utility of abstraction.

1.6 Reader’s Guide

The rest of this dissertation is organized as follows. Chapter 2 presents previous research on BN
inference, with emphasis on inexact methods like genetic algorithms and local search, as well as
exact methods related to Hugin. The probabilistic crowding genetic algorithm is presented in
Chapter 3. Probabilistic crowding is a niching genetic algorithm based on deterministic crowding.
Chapter 4 presents deceptive Bayesian networks. Chapter 5 describes stochastic greedy search,
which combines hill-climbing and random steps. Chapter 6 presents experimental results of running

stochastic greedy search and Hugin on Bayesian networks constructed from satisfiability instances.
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Chapter 7 focuses on model approximation or fitness function approximation. In particular, we
consider BN abstraction and refinement, and argue that BN abstraction can be considered as

noise. Chapter 8 concludes and outlines directions for future research.
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Chapter 2

Bayesian Networks and Inference
Algorithms

This chapter presents Bayesian networks as well as on exact and inexact inference algorithms, and
also serves to introduce the terminology and notation used elsewhere in this dissertation. Previous
research on using genetic algorithms and local search for Bayesian network inference is reviewed.
We do not attempt to be complete; the survey is limited to research that covers both Bayesian
networks and inference algorithms.

This chapter is organized as follows. Section 2.1 presents definitions. Section 2.2 presents exact
inference algorithms, while Section 2.3 discussed inexact algorithms. Section 2.4 summarizes and

evaluates the reviewed research, and identifies fruitful research directions.

2.1 Bayesian Network Preliminaries

A Bayesian network (BN) represents a multi-variate probability distribution as a directed acyclic

graph (DAG).
Definition 3 A BN node V is a random variable associated with a state space Qy = {vy, ..., vx}.

In the following we will not distinguish between nodes and random variables. For simplicity, but

without loss of generality, we often use binary nodes in the following, so a node X has Qx = {0, 1}.

Definition 4 A Bayesian network is a tuple (V,E,Pr), where (V,E) is a directed acyclic graph
with nodes V.= {11,...V,,} and edges E = {V1,...,Vi,}, and Pr is a set of conditional probability

tables (CPTs). Iy gives the parents of V., Uy the children of V., and my gives an instantiation
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of parents of V.. For each node V. € V there is one CPT, which defines a conditional probability
distribution Pr(V | Iy ).

Consider a Bayesian network over the set of nodes V. Then the joint distribution Pr(v) is:

Pr(v) = Pr(vy,...,v,) = HPr(Ui | 7v,), (2.1)

where Ily, C {Vig1,...,Va}.
Sometime a BN is given evidence in terms of setting or clamping some variables to known states.

These nodes are called evidence variables.

Definition 5 An explanation x is a complete assignment {X1 = x1, ..., Xy, = x,} that is consistent
with evidence. Computing a most probable explanation (MPE) in a BN is finding an explanation

such that no other explanation has higher probability.

It has been shown that exact MPE computation is NP-hard [Shimony, 1994]. Recently, NP-
hardness for approximating an MPE to within a constant ratio-bound has also been proven to be

NP-hard.

2.2 Exact Inference Methods

One needs to make a distinction between the inference tasks of belief updating (computing marginal
distributions) and belief revision (computing an MPE). However, it is often the case that a belief
updating algorithm, possibly with small modifications, can be used for belief revision. For exam-
ple, this is the case for Hugin, which was introduced as a belief updating algorithm [Lauritzen and
Spiegelhalter, 1988], but was later extended to encompass belief revision [Dawid, 1992]. A more
extreme example of the close relationship between the two algorithmic problems comes from infor-
mation theory, where a variant of Pearl’s belief propagation algorithm (a belief updating algorithm)
is used to compute an MPE [Luby et al., 1998]. This close relationship between belief revision and

belief updating needs to be borne in mind when considering algorithms in the following.
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2.2.1 Inference by Network Propagation

This section describes belief propagation in Bayesian networks that are singly connected, using the
network propagation or the message-passing algorithm [Kim and Pearl, 1983] [Pearl, 1988]. The
essence of this algorithm, when applied to trees, is that each node passes a message to its parent
and a message to each of its children. In addition, each node has a w-value and a A-value associated
with it, and the posterior probability of a node can be computed from these two values and the
messages from neighboring nodes. The algorithms also works for polytrees.

This section gives an introduction to the network propagation approach; it is based on the

books of Pearl [Pearl, 1988] and Neapolitan [Neapolitan, 1990].

Preliminaries

The network propagation algorithm is based on message passing. The belief network fragment in
Figure 2.1 shows the messages that are passed to and from a node X. Similar messages are passed
between all nodes in the Bayesian networks. The scheme is based on the following observation.
The probability distribution over X depends on two distinct sets of evidence: Evidence from the
subtree rooted at X, and evidence from other parts of the tree. Evidence from other parts of the
tree is summarized by U, since U d-separates X from those parts. Similar arguments can be used
for other nodes in the tree. Hence, belief updating can proceed by means of local computations
(within a node) and message passing (between nodes). In the following, we discuss how the message

passing scheme is used for probability propagation in trees.

Messages to a Node

We first consider how the probability distribution over a node X can be computed from incoming

messages to X. More formally, let:

e E be evidence nodes in the tree rooted at X.

° E)Jg be evidence nodes contained in the rest of the network.

The belief over X, BEL(X), based on the evidence nodes £ = E, UE} can be computed using

Bayes’ rule with E as background evidence:
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Figure 2.1: Bayesian networks inference by message passing or network propagation (from [Pearl,

1988)).

BEL(X) = Pr(X|E)

= Pr(X|Ex, EY)
Pr(Ey | X,EY)Pr(X | EY)
Pr(Ey | EY) '
Pr(Ex | X)Pr(X | Ef)
Pr(Ey | EX)

But since X is a linear node, we have I(Ey, E¥ | X) and therefore:

Pr(Ey | X)Pr(X | Ej().

BEL) ==y [ £)

We now introduce the following definitions:

AX) = Pr(Ey|X)

m(X) = Pr(X|EY).
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The value A(X) expresses the retrospective or diagnostic support to X, while the value 7(X)
expresses the predictive or causal support to X. When the definitions for A(X) and m(X) are

introduced into BEL(X), we get the following equation:

BEL(X) = a\(X)7(X), (2.2)

where a = Pr(Ey | EX) ! is a normalizing constant.

Using Equation 2.2, A(X) and 7(X) need to be computed in order to find BEL(X). Consider
A(X) first. The computation of A(X) depends on whether or not X is instantiated or not, so there
are two cases.

Case (i): X is not instantiated. Remember that Y and Z are the children of X. Since X is not
instantiated, evidence nodes are Ey, = Ey, UE,,. By d-separation, we have I(Ey, E} | X) and get
Pr(Ey,E, | X)=Pr(E, | X)Pr(E, | X) by Equation 1.3. We introduce definitions for Ay (X)
and Az (X) as follows:

AX) = Pr(Ey|X) (2.3)
= Pi(By, By | X)
= Pr(By | X)Pr(E, | X)

= M (X)Az(X).

The A-message Ay (X) can be read as ‘message from Y to X’ (so A is pronounced ‘message from’).
We will cover A\-message computation later, for now just note that A(X) can be computed given
the A-messages.

Case (ii): X is instantiated, so we have X = x;. In this case, a dummy node D is added as a

child to X, sending the following messages:

0if X # ;.
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In this case we get
AMX) = Ap(X) Ay (X)Az(X), (2.4)

and the A\-message from D cancels out the effect of the A-messages from Y and Z. This concludes
the presentation of how to compute A(X) in Equation 2.2.

Now, consider the 7(X) part of Equation 2.2. The value 7(X) can be computed as follows:

m(X) = Pr(X|EY) (2.5)

= Y Pr(X|EL,U)Pi(U | EY)
U

= Y Pu(X | U)Pr(U | EY)
U
= Pr(X |U)enx(U).

Here, Pr(X | U) is the conditional probability table associated with the edge from U to X; e
denotes dot product. The message mx (U) can be read as ‘message to X from U’ (so 7 is pronounced
‘message t0’). The definition 7x (U) = Pr(U | E}) is introduced in the last line above.

The above equations give us a way to compute BEL(X) from the messages to X and the

conditional probability table Pr(X | U). This is summarized in the following equation:

BEL(X) = aA(X)r(X) (2.6)

= My (XA (X) Pr(X | U) e mx (V).

Messages from a Node

We now consider how the node X can compute the messages it needs to send to its neighboring
nodes. First, we consider the diagnostic support message Ax (U) = Pr(Ey | U). This is the message
from X to its parent node U. There are two cases to consider.

Case (i): X is not instantiated. We condition on X and utilize the fact that I(Ey,U | X) as

follows:
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Ax(U) = ) Pr(Ex |UX)Pr(X |U) (2.7)
X
= ZPr(E;(\X)Pr(X\U)

X
= > AX)Pr(X|U)
X

= Pr(X|U)e\X).

Here, A(X) is the product of the messages received from the children of X, as discussed earlier. The
messages Ay (X) and Az(X), which we assumed were sent to X earlier, can be computed similar
to the message Ax(U).

Case (ii): X is instantiated, so we have X = x;. In this case, row ¢ of the conditional probability

table Pr(X | U) makes up Ax(U); we use the following notation:
Ax(U) =Pr(X =z, |U). (2.8)

Second, consider the causal messages (m-messages) that X must send to its children. For
example, consider the m-message from X to Y . The causal support to Y from X is determined by
Ef and E,: my(X) = Pr(X | Ey,) = Pr(X | E¥, E;). We use Bayes’ rule, treat E as background
knowledge, and use I(Ey, E, | X) as follows:

my(X) = Pr(X|E%, Ey) (2.9)
Pr(E, | X, Ex) Pr(X | Ey)
Pr(Ey | EY)
Pr(E, | X)Pr(X | Ey)
Pr(E, | EY)
= arz(X)m(X).

Here, « = Pr(E, | E¥)™! A\z(X) = Pr(E, | X), and n(X) = Pr(X | EY). In other words, the
equalities above show that the message my (X) can be computed by the node X. The message

7x (U), which we assumed was sent to X earlier, can be calculated in a way similar to the message
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Ty (X).

We can now summarize the role of messages sent to and from a node X as well as the values
A(X) and 7(X) associated with it. A node’s A-value can be calculated from the messages it receives
from its children, while the m-value is calculated from the message from its parent. Together, the
messages and values are used to update the belief BEL(X) in the node X, using Equation 2.6. The

node X similarly sends messages that allow other nodes to compute their beliefs.

Special Nodes

Some types of nodes need special attention:

e Anticipatory node A: This is an uninstantiated leaf node A. BEL(A) should be 7(A), so we
let AM(A) = (1,...,1).

e Evidence node E: If the i-th value is observed true, let

where there is a one at the i-th position of the vector.

e Dummy node D: This is a node representing virtual or judgemental evidence. Post the mes-
sage Ap(X), where Ap(X) = BPr(O | X), where (3 is a constant and O are the observations
made. The constant § just means that Ap(X) need not be a vector that sums to one; it is

the relative weight of the vector values that counts.

e Root node R: Set m(R) equal to the prior probability of the root variable R.

Example

Belief propagation is best understood by example. The following example is taken from Neapolitan’s

book [Neapolitan, 1990]; we will refer to it as the ‘cheating spouse’ example:

A person is suspicious of his or her spouse cheating. Evidence considered by the person
is whether or not there are strange phone calls to the spouse, whether the spouse dines

with another person, and whether there are reports of the spouse dining with a stranger.
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P(cs)=0.1
P (~cs)=0.9

P (da]cs)=0.7

P (~da]cs) = 0.3

P (da]~cs)=0.2

P (~da]~cs)=0.8
P (pc]cs) = 0.8
P (~pc]cs) = 0.2
P (pc]~cs) = 0.4
P (~pc]~cs) = 0.6

CS: Cheating-spouse

E E“:(!(Ij:)a):_ob‘le DA: Dining-another
P (rd|~da) = 0.001 PC: Phone-calls. .
P (~rd|~da) = 0.999 RD: Reported-dining

Figure 2.2: Example Bayesian networks; the ‘cheating spouse’ example.

The situation can be formalized as a Bayesian network as shown in Figure 2.2. (This and
the following three figures are adapted from [Neapolitan, 1990].) Both the Bayesian network’s
structure and conditional probabilities are shown in Figure 2.2. In Figure 2.3, the A- and 7-
values and messages for the ‘cheating spouse’ example are shown. The a priori probabilities of each
random variable C'S, DA, PC, and RD are shown in Figure 2.4. This is the probability distribution
over the nodes in the Bayesian network after the prior probabilities over the root node have been
propagated, but before any evidence has been entered into the network. We omit the calculations
leading to these beliefs.

Now suppose the person receives the information that the spouse dines with another, i.e. e =

{DA = da}. This results in DA’s A-value being changed to (1,0), since DA is an evidence node:

A(DA) = (1,0).

We could have added a dummy node D (see Equation 2.4), however the present approach gives the
same result.

Now, consider the belief in or posterior probability of the remaining random variables in the
network, C'S, RD, and PC. That is, we want to compute Pr(CS | da),Pr(RD | da), and Pr(PC |

da). The issue is how the messages from DA affect the A- and 7m-values of other nodes, directly and
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CS: Cheating-spouse

DA: Dining-another

PC: Phone-calls
n(RD) RD: Reported-dining

Figure 2.3: Messages and node values in the ‘cheating spouse’ example.

n(Cs) = (0.1, 0.9)
A(CS)=(1.0, 1.0)
P (CS) = (0.1, 0.9)

n(DA) = (0.25, 0.75)
A (DA) = (1.00, 1.00)
P (DA) = (0.25, 0.75)

n(PC) = (0.44, 0.56)
A (PC) = (1.00, 1.00)
P (PC) = (0.44, 0.56)

CS: Cheating-spouse
n(RD) = (0.10075, 0.89925) DA: Dining-another
A (RD) = (1.00000, 1.00000) PC: Phone-calls
P (RD) = (0.10075, 0.89925) RD: Reported-dining

Figure 2.4: Prior probability distribution in the ‘cheating spouse’ example.
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indirectly. We consider one node, namely C'S.

Using Equation 2.8, we can compute:

Apa(CS) = Pr(DA=da|CS)

= (0.7,0.2).

The message Apc(CS) = (1.0,1.0) reflects the fact that there is no evidence in the right branch

of the tree, and we use Equation 2.3 to get:

ANCS) = Apa(CSApc(CS)

= (0.7,0.2)(1.0,.1.0).
The updated belief over C'S' can now be computed using Equation 2.6:

BEL(CS) = aA(CS)n(CS)
= (0.7,0.2)(0.1,0.9)
= a(0.07,0.18)

= (0.28,0.72).

A full overview of values, messages, and posterior probabilities (or beliefs) for the entire network
after DA is instantiated is provided in Figure 2.5.
Tree Propagation Algorithm

Consider a node X with m children Y7, ..., Y}, and one parent U. The belief distribution of X can

be computed given:
e causal support: mx(U) = Pr(U | EY)
e diagnostic support from the j-th child: Ay, (X) = Pr(E;j | X)

e the conditional probability table: Pr(X | U)
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n(CS) = (0.1, 0.9)
A(CS) = (0.7, 0.2)
BEL(CS)=P (CS |da) = (0.28, 0.72)

(DA) = (0.25, 0.75)
) (DA) = (1.00, 0.00)
BEL(DA) = P (DA|da) = (1.00, 0.00)

n(PC) = (0.512, 0.488)
A (PC) = (1.000, 1.000)
BEL(PC) = P ( PC | da) = (0.512, 0.488)

n(RD) = (0.4, 0.6)
A (RD) = (1.0, 1.0) CS: Cheating-spouse
BEL(RD) =P (RD|da) = (0.4, 0.6) DA: Dining-another
PC: Phone-calls
RD: Reported-dining

Figure 2.5: Posterior probability distribution in the ‘cheating spouse’ example.

Local belief propagation is achieved using the following three steps:
1. BeliefUpdating. Updated belief is:

BEL(X) = aA(X)7(X).
2. BottomUpPropagation. The message to parent U is:

Ax(U) =D AX)Pr(X | U).
X

3. TopDownPropagation. The message to the j-th child Y} is:

7y, (X) = am(X) [ ] Avi (X).
k#j

The probabilistic meaning of the nodes is maintained using the above propagation scheme.
We summarize the network propagation approach to belief propagation by means of Figure 2.6.

(The figure is adapted from [Pearl, 1988].) The figure shows how the Bayesian network is initially
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Figure 2.6: Propagating the effect of new evidence in a Bayesian networks.

in equilibrium (a); after which two new pieces of evidence arrives (b). The evidence arrives at the
two leaf nodes marked ‘Data’. This leads to messages to parents (white messages) (b); the parents
update their parents and other children (black messages) (c). Belief updating continues until all
nodes have received the appropriate messages (d)-(f).

The network propagation algorithm has three advantageous features. First, its time complexity
is linear in the diameter of the network. Second, the computations required can be performed locally,
and they require little local space. Third, the computations are independent of the global control
scheme in the sense that different control schemes can lead the network to a stable representation

of the joint pdf.

Polytree Propagation Algorithm

The network propagation algorithm can be generalized to polytrees, i.e. singly connected networks

where some nodes have more than one parent, but where there is only one path between any
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two nodes in the Bayesian network. The propagation scheme is essentially the same as for trees.
Consider a node X with m children Y7, ..., Y, and n parents Uy, ..., U,. The belief distribution of

X can be computed given:

e causal support from the i-th parent: 7x(U;) = Pr(U; | E(JJFZX)
e diagnostic support from the j-th child: Ay, (X) = Pr(E)_(Yj | X)

e the conditional probability table: Pr(X | Uy, ...,Uy)

Local belief propagation is achieved using similar steps as used for trees, i.e. steps similar to
BeliefUpdating, BottomUpPropagation, and TopDownPropagation. The propagation formulas are
changed to take a node’s multiple parents into account.

For example, BeliefUpdating is still based on the formula BEL(X) = aA(X)7(X). Here, A(X)

is defined as before, but the definition of 7(X) is now

m(X)= > PrX|U,..Un) [[7x (@) (2.10)

UtyeyUn i

rather than

m(X) =) Pr(X | U)mx (V) (2.11)

as it was for trees.

The advantageous features mentioned for the tree propagation algorithm carry almost entirely
over to the polytree propagation algorithm. There is a limitation from the point of view of computa-
tional complexity. The summation in Equation 2.10 ranges over all combinations of parent variables.
This is exponential, which is problematic if there are more than 4-5 parents. Canonical models of

multi-causal interactions, such as the noisy OR, are a way to counteract this problem [Pearl, 1988].
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2.2.2 Inference by Clustering

Clustering is one approach to making inference in multiply connected Bayesian networks possible
[Pearl, 1988]. The Hugin approach is based on clustering. Hugin propagation operates in two
phases: a compilation or clustering phase and a run-time or propagation phase. In the compilation
phase, a Bayesian network is transformed into belief universes organized as a tree, a junction tree.
A belief universe consists of a set of nodes and a belief table, i.e. a non-normalized joint probability
table. In the run-time phase, evidence is propagated between the belief universes in the junction
tree.

Hugin propagation was originally developed by Lauritzen and Spiegelhalter [Lauritzen and
Spiegelhalter, 1988]; later it was refined by Jensen et al. [Jensen et al., 1990b] [Andersen et al., 1989).
This section is partly based on those sources, but in particular Jensen’s recent book describing the

Hugin approach [Jensen, 1996].

Junction tree

A junction tree is a graph where the nodes are cliques and edges have a separator. There are belief
tables for both the nodes and the separators: belief tables and separator tables respectively. A
junction tree exhibits the junction tree property: For any two nodes U and V in the tree, all nodes
between them contain U N'V. A junction tree represents a Bayesian network over the variables X

if:
e there is a node containing A U II4 for all nodes A in the Bayesian network.

e Pr(X) is the product of the node belief tables divided by separator belief tables

Examples of Bayesian networks and their corresponding junction trees are shown in Figure 2.7.

For each cluster C' and neighboring separator set S the following holds:

> " B(C) = B(S), (2.12)

C\S

where B denotes a belief table, a probability table that does not necessarily sum to one. (Belief

tables are discussed in detail below.) When Equation 2.12 holds for a neighboring clique and
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Figure 2.7: Two examples of Bayesian networks and junction trees representing them. The Bayesian
networks is shown to the left, the junction tree to the right.

separator pair we say that they are consistent. When the equation holds for all such pairs we say

that the junction tree is locally consistent.

From Bayesian Network to Junction Tree

A junction tree (or a set of belief universes) can be constructed from a Bayesian network in the

following way:

e Construct a moral graph: Make an undirected copy of the Bayesian network. Add edges

between nodes A U Il4, where A ranges over all nodes with parents in the Bayesian network.

e Triangulate the moral graph: Add edges to the moral graph such that it becomes triangulated—

i.e. no chordless cycle of length greater than three exists.

e Create a junction graph (or system of belief universes): For each clique in the triangulated
moral graph, construct a node in the junction graph. Between any two junction tree nodes
containing the same nodes in the underlying clique, construct a separator with those nodes.

Add edges between the separator and the two nodes.
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Figure 2.8: The six steps involved in creating a junction tree from a Bayesian networks.

e Create a junction tree: Create a junction tree from the junction graph by deleting edges and

separators. The junction tree property must be satisfied by the resulting junction tree.

An example of following the steps above is shown in Figure 2.8.

The most crucial step in the process of creating a junction tree from a Bayesian network is
triangulation. This is because triangulation determines the clique sizes, and the size of a belief table
is exponential in the size of the clique which it represents. Triangulation is unfortunately known
to be NP-hard, but there are heuristic algorithms that perform triangulation quite well [Jensen,

1996) [Huang and Darwiche, 1996].

Preliminaries

The operations of extension, restriction, multiplication, addition, marginalization, and division are
defined for belief functions or belief tables [Jensen et al., 1990a|. Here we consider how multiplica-

tion, division, and marginalization need to be defined for belief tables. Multiplication is performed
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B(X,Y) B'(X,Y) B"(X,Y)
hn Y2 Y1 | Y2 Y1 Y2
Ty | a;n | apg x1 | b1 | b2 x1 | a11b11 | aisbio
T2 | az1 | ax T2 | ba1 | boo T2 | asiboy | asebo

Table 2.1: Multiplication of belief tables.

element-wise, like matrix multiplication with a scalar but unlike multiplication of two matrices. Sup-
pose we have two belief tables B(X,Y) and B/(X,Y). Their product B" (X,Y) = B(X,Y)B'(X,Y)

is defined as shown in Table 2.1. An alternative way to write this product is:

a4

B'(X,Y) = B(X,Y)B'(X,Y)
_ ail a2 bir b2
as) a9 ba1  bao

_ ajtbir  a12b12

aziber  a2bao

We use the convention that the first variable in a belief function, for instance X in B”(X ,Y), ranges
over rows in the table while the second variable, here Y, ranges over columns.
Belief table multiplication is defined similarly when not all variables are overlapping. This

corresponds to multiplication where the dimensions of the tables differ, as in:

B(X,Y)B'(X)
air a2 b1

as1 a ba1

a11bir  a12bnn

ag1ba1  agaboy

For example, B" (1,y1) = B(x1,y1)B(21) = a11b11, and B" (x1,y2) = B(w1,y2)B' (1) = a12b11.
Division is also performed element-wise, and is defined similar to multiplication. Marginalization

is defined analogous to marginalization of probability tables.
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Figure 2.9: Absorption in a junction tree.

Initialization

Once a junction tree is compiled from a Bayesian network, it needs to be initialized. Initialization
progresses as follows. First, for each cluster C' in the junction tree let B(C') = 1. Second, for
each variable V, in the Bayesian network, find a cluster C' that contains V3U Ily, , and let B'(C) =

B(C) Pr(Vy | Iy, ). After this, the following equation holds:

[, B(Cy) _ szl Pr(Vj | Iy, ) — Pr(U)
1 )

—1
H?:l B (Sj)
where C; denotes cluster number 7, S; denotes separator number j, ¢ is the number of nodes in the

BN, and U is the set of nodes in the Bayesian network.

Evidence and Absorption

Evidence is treated as follows in the Hugin model. Suppose there is a node X such that Pr(X) =
(x1,...,25). Evidence e that X can only be in x; or z; gives the following result: Pr(X,e) =
(0,...,0,24,0,...,0,2;,0,...,0). This can be regarded as multiplication of the belief table for X with
the evidence vector e, where e = (0, ...,0,1,0,...,0,1,0,...,0). In other words, in the evidence vector
there is a one where there is evidence, zero elsewhere.

The conditional probability Pr(X | e) can be calculated using the equation Pr(X | e) =
Pr(X,e)/ Pr(e).

Consider the junction tree in Figure 2.9. The nodes W and V are neighbors in the junction
tree, S is their separator, and B(W'), B(V) and B(S) the respective belief tables. The figure shows
how the effect of a change in V’s belief table B’(V') is propagated to W ’s B/(W) via S by means
of the belief table B’(S). More technically, we say that the node W absorbs from V. Absorption

amounts to these actions:
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B(DA) = (1, 0)

RD,DA DA DA,CS cs

Figure 2.10: Propagation in junction tree of the ‘cheating spouse’ example based on evidence DA
= (1,0).

e compute B'(S) =3 1\ g B(V) at V,
e send B/(S) from V to S, and

e send B'(W) = B(W)% from S to W.

Absorption is the essence of what takes place during belief propagation in the Hugin architecture.

Belief Propagation: Example

In the following we illustrate by example how Hugin propagation works. Consider the cheating
spouse example introduced earlier. The result of compiling the cheating spouse Bayesian network
into a junction tree is shown in Figure 2.7. Suppose initial propagation has taken place and that
the evidence e = {DA = da}. That is, the evidence vector is B(DA) = (1,0). This gives the

following effect:

B'(DA,CS) = B'(DA,CS)B(DA)
0.07 0.18 1
0.03 0.72 0
0.07 0.18
0.00 0.00
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We marginalize B'(DA,CS) to get B'(DA):

0.25
B'(DA) =) B/(DA,CS) =
cs 0.00
Now, the belief universe B(RD, DA) can be updated:
B'(DA)
B'(RD,DA) = B(RD,DA
0.60 0.99 < 0.25 0.75 )
0.4 0.0
0.6 0.0

Similar to B'(DA), the belief B'(C'S) can be computed by marginalization:

0.07
B'(CS) =) _B/(DA,CS) =
DA 0.18

We update the belief universe B(PC,CS) similar to B(RD, DA):

B'(PC,CS) = B(PC, CS)%

0.08 0.36 <0-07 0.18)

0.02 0.54 0.10 0.90)

0.056 0.072
0.014 0.108

The belief table B'(PC,CS) can easily be turned into a probability table P'(PC,CS) :
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1 0.056 0.072

P'/(PC,CS) =
0.056 + 0.072 + 0014 + 0108 | 414 0.108
0.224 0.288
0.056 0.432

The probability table P'(PC,C'S) is marginalized to produce the updated probabilities P'(C'S):

P'(CS)=> P'(PC,CS) = (0.28,0.72).
PC

Notice how P'(CS) is the same as the belief BEL(C'S) obtained using the network propagation

approach in Section 2.2.1.

Belief Propagation: Algorithms

Propagation in the junction tree of belief universes proceeds by the procedures of message passing,
DistributeEvidence, CollectEvidence, and Hugin propagation. These are all described below.
Hugin’s message passing scheme is essentially that proposed by Kim and Pearl [Kim and Pearl,
1983]: A node U sends a message to a neighbor node when all its other neighbor nodes have sent
messages to U. The reader is referred to Section 2.2.1 on network propagation for details on this.
The purpose of Hugin message passing and the other components of the Hugin architecture is

summarized in the following two theorems (see [Jensen, 1996, pp. 79-79] for details).

Theorem 6 Consider a BN representing Pr(U), and let T be a junction tree corresponding to the

BN. After a full round of message passing in T, we have for each node V' and separator S that:

B(V) =) _Pr(U) =Pr(V) and B(S) = Px(S5).
U\V

Theorem 7 Consider a BN representing Pr(U), and let T be a junction tree corresponding to the
BN. Let e = {f1, ..., fm }be findings on the variables { A1, ..., Ay }. For eachi find a node containing

A; and multiply its table with f;. Then, after a full round of message passing, we have for each
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node V' and separator S that:
B(V) =Pr(V,e) B(S) = Px(S, e) Pr(e) =Y B(V).

DistributeEvidence is used for propagating belief from a node after it has received evidence.
Suppose W has received evidence and has a neighbor V. DistributeEvidence is a recursive procedure
that when invoked on V: (i) calibrates V' with respect to W, (ii) invokes DistributeEvidence on all
neighbors of V' except for W. The ‘cheating spouse’ example shown earlier in this section illustrates
how DistributeEvidence works. In that example, propagation starts from the node (DA, CS), and
terminates after (RD,DA) and (CS, PC) have been updated.

CollectEvidence is useful for propagating evidence to a node after other nodes have received
evidence. It works similarly to DistributeEvidence, but with respect to updating a particular node’s
posterior probability based on evidence elsewhere in the network.

Hugin propagation is the highest-level algorithm of the Hugin approach. It combines Distribu-
teEvidence and CollectEvidence and works as follows. First, a particular node is picked as the root
of the junction tree. Then DistributeEvidence and CollectEvidence are called such that belief is
first propagated from the root towards the leafs of the tree, then from the leafs toward the root.
This approach is amendable to a recursive implementation. The advantage of Hugin propagation
over the message passing scheme is that the junction tree is traversed in a more controlled fashion.

In addition to belief updating, which was described above, it is also possible to do belief revision
in the Hugin model. The approach is similar to above, and allows the most probable explanation
to be computed [Jensen, 1996, pp. 104-107]. Note that Jensen calls the most probable explanation

the configuration of maximal probability.

2.3 Inexact Inference Methods

This section presents and discusses previous research on BN inference using inexact inference meth-

ods, including genetic algorithms, stochastic search, and simulated annealing.
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2.3.1 Lin et al.

Lin et al. consider abductive diagnosis in medicine, i.e. search for the set of diagnoses (hypotheses)
that best explain the evidence [Lin et al., 1990, p. 129]. They see two problems associated with
medical abductive diagnosis; uncertainty and search space size. To address these two problems, Lin
et al. investigate three randomized search techniques: iterative local search, simulated annealing,
and genetic search. Positive results are reported based on an empirical study using the decision-
theoretic version of the QMR medical knowledge base, QMR-DT. The algorithms proved to be
tractable and converged, in many cases, to the most probable explanation.

Iterative local search (ILS) is a probabilistic hill-climbing variant also known as neighborhood
search [Lin et al., 1990, p. 129]. ILS is a combination of next-ascent hill climbing and random-
mutation hill climbing as presented by Mitchell [Mitchell, 1996, p. 129]. The limitation of ILS is
that it stops on (local) maxima, however since it is iterated it typically finds many maxima, one
of which might be global one. Genetic search (GS) is a genetic algorithm derived from Ackley’s
iterated GS [Ackley, 1987]. GS is a steady-state GA employing survival of the fittest replacement,
where individuals of below-average fitness are replaced at random. Selection is done uniformly at
random. Ackley presents both a uniform and an ordered crossover variant of GS. For both variants,
one new individual is created.

For their variant of GS, Lin et al. developed a special mutation operator based on a node’s
Markov blanket. Given a node H;, the Markov blanket d-separates the node from the rest of
the BN. The Markov blanket is exploited in two ways. First, only the Markov blanket needs
to be recalculated after mutation. Second, the Markov blanket is used to determine mutation
probability. Assuming, without loss of generality, binary nodes with values 0 and 1, an example

mutation probability is given by the Markov-blanket score:

Pr(H; =1]h,e)

PrMutation of H from 010 1) = & 5Tk o) + Pr(H: = 1 [y 0)

(2.13)

Here, Pr(H; = h; | h,e) denotes the probability that hypothesis H; has value h;, other hypotheses

h keep their current values as does the evidence e. Lin et al. remark that ‘it is difficult to formalize
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Experimental BN | N Vv C |ILS| SA | GS
Reduced BN 4070 | 30 | 4040 | 77% | 94% | 76%
Full BN 4574 | 534 | 4040 | 57% | 83% | 52%

Table 2.2: Summary of experiments comparing iterative local search (ILS), simulated annealing
(SA), and genetic search (GS) for two different BNs, ‘Reduced BN’ and ‘Full BN’. ‘N’, ‘V’, and ‘C’
give the total size of the BN, the number of disease (root) nodes, and the number of feature (leaf)
nodes respectively. Note that these numbers are upper bounds since they apply to the BN before
pruning, and this was performed before all search algorithms were used. The numbers in the table
refer to the percentage of cases in which the best explanation was found.

a theoretical construct for our mutation operator’ [Lin et al., 1990, p. 129], however the intuition is
that the probability of mutation is proportional to the context of where mutation takes place. Two
different crossover operators were considered in GS, uniform and ordered. They gave approximately
the same performance on QMR-DT, which can be explained by the topology of this BN as well as
how it was pruned before the experiment.

The QMR-DT BN is a bipartite BN that exploits the causal-independence assumption. One
aspect of the QMR-DT is captured in what has been called the independent relevant symptoms
model [Castillo et al., 1997]; in addition the noisy-OR assumption is made. Irrelevant nodes were
pruned away before GA inference using Shachter’s operations [Shachter, 1988].

Two experiments were performed with QMR-DT: using a reduced BN and using a full BN.
Sizes of these networks, before pruning, are given in Table 2.2. Sizes of networks actually used for
inference is not given [Lin et al., 1990, p. 129] and is hence unknown. However, it is known that only
up to 70 findings is used. For the reduced BN, 30 diseases were selected and an exhaustive search
performed to determine the most probable explanation (MPE) in each of 10 different cases used for
experimentation. These 10 MPEs made up the gold standard. For the full BN, the gold standard
was constructed by taking the best explanation from three sources. First, 500 iterations with
ILS; second, 500,000 trials using a variant of the forward sampling algorithm likelihood weighing
[Shachter and Peot, 1990] [Fung and Chang, 1990]; and third, the best explanation found by any of
the three algorithms in the experimental runs. Experiments with ILS, SA, and GA were performed.
The results of the experiments are summarized in Table 2.2. In terms of computational speed, ILS
was significantly faster than SA which was significantly faster than GS.

For the reduced BN, ILS is preferred to SA and GS because of its shorter computation time
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giving explanations of the same quality. For the full BN, SA is preferred to ILS and GS because
of its higher quality explanations. This insight into why SA outperforms ILS for the full BN is

noteworthy [Lin et al., 1990]:

We suspect that, for some of the cases, the ILS algorithm has a low probability of ever
finding the global maximum. We suspect that there are many local maxima that are

close to the global maximum, so that local searches tend to get trapped.

In summary, this research shows that iterative local search, simulated annealing, and genetic
search are suitable for computing MPEs; however for difficult cases there is significant room for
improvement. Some limitations of the approaches investigated is that the probabilities of the MPEs
are not computed, there are no bounds on the probabilities, and the KMPEs are not computed.
Also, it is also not clear why genetic search does not perform as well as iterative local search. It
might be unfortunate GS parameter settings or that this GA type is not appropriate for BNs. As
reflected in the above quote, there is a lack of understanding of what the structure of the search

space is, and how this interacts with which search algorithm is best suited to search that space.

2.3.2 Rojas-Guzman and Kramer

Rojas-Guzman and Kramer developed the GALGO system for abductive GA inference in BNs
[Rojas-Guzman and Kramer, 1993 [Rojas-Guzman, 1995] [Rojas-Guzman and Kramer, 1996]. The
motivation behind GALGO is that approximate inference is attractive for BNs with a high number
of variables, a high number of states per variable, and many undirected cycles. Salient features of
GALGO are its use of non-binary alphabets, a graph representation, and graph operators. The use
of a graph representation instead of a string representation for individuals is based on an informal
schema argument: Nodes that are adjacent in a BN might not be adjacent in a string representation
of the BN, but can obviously be in a graph. Thus, GA building blocks are less likely to exist in the
string representation.

An experiment was performed to investigate the impact of individual representation (string or
graph) on GALGO'’s performance [Rojas-Guzman and Kramer, 1996]. The ALARM BN [Beinlich
et al., 1989] was used in the experiment, which is summarized in Table 2.3. Although the time

expenditure per generation is smaller for the string representation, the graph representation is
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Individual Runs | Accuracy | Convergence Run time
String representation | 30 83.3% 39.3 generations | 62.8 s
Graph representation | 35 91.4% 33.0 generations | 57.2 s

Table 2.3: Summary of experiment on the impact of string or graph representation of individuals

in GALGO.

advantageous both from the point of view of accuracy and run time. However, the difference is not
extreme, and there is also the question of how different BNs would behave for different individual
representations.

A generation gap model is used, where the worst fit individuals in the population are replaced
each generation [Rojas-Guzman and Kramer, 1996, p. 64]. In addition, only a proportion of
the population, the breeding population, is allowed to mate. To control the selection pressure of
their proportionate selection scheme, three variants of fitness scaling were investigated: no scaling,
inverse logarithmic scaling 1/log?(x), and uniform scaling 1/k, where k is the size of the breeding
population (i.e. the part of the population which is allowed to mate) [Rojas-Guzman and Kramer,
1993]. In later work, a generalization of the inverse logarithmic scaling function was used [Rojas-

Guzman and Kramer, 1996]:

€2

HPr(x)) = (log(Pr(x) +¢€1))? +¢1’

where €1 and & are constants. Using e7 = 1 x 107 *2and e = 0.01, ¢(Pr(x)) is defined for Pr(x) €
[0, 1], with ¢(0) = 0.00007 and t(1) ~ 1.

GALGOQO’s crossover operator is cluster-oriented. A focal node F' is picked in an individual, and
nodes are crossed over within a distance D from F'. For instance, if D = 1, F' and nodes adjacent
to F' are crossed over. Mutation only mutates non-evidence nodes.

To validate the approach, a set of experiments were performed. The three experimental BNs of
greatest interest are BN1, BN2, and BN3. BN1 has 13 nodes and 12 edges, and a search space size
of 12,288. BN2 has 20 nodes and 24 edges, and a search space size of 7,962,624. BN3 is a variant
of BN2 where the number of edges is reduced to 20. In the experiments, the least fit 20% of the
individuals were replaced per generation. The mutation rates were 0.025 for BN1, 0.075 for BN2 and

BN3. Termination occurs when there is approximate convergence in the population [Rojas-Guzman
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Scaling scheme Solutions BN1 BN2 BN3
1in top 1 30% 0%
No scaling 1 in top 10 100% 45%
1 in top 50 100% 5%
1in top 1 95% 30%
Uniform 1 in top 10 100% 60%
1 in top 50 100% 100%
1in top 1 20% 8%
Inverse logarithmic 1 in top 10 88% 44%
1 in top 50 100% 56%

Table 2.4: Experimental results for GALGO on BN1, BN2, and BN3. Differences in performance
are shown for different scaling conditions: no scaling, uniform scaling, and inverse logarithmic
scaling.

and Kramer, 1996, p. 65].

The results of the experiments are summarized in Table 2.4. The measure of performance in
the table is presence of one of the best fit individuals in the population. The gold standard is based
on systematic, exhaustive enumeration of the BN in question. In the table, an X% in the ‘1 in top
n’ row means that in X% of the runs, an individual among the best n was computed. From the
table, we see that uniform scaling outperforms no scaling, the latter probably giving a too strong
selection pressure. Inverse logarithmic scaling also counteracts this pressure, and performs as well
or better than uniform scaling, except for the ‘1 in top 1’ case for BN2.

Rojas-Guzman and Kramer also experiment with the expansion level of crossover, not finding
any significant differences. In addition, an optimal GA parameter set for a particular BN is sug-
gested based on regression analysis. This parameter set is as follows: Population size n = 150,
Pr(Mutation) = 0.009, breeding selectivity B = 0.9, average lifetime A = 2 (i.e. replacement ratio
50%), and crossover expansion level L = 4. This parameter set found optimum in 80% of the runs.
Rojas-Guzman and Kramer also mention a relationship between, on the one hand, the notions of
deception and epistatis in the GA literature and, on the other hand, edges and connectivity in a
BN. Zero epistatis occurs in a BN with no edges; maximum epistatis in a maximally connected BN.
BNs are typically locally connected, corresponding to gene interactions with a limited number of
neighboring genes. This should pave the way for building block processing, however no systematic
studies are undertaken to support their intuitions.

In summary, the work by Rojas-Guzman and Kramer makes contributions by representing
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individuals as graphs and by controlling selection pressure by using scaling functions. However,
many of the limitations identified to apply to Lin et al.’s work still hold. In general, there is a lack
of theoretical understanding, for example regarding building block processing in graphs versus in
strings. Also, an accuracy of 8%, 44%, and 56% for BN3 for finding an explanation among the
top 1, 10, and 50 respectively leaves significant room for improvement. Why isn’t the accuracy
higher? It is also a little puzzling why the optimized parameter set outperforms the non-optimized
parameter set. For example, the very high replacement ratio runs contrary to many of the other

research efforts discussed here.

2.3.3 Gelsema

Gelsema investigated using a GA for abductive reasoning in BNs, and emphasizes the resulting
improved efficiency compared to random sampling. The mapping of a BN instantiation into a
chromosomal string, the genetic operators, and the use of a BN as an objective function is done
similar to the approaches described earlier.

An initial GA population was created as follows. Genes corresponding to evidence nodes were
assigned alleles corresponding to the evidence values. Non-evidence root nodes were assigned values
with uniform probability, non-evidence non-root nodes were assigned values according to their
conditional probability. (The approach is a combination of the forward sampling algorithms uniform
sampling and likelihood weighting [Shachter and Peot, 1990] [Fung and Chang, 1990], although
Gelsema does not mention this.) The purpose of initializing the population in this way is to bias
it towards better regions of the search space.

Steady-state roulette-wheel selection based on rank order is used, where the population is up-
dated after each recombination. Only one of two offspring, presumably the better fit, is allowed
into the population, where it replaces the least fit individual. Replacement only takes place if the
individual does not exist in the population already. Mutation also operates on this individual, but
does not change alleles corresponding to instantiated nodes. The values Pr(Crossover) = 1.0 and
Pr(Mutation) = 0.2 were chosen ad hoc.

Three binary BNs were used for experimentation, BN1, BN2, and BN3. BN1 consists of 11

nodes and 12 edges. BN2, an extension of BN1, consists of 13 nodes and 16 edges. BN3 is an
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Solutions BN1 BN2 BN3

S E S E S E
1in top 5 | 99% | 100% | 100% | 100% | 100% | 100%
2intop 5 | 94% | 96% | 99% | 99% | 100% | 100%
3intop 5 | 66% | 84% | 90% | 96% | 100% | 100%
4intop 5 | 36% | 45% | 59% | 68% | 95% | 8%
5intop5 | 9% 4% | 28% | 18% | 69% | 12%

Table 2.5: Results from Gelsema’s experiments with three BNs BN1, BN2, and BN3.

extension of BN2 and has 15 nodes and 21 edges. For all three experiments, the population size n
was determined by n = [Qpy|/64, where |Qpn| is the BN’s state space. The number of generations
tmax was determined by tmax = |QpN|/16. After each run, the five individuals with highest fitness
were recorded, and each experiment consisted of 100 runs.

The experimental results are summarized in Table 2.5. In the table, S stands for solution
while E stands for explanation. A solution consists of instantiations to all non-evidence nodes. An
explanation, in Gelsema’s terminology, comprises instantiations of all non-evidence disease nodes.
It appears that explanations are computed from all solutions in the population by marginalizing
out the non-root variables [Gelsema, 1995, p. 871]. For the top three rows, notice that the values
are well above 50% for all three BNs, so the results are quite good.

In summary, Gelsema’s results are in some ways much better than those of previous efforts.
Partly, this is probably due to his use of quite simple BNs as well as too large sample and population
sizes (see below for more on the last point). However, credit should also be given to the approach
used. In particular, comparing Table 2.5 with Table 2.4, this steady state selection strategy appears
to preserve diversity better, although Gelsema does not discuss this point in the article. Also,
the computation of both an explanation (diagnostic hypothesis) and a solution is a contribution;
previous efforts have focused on one or the other. Finally, the biased initial population is interesting.

Some of the limitations of this work are as follows. The sizes of the sample space and the
population are both unrealistic, being 1/16 and 1/64 respectively. Clearly, for larger BNs one
cannot use such large fractions. In general, the use of fairly small BNs of a particular topology
makes one ask whether the approach scales well. The comparison to random sampling is not very

instructive, and there is very little theory supporting the experiments and the design choices made.
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2.3.4 Borghetti et al.

Borghetti et al. use a GA for belief revision in a Bayesian knowledge base (BKB), which is similar
to a BN but allows for incompleteness. This work focuses on scoring a GA individual when there is
BKB incompleteness and the joint probability is undefined. One could assign such individuals zero
fitness, however this does not give the GA any signal, which is problematic in highly incomplete
BKBs. For this reason, one wants to score incomplete solutions, but not as high as any complete
solution. That is, a lower bound Pr(x) for the least fit individual x is sought such that Pr(x) <
Pr(y) for all individuals y. Assuming non-zero joint probabilities, an analogue of the following

estimate E, cast within the BKB framework, is used for Pr(x):

E =[] min(Pr(v; | TIy,)),
=1

where min(Pr(V | IIy)) is the minimal conditional probability in node V’s CPT. Now the fitness
of an individual y is given by Pr(y) if y is defined, else it is given by S(y), where S is a scoring
function and S(y) < E for all y. The scoring function is also formulated such that more incomplete
solutions are penalized more than less incomplete solutions.

An experiment where only 4% of the solutions were complete showed that the approach worked.
The number of complete solutions found as well as convergence to MPE improved by employing
the scoring method.

Since BKBs are beyond the scope of our work, the most interesting aspect of this work is the
fact that the scoring function can be regarded as an approach to scaling. An improvement to the
method would be to use fitness function Pr(x)+FE if x is defined, else use S(x). This avoids the

assumption of non-zero joint probabilities.

2.3.5 Welch

Welch considers the problem of on-line belief updating in BNs [Welch, 1996]. He concludes that
estimates of posterior probabilities based on an archive of trial solutions resulting from using a GA

outperforms the traditional Monte Carlo simulation algorithms such as logic sampling [Henrion,
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1988], forward simulation [Shachter and Peot, 1990] [Fung and Chang, 1990], and backward simu-
lation [Fung and Favero, 1994] for this class of BNs. In particular, Welch observes experimentally
that compared to a GA, the Monte Carlo simulation algorithms have problems with low-probability
evidence that is introduced sequentially in on-line environments.

The initial GA population is populated from an archive as well as by performing a Monte Carlo
simulation, both forward simulation and backward simulation. A steady-state GA is used, where
a new individual replaces the least fit individual in the population [Welch, 1997]. Crossover works
as follows. A node X is picked uniformly at random from the BN; a distance d is also selected at
random. Let M(X,d) be the Markov neighborhood with distance d and center at X. The offspring
C of individuals A and B is formed by taking states within M(X,d) from A and states outside

M(X,d) from B. The offspring C' is then exposed to the following mutation probability:

Pr(Mutate X to X = x;) = Pr(Pick X for mutation)

x Pr(Mutate to X = z; | Pick X for mutation)

where Pr(Pick X for mutation) = 0.01, and Pr(Mutate to X = z; |Pick X for mutation) is
computed as shown in Equation 2.13. Let C’ be the offspring after mutation. If C’ does not exist
in the breeding population and its fitness of is higher than the fitness of the least fit individual
D, D is replaced with C’. Fitness proportionate selection is used, where two identical parents is
allowed. (Note that the probability of having two identical parents is small, since all individuals in
the breeding population are different).

For experimentation, the following GA parameters were used: breeding population size 40,
crossover probability 0.85, and mutation probability 0.01. The maximum number of generations was
varied. For a BN consisting of 32 nodes, the root mean squared error (RMSE) of the estimated belief
in each node compared to the true belief was calculated. Here is a description of how computing
an estimate using a GA compares to computing an estimate using backward (or evidence based)

simulation [Welch, 1996, p. 540]:

A run of 10,000 trials of evidence based simulation required computation time 6 times
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Number of RMSE of forward RMSE of forward
evidence nodes simulation simulation and GA hybrid
0 0.0091 0.0173
1 0.0161 0.0149
2 0.0221 0.0193
3 0.1134 0.0714
4 0.0951 0.0337

Table 2.6: Root mean squared error (RMSE) for forward simulation versus hybrid of forward
simulation and GA as a function of the number of evidence nodes.

greater than a combination of 5,000 backward simulations and 2,500 genetic search
trials. Even in that case, the archive RMSE was 0.000042, much better than for the

lengthy simulation.

To confirm the positive findings for the GA for the 32 node BN, 12 random BNs were generated
at random. Each node consisted of 2—4 states and had 0-3 parents, with each state biased towards
zero: Each CPT entry has a probability of 0.5 of being zero; if non-zero it is chosen uniformly from
the interval (0,1] under the constraint that entries in a CPT column must add up to one. The
average results for these 12 randomly generated BNs are summarized in Table 2.6. The trend here
is quite clear: the forward simulation and GA hybrid outperforms pure forward simulation as the
number of evidence nodes increases.

The results of Welch are very encouraging from the GA point of view. In particular, Welch
shows that a GA is especially useful when evidence has low probability or when sequential updating
in a on-line environment is required. The archive and the GA replacement strategy seem to be
two important factors. Also, he established interesting performance differences for logic sampling,
forward sampling, and backward sampling, although this has not been the emphasis here.

These are some limitations of this study. First, it is not clear to what extent the GA benefits
from the initialization of its initial population by forward simulation. Why not just run the GA
right away? It might be beneficial to run both forward simulation and the GA, but this is not clear
from the paper. Second, there is a lack of theory in the paper. Why does the GA work quite
well here, but less so in other previous research? Third, how sensitive is the GA to the skewed

distribution used by Welch, in particular as represented in the random BNs?
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2.3.6 Miscellaneous

Santos and Shimony present a system with two components: a generator and an evaluator [Santos
et al., 1996] [Santos et al., 1997]. The generator, a randomized approximation algorithm, provides
approximations quickly. The evaluator, a deterministic approximation algorithm, provides proba-
bility bounds. By combining them, Santos and Shimony attempt to get the best of both worlds: The
generator searches for highly probable assignments, the evaluator accumulates these assignments
to perform belief updating and get bounds. The focus is on high-probability partial assignments,
so-called independence-based assignments.

Two different GAs are considered as generators [Santos et al., 1997]. First, a GA with complete
assignments is considered. Santos et al. base their GA on the GA of Miller et al. Miller et al. used
a GA to the NP-hard problem of multiple fault diagnosis [Miller et al., 1993]. They used a hybrid
approach, exploiting local improvement operators, resulting in the GA finding an optimal solution
in almost all cases, with good performance. The three most important parts of this research are
multiple fault diagnosis, the relative likelihood function, and the genetic algorithm. Multiple fault
diagnosis corresponds to a diagnostic BN with multiple root nodes where one needs to consider
belief revision and not just belief updating. The relative likelihood function is that of Peng and
Reggia’s probabilistic causal model [Peng and Reggia, 1987a| [Peng and Reggia, 1987b], where
“relative likelihood gives us the capability to compare diagnoses and select the best one.” The GA
is modeled after the simple GA [Goldberg, 1989c¢|, but with the following modifications: two-point
crossover, elitism, and a slight initialization bias. Elitism is implemented by keeping the best fit
individual if it is better than the worst fit in the previous generation. The initialization bias is due
to insertion of an individual with all relevant disorders present. Santos et al. adapt this GA as
follows [Santos et al., 1997]: “The mutation rate is relatively high, since we do not want to run the
genetic algorithm to convergence, but rather to explore the search space. This is also the reason for
avoiding the elitist policy.” In addition, the GA of Santos et al. is based on independence-based
assignments, where all BN nodes are not necessarily assigned a value. However, within the GA
population, all nodes of each individual do have a value.

The second GA that is considered is a messy GA using independence-based assignments within

the GA. The use of independence-based assignments within the GA means that the number of

o4



nodes as well as which nodes are assigned differs within the GA population.

Both GAs were used for experimentation. Experiments with BNs containing 2000 nodes and 500
nodes respectively turned out not to be very successful. The two GAs were inferior to cost-sharing
heuristic search and to other sampling algorithms.

We now turn to a discussion of this research. The presentation of the GAs used as well as the
experiments performed is incomplete, so it is difficult to discuss this research in detail. However,
the idea of using of partial assignments, IB assignments, is novel. In many ways, this research is
similar to that of Welch, since he also suggest a hybrid approach with a generator (the GA) and
an evaluator (the archive). Welch only considers complete assignments, though, and he also does
not try to estimate bounds. However, Santos and Shimony do not try to estimate bounds for their
GA generator, only for other generators.

Kanazawa et al. focus on the problem of divergence in BN simulation algorithms, in particular
as it manifests itself when these algorithms are applied to temporal Bayesian networks [Kanazawa
et al., 1995] [Koller, 1996]. The problem is that simulation trials diverge from reality as a process
is observed. Three algorithms that attack this problem are introduced. The first two are evidence
reversal and survival of the fittest sampling, the third is a combination of these two algorithms.
Survival of the fittest sampling (SOF) is closely related to selection in GAs in that highly likely
instantiations are propagated to the next time slice in the temporal BN. In particular, the SOF

algorithm [Kanazawa et al., 1995]

keeps a fixed number of samples, but generates the sample population for time slice ¢ by
a weighted random selection from the samples at time ¢ — 1, where the weight is given
by the likelihood for the evidence observed at time t. This is closely related to the use

of fitness-related propagation in genetic algorithms |...].

After sampling from the approximated belief state of the previous time slice t — 1, weight-
ing according to evidence at time t takes place. This produces weighted samples that form an
approximated belief state for time slice ¢, and the process start over again.

All of the three new algorithms (evidence reversal, SOF, and the combined algorithm) outper-

form likelihood weighing (or forward sampling) [Shachter and Peot, 1990] [Fung and Chang, 1990]
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on experimental temporal BNs. Further theoretical and experimental results on SOF are presented
by Koller [Koller, 1996].

We now turn to discussing SOF. SOF is in many ways similar to a GA, as noted above. Dif-
ferences between a GA and SOF are that GAs generally don’t have state transition probabilities
defined, despite the obvious similarity between a time slice increment in SOF and generation in-
crement in a GA. The essential difference is that a time slice increment is associated with external
time, a generation increment with computational time.

Larranaga et al. have focused on structure learning, Bayesian network fusion, and Bayesian
network decomposition [Larranaga et al., 1996b| [Larranaga et al., 1996¢| [Larranaga et al., 1996a).
Of these issues, only Bayesian network decomposition [Larranaga et al., 1996b] is related to BN
inference insofar as it is one step in the process of creating a junction tree from a BN, where the
junction tree is used for exact BN inference [Lauritzen and Spiegelhalter, 1988]. This research is of
some but limited relevance to the present research since we do not focus on exact Bayesian network

inference.

2.4 Summary

In this chapter, we have introduced Bayesian network terminology and reviewed previous research.
Clearly, both exact computation and inexact computations have their strong points as well as their
limitations..In the following, however, we focus on comparing the different GA techniques, since
their performance seems to be the least understood, and in addition they form one of the main
algorithmic approaches studied here.

The different approaches taken to BN inference using GAs are summarized in Table 2.7. An

’ somewhere means that the information corresponding to the entry is not available or is

entry ‘7
ambiguous. In the first column, initials for the relevant researchers are presented. These initials
should be easy to correlate to the work presented already. Most columns should be easy to un-
derstand. Generation gap gives the percentage of the population replaced per generation. The
maximum generation gap is n/n = 1; minimum generation gap is 1/n. Replacement information

is of the form ‘X, Y’, meaning that the novel individual(s) as described by X replace(s) the indi-

vidual(s) as described by Y. For example ‘one, worst if not present’ means that a newly created
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individual is admitted into the population if it is not there from before, replacing the worst fit
individual.

An important piece of information that is lacking in the table because it is lacking in most
papers is population size. In the table, it is striking how there is a strong tendency towards
a steady state GA rather than a generational GA. Another important issue is the amount of
hybridization. There are two dimensions of hybridization, the data dimension and the control
dimension. The data dimension concerns whether the same data structures are used for the GA
and the ‘other’ algorithm. The best example of data hybridization is the research by Rojas-Guzman
and Kramer [Rojas-Guzman and Kramer, 1993] [Rojas-Guzman, 1995] [Rojas-Guzman and Kramer,
1996]. The control dimension concerns how control flows between GA and the other algorithm.
The other algorithm can be used for pre- or post-processing, or one can have an integrated hybrid.
Both Gelsema and Welch use a hybrid approach in that a simulation algorithm initializes the GA’s
population [Gelsema, 1995, p. 871] [Welch, 1996, p. 538|.

Although the research efforts in the area of using GAs for BN inference have neither been
extensive nor well coordinated, important insights have been made. In particular, the following

may be concluded regarding the use of GAs for BN inference:

e Does it work? Yes, GAs can perform inference in BNs, as witnessed in particular by the
research by Rojas-Guzman, Gelsema and Welch. In particular, the research by Welch is
convincing because the GA is compared with and outperforms several well-known Monte

Carlo simulation algorithms.

e Why does it work? It seems that the selection and replacement strategies used in the GA
is crucial. Most GAs have used steady-state selection rather than generational selection.
However, this distinction is in itself not necessarily significant; what is more important is
replacement strategy and the like [Syswerda, 1991]. Judging from Table 2.7, it does seem
that replacing the worst individual(s) and only letting a new individual into the breeding
population if it does not exist there beforehand is a good strategy. We conjecture that this
variant of steady-state selection preserves diversity well, while other variants do not. However,
at this time this is only a conjecture, it might be that other aspects, such as hybridization, is

as or more important.
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Who | Generation gap Selection Replacement Scaling
LGS |1/n roulette wheel, uniform | one, below-average no
RGK | 0.2 fitness proportional two, worst yes
G 1/n roulette wheel, rank one, worst if not present | no
SSW | 1 ? all ?
w 1/n fitness proportional one, worst if not present | no
‘Who Crossover Mutation
LGS | one-point/uniform, 1.0 | yes, MB score
RGK | cluster, 7 yes, 0.025/0.075
G two-point, 1.0 yes, 0.2
SSW | two-point, 0.6 yes, > 0.033
W MB crossover, 0.85 yes, 0.01/MB score
Who | Coding | Inclusion | Initialization Termination
LGS | string part of BN | uniform 1000 generations
RGK | graph full BN uniform convergence
G string full BN biased |23x]|/16 samples
SSW | string part of BN | biased 50 generations
W string full BN biased convergence

Table 2.7: Summary of previous research to BN inference using GAs. The "Who’ column gives
initials for the researchers of the approach as follows. LGS: Lin, Galper, and Shachter. RGK:
Rojas-Guzman and Kramer. G: Gelsema. SSW: Santos, Shimony, and Williams. W: Welch.

The question of why a GA works for BN inference has received a partial answer. The following
are limitations to the research performed so far, limitations that will be addressed in the present

research:

e Lack of theory. Previous work has been almost exclusively experimental. There has been some
mention of building blocks and epistatis [Rojas-Guzman and Kramer, 1996] and multimodality
[Lin et al., 1990, p. 129], however these remarks have been anecdotal and have not been
followed up by theoretical studies based on BNs. For example, crucial GA issues such as
diversity preservation and population sizing has not been addressed in the GA for BN inference
literature. Although a comprehensive GA theory is lacking, there has been progress in the

GA community in this area over the recent years, and this progress should be utilized.

e Lack of comparison between different GAs. Typically, a research team has considered one

GA with one fixed set of parameters without varying the basic setup much. Again, there are
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many things that need to be considered for a GA to work properly, and even though one does
not want to consider all possible GA parameter settings it is clear that more empirical studies

could be performed.

e Lack of systematic experimentation. It is not clear that one has used BNs that are in some
sense hard, either for exact inference or for the stochastic search method or genetic algorithm

in question.

In the remainder of this dissertation, we attempt to address some of the limitations of the

previous research in this and related areas.
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Chapter 3

The Probabilistic Crowding Genetic
Algorithm

When searching for probable explanations in a Bayesian network, one might be interested in finding
not only a most probably explanation, but all the most probable explanations, or even many highly
probable explanations, even though several of them might have lower probabilities than a most
probable explanation. Also, Bayesian networks define, in the general case, complex multi-modal
functions. These two goals lead us to consider the genetic algorithm technique of niching.

In more general terms than that of computing the most probable explanation, the two main
objectives of niching algorithms are (i) to converge to multiple, highly fit, and significantly different
solutions, and (ii) to slow down convergence in cases where only one solution is required. Different
algorithms have been developed to fulfil these objectives [Goldberg and Richardson, 1987] [Harik,
1995] [Mahfoud, 1995]. One of these algorithms is known as deterministic crowding [Mahfoud,
1995]. Strengths of deterministic crowding are that it is simple, fast, and requires no parameters in
addition to those of a classical GA. Deterministic crowding has also been found to work well on test
functions as well as in applications. However, deterministic crowding also has some weak points.
There is a lack of analysis of convergence; as a result it is not entirely clear what deterministic
crowding computes. Considering the internal workings of the algorithm, the main problem appears
to be that there is no restorative pressure—species of higher fitness tend to win over species of
lower fitness—thus niches may get lost even though they should not be according to their fitness.

This chapter introduces a new niching algorithm, probabilistic crowding. As the name suggests,
probabilistic crowding is an offspring of deterministic crowding, and as such inherits many of its

pleasant characteristics. The main difference is the use of a probabilistic rather than a deterministic
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Population-based Non-population-based
a1 s Probabilisti di . .
Probabilistic FODALILSLIC CrowClIne Metropolis algorithm
Parallel recombinative . .
acceptance . . Simulated annealing
simulated annealing
e e . Deterministic crowding
Deterministic Restricted tournament Local search
acceptance .
selection

Table 3.1: Two key dimensions of integrated tournament algorithms: nature of the acceptance rule
and nature of the current state.

acceptance function. No longer do stronger individuals always win over weaker individuals, they win
proportionally according to their fitness, thus we get a restorative pressure. Using a probabilistic
acceptance function is shown to give stable, predictable convergence according to the niching rule,
a gold standard for niching algorithms. We show this both analytically and experimentally.

A second purpose of this chapter is to briefly review the family of algorithms to which both
deterministic and probabilistic crowding belongs, integrated tournament algorithms. Other mem-
bers of this class are restricted tournament selection [Harik, 1995], elitist recombination [Thierens
and Goldberg, 1994], parallel recombinative simulated annealing [Mahfoud and Goldberg, 1995],
the Metropolis algorithm [Metropolis et al., 1953], and simulated annealing [Kirkpatrick et al.,
1983]. Common to these algorithms is that competition is localized and occurs between what we
might call a family of similar individuals. It turns out that slight variations in how the family is
formed is crucial to whether one obtains a niching algorithm or not, and more generally this class
of algorithms is interesting because it is very efficient and gives a wide spectrum of functionality
which can be attained by changing a few parameters.

The rest of this chapter is organized as follows. Section 3.1 presents integrated tournament al-
gorithms. Section 3.2 introduces the probabilistic crowding algorithm. In Section 3.3, we analyze
certain variants of probabilistic crowding. Section 3.4 and 3.5 gives empirical evidence that proba-
bilistic crowding works well, while Section 3.6 focuses on population sizing. Section 3.7 concludes

and points out directions for future research.
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3.1 Integrated Tournament Algorithms

In traditional GAs, mutation and recombination is done first, and then selection (or replacement)
is performed second, without regard to similarity between individuals. Many algorithms, such
as probabilistic crowding, deterministic crowding, parallel recombinative simulated annealing, re-
stricted tournament selection, the Metropolis algorithm, and simulated annealing work differently,
although this distinction has not always been clearly expressed in the literature. What these algo-
rithms, which we shall call integrated tournament algorithms, have in common is that the processes
of mutation, recombination, and replacement are all integrated. Intuitively, integrated tournament
algorithms can give niching through local tournaments: Similar individuals compete for spots in the
population, and fit individuals replace those that are less fit, at least probabilistically. The exactly
nature of the tournament depends on the algorithm, and is a crucial factor in deciding whether we
get a niching algorithm or not. For instance, elitist recombination [Thierens and Goldberg, 1994]
is an integrated tournament algorithms, but it is not a niching algorithm.

An early integrated tournament algorithm is the Metropolis algorithm, which originated in
physics [Metropolis et al., 1953], and consists of generation and acceptance steps [Neal, 1993]. In
the generation step, a new state (or individual) is generated from an existing state; in the accep-
tance step, the new state is accepted or rejected with some probability. Two common acceptance
probability distributions are the Metropolis and the Boltzmann distributions. The Boltzmann
distribution is

exp(—E;/T)

Pr(E;) = exp(—FE;/T) + exp(—E;/T)’

(3.1)

where E; and Ej; are the energies of the old and new states (individuals) respectively.

Simulated annealing is essentially the Metropolis algorithm with temperature added. The tem-
perature controls the probability of accepting a higher-energy (less fit) state (individual). At high
temperature, this probability is very high, but it decreases with the temperature. Simulated an-
nealing consists of iterating the Metropolis algorithm at successively lower temperatures, and this

way it finds an estimate of the global optimum [Kirkpatrick et al., 1983] [Laarhoven and Aarts,
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1987]. Both the Metropolis rule and the Boltzmann rule achieve the Boltzmann distribution

exp(—E;/T)

P = S~ (5T

(3.2)

where Pr(E;) is the probability of having a state ¢ with energy E; at equilibrium, 7" is temperature.
If cooling is slow enough, one is guaranteed to find the optimum.

Within the field of genetic algorithms proper, an early integrated tournament approach is pres-
election. Cavicchio introduced preselection, in which a child replaces an inferior parent [Goldberg,
1989c]. DelJong turned preselection into crowding [DeJong, 1975]. In crowding, an individual is
compared to a randomly drawn subpopulation of ¢ members, and the most similar member among
the ¢ is replaced. Good results with ¢ = 2 and ¢ = 3 were reported by DeJong on multimodal
functions.

In order to integrate simulated annealing and genetic algorithms, the notion of Boltzmann tour-
nament selection was introduced [Goldberg, 1990]. Two motivations for Boltzmann tournament
selection were asymptotic convergence (as in simulated annealing) and providing a niching mecha-
nism. The Boltzmann (or logistic) acceptance rule, shown in Equation 3.1, was used. Boltzmann
tournament selection was the basis for parallel recombinative simulated annealing (PRSA) [Mah-
foud and Goldberg, 1995]. PRSA also used Boltzmann acceptance, and introduced the following
two rules for handling children and parents: (i) In double acceptance and rejection, both parents
compete against both children. (ii) In single acceptance and rejection, each parent competes against
a pre-determined child in two distinct competitions. Like simulated annealing, PRSA uses a cool-
ing schedule. Both mutation and crossover are used, to guarantee convergence to the Boltzmann
distribution at equilibrium. Three different variants of PRSA were tested empirically with good
results, two of these have proofs of global convergence. Deterministic crowding [Mahfoud, 1995] is
similar to PRSA. Differences are that deterministic crowding matches up parents and children by
minimizing some distance measure, and it uses the deterministic acceptance rule of always picking
the best fit individual in each parent and child pair.

Another integrated tournament algorithm is the gene-invariant GA (GIGA). In GIGA, children
replace the parents [Culberson, 1992]. Parents are selected, a family constructed, children selected,

and parents replaced. Family construction amounts to creating a set of pairs of children, and from
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this set one pair is picked according to some criterion, such as highest average fitness or highest
maximal fitness. The genetic invariance principle is that the distribution over any one position
on the gene does not change over time. GIGA with no mutation obeys the genetic invariance
principle, so the genetic material of the initial population is retained. In addition to selection
pressure provided by selection of better child pairs in a family, there is selection pressure due to
sorting of the population combined with selection of adjacent individuals.

Restricted tournament selection is another integrated tournament algorithm [Harik, 1995]. The
approach is a modification of standard tournament selection, based on local competition. Two
individuals x and y are picked, and crossover and mutation is performed in the usual way, creating
new individuals x’ and y’. Then w individuals are randomly chosen for x’, and among these the
closest one, x”, competes with x’ for a spot in the new population. A similar procedure is applied
to y’. The parameter w is called the window size. The window size is set to be a multiple of
s, the number of peaks to be found: w = ¢ X s, where ¢ is a constant. Restricted tournament
selection illustrates that integrated tournament algorithms only need to be have their operations
conceptually integrated; the key point is that individuals compete locally (with similar individuals)
for a spot in the population.

In summary, important dimensions of integrated tournament algorithms are the form of the
acceptance rule, whether the algorithm is population-based, whether temperature is used, which
operators are used, and whether the algorithm gives niching or not. Table 3.1 shows two of the key
dimensions of integrated tournament algorithms, and how different algorithms are classified along
these two dimensions. The importance of the distinction between probabilistic and deterministic
acceptance is as follows. It seems easier to maintain a diverse population with probabilistic ac-
ceptance, and this is the goal of niching algorithms. Processes similar to probabilistic acceptance
occur elsewhere in nature, for instance in chemical reactions and in statistical mechanics.

Concerning operators, one important distinction is whether similar individuals are brought
together to compete implicitly or explicitly. The implicit approach, of which PRSA, deterministic
crowding, probabilistic crowding are examples, integrate the operations of variation and selection.
The ezplicit approach, examples of which are crowding and restricted tournament selection, search

for similar individuals in the population. So in addition to variation and selection, there is a search
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step. Note that explicit versus implicit is a matter of degree, since even deterministic crowding
with crossover searches for a given child for the closest among the parents. Whether the integrated
tournament algorithm gives niching or not depends on the nature of the family competition. If the
family competition is based on similarity, such that two or more similar individuals compete for a
place in the population, the result is niching, else no niching is obtained. For example, deterministic
crowding, restricted tournament selection, and probabilistic crowding are niching algorithms, while
elitist recombination and GIGA are not.

The probabilistic crowding algorithm and its steady state distribution is what we turn to in the

next sections.

3.2 Probabilistic Crowding Algorithm

Probabilistic crowding is based on the deterministic crowding algorithm [Mahfoud, 1995]; the two
main differences being (i) the probabilistic acceptance rule and (ii) the fact that we have a variant
without crossover at all.

Let x and y be two similar individuals that have been picked to compete to replace one of these
two individuals in the next generation. Similarity comes about implicitly, when mutation only is
employed, or explicitly, by using a distance measure in connection with crossover or explicit search
for family members. In probabilistic crowding, x and y compete in a probabilistic tournament.

The probability of x winning is given by:

Px =p(X) = T 57> (3:3)

where f is the fitness (or objective) function. Notice that probabilistic crowding is primarily a
distance-based niching algorithm, since competition occurs within families, between similar indi-
viduals. Here, the family consists of two members x and y, but this can easily be generalized to
larger families.

Three variants of the probabilistic crowding algorithm have been investigated: Variant M (with
mutation only), Variant M&C (with mutation and crossover), and Variant C (with crossover only).

These variants differ in the way in which one attains x and y; and also when crossover is used a
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measure of distance is needed.

One of the most important questions to ask about an integrated tournament algorithm is what
the characteristics of its steady-state (equilibrium) distribution are. In particular, we are interested
in this for niches. A niche is a set of fitness function values that have the same local optimum under
some local search algorithm; see [Mahfoud, 1995] for details. The notation x € X will be used to
indicate that individual x is a member of niche X. Let g be the number of niches, and X; the i-th

niche. The niching rule

fi

N, = =g
;1‘:1 fi

(3.4)

gives allocation of N; individuals to X;. Here, f; is a measure of fitness in niche X;, for example
fitness of best fit, average fitness, or fitness sum. The niching rule, which can be derived from the
sharing rule [Goldberg and Richardson, 1987], is considered a gold standard for niching algorithms.

In the following we will see how probabilistic crowding gives this rule as a special case.

3.3 Analysis of Probabilistic Crowding

We analyze probabilistic crowding, first the special case with two niches, second the more general
case with several niches. Two kinds of analyses are provided: at steady state and of the form
of convergence of the population. We assume some variation operator, which typically would be
mutation or crossover. In the analysis we consider one representative per niche; for example if the
niche is X, the representative is x. We perform a deterministic analysis, thus focusing on the mean

in the stochastic processing of a GA.

3.3.1 Two Niches, Same Jump Probabilities

Suppose we have a variation operator that results in two types of jumps; short jumps and long
jumps. When an individual is treated with a short jump it stays within its niche, when it is
treated with a long jump it jumps to some other niche. The probabilities are ps and p; respectively,
and ps + p; = 1. That is, we either jump short or long.

Consider mother m (individual before variation operator was applied) and daughter d (individ-
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ual after variation operator was applied). Suppose we have niches X and Y, and think about how
X can gain individuals from one generation to the next. (i) The first possibility is m € X. The
first case is that the daughter d stays in the mother m’s niche if a short jump is made; in this case
it doesn’t matter whether m or d win since both are in the same niche. The second case is that
the daughter jumps and loses. (The case where the daughter jumps and wins is a loss for X, and
is not participating in the difference equation below.) (ii) The second possibility is that m € Y.
Now, gain for niche X happens when the daughter jumps to X and wins.

The above argument can be formalized in a difference equation. Let the proportion of individuals
in niche Z at generation t be Z(t). By assumption we have two niches, X and Y, and the proportions
of interest at time ¢ are denoted X (¢) and Y'(¢) respectively. Note that X (¢) + Y (t) = 1 for any t.

This gives rise to the following difference equation

X(t+1) = pX(t)+pipxX(t) + pipxY (1) (3.5)

= X(t) —pX(t) + ppx-

We will solve this equation in two ways—considering the steady state and getting a closed form
formula. At steady state we have X (t +1) = X (t) = X, substituting this into Equation 3.5 leads

to

Xes = Xgs —p1Xss +DiPx (36)

= DPx

where x € X, y € Y. In words, we get the niching rule of Equation 3.4 at steady state, as one
would hope for.
Now we turn to obtaining a closed form formula. Considering two niche proportions X (t) and

Y (t), we have

X(t+1) = pX(t)+pipxX(t) + pipxY (1) (3.7)

Y(t+1) = psY(t)+ppyY (1) + pipy X (t)
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The solution to the above system of difference equations can be written as:

X (t) = px+piX(0) — pipxX (0) — pipxY (0) (3.8)

Y (t) = py—piX (0)+ pipxX (0) + pipxY (0),

and we see how as ¢ tends to infinity we get the niching rule, expressed as px and py, for both
niches.

For illustration, suppose X (0) = Y(0) = £ in the initial population. This gives solutions:

V() = pyt (- ph (39)

1
X(t) = px+(§—px)pi,

and again we see how we get the desired result as t tends to infinity. Also note that a smaller p,
gives faster convergence to the niching rule proportion. In summary, we see that initialization does

not affect the fact that the niching rule is achieved in the limit.

3.3.2 Two Niches, Different Jump Probabilities

Here we relax the assumption of equal jump probabilities for the two niches. Rather than jump
probabilities p, and p;, we have jump probabilities p;; for jumping from niche X; to niche X;, where
i,7 € {0,1}. We also use the notation X;(t) for the proportion of individuals in niche X; at time t¢.
The facts p11 + p12 = 1 and pa1 + p22 = 1 are used below, too.

We obtain an expression for X;(¢+ 1) using reasoning similar to that used for Equation 3.5, for

X1(t+1) we get:

X1(t+1) = puXi(t) + prepxXi(t) + parpxXoa(t) (3.10)
= puXi(t) + (1 = p11)pxX1(t) + par1px (1 — X1(2))

= puXi(t) + pxXi1(t) — pripxXi1(t) — p21px X1 (t) + p21px-
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At steady state we have X1 (t + 1) = X;(t) = X1, leading to

X1 = p11 Xy + px X1 — p11pxX1 — p21px X1 + p21Px

which after some manipulation simplifies to the following allocation ratio for niche X;

px1 pX1

X, = = :
Pxi T E2pxs  Pxi t P12Pxs

(3.11)

Here, p;5 = % is denoted the transmission ratio from Xj to Xs. In general, we have that p,; is the
transmission ratio from niche X; to X;. Clearly, p, is large if the in-flow into Xs is large relative to
the out-flow from X5. We may compare Equation 3.11 to the niching rule proportion N; according

to Equation 3.4:

Pxy

=_fa (3.12)
px1 + pxz

N

Clearly, using p;5 = 1 in Equation 3.11 gives the same allocation as Equation 3.12. p;5 > 1 means
that niche Xy will have a larger subpopulation at equilibrium than under perfect niching, giving
Xj a smaller subpopulation, while p;5 < 1 means that Xy’s subpopulation at equilibrium will be
smaller than under perfect niching, giving X; a larger subpopulation.

The size of a niche as well as the operators used will have an impact on p1s and po;. Disregarding
the effect of operators, a large X5 niche will have p;5 > 1 and therefore give a smaller subpopulation
for X;. Likewise, a small X3 niche will have p;3 < 1 and thus a larger subpopulation for Xj.

Along similar lines, the ratio for niche Xs turns out to be

pxz px2

Ppgy +Pxs PoPxi +DPxz

Xy =

1 — P21

Note that values for p;5 and py;, or more generally p,; for the transmission ratio from niche ¢
to j, will be unknown. So one can not use known values for 15 and p,; in the equations above,
for instance. However, it is possible to estimate transmission ratios using sampling or one may use

worst-case values.
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Finally, note that the same result can be established by solving these two simultaneous difference

equations:

Xi1(t+1) = priXi(t) + prapxXi(t) + parpxXa(t)

Xo(t+1) = p2Xa(t) + papyXa(t) + prapy X1(t),

which yields fairly complex solutions which can be solved by eliminating all terms with generation

t in the exponent. These solutions can then be simplified, giving exactly the same result as above.

3.3.3 Multiple Niches, Different Jump Probabilities

We generalize from two to g niches. Let the probability of transfer from the ¢-th to j-th niche
under the variation operator be p;;, where Z;I':I pi; = 1. The probability of the individual x; € X;

winning over the individual x; € X; is

x f(Xi)
P = ) + fxg)”

We can now set up the following system of ¢ difference equations:

Xi(t+1) = pupyXe(t) + > pievi; X, (¢)
i i

Unfortunately, these equations are hard to solve. But by introducing the assumption of local
balance (known as detailed balance in physics [Laarhoven and Aarts, 1987]), progress can be made.

The condition is [Neal, 1993, p. 37]
Xipijpyi = Xypjipi;- (3.13)

The local balance assumption is that individuals (or states) are in balance: The probability of an
individual x; being transformed into another individual x; is the same as the probability of the
second individual x; being transformed into the first individual x;. We can assume this is for a

niche rather than for an individual, similar to what we did above, thus giving Equation 3.13. On
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the left-hand side of Equation 3.13 we have the probability of escaping niche X;, on the right-hand
side of Equation 3.13 we have the probability of escaping niche X;. Simple rearrangement gives
pjipjj o f(XZ)

Xi=—2X; = p;i5—Xj,
DijPj; ! T f(x) "

(3.14)

where x; and x; are representatives for niches X; and X; respectively. Consider the k-th niche,
and express all other niches, using Equation 3.14, in terms of this niche. In particular, express an

arbitrary X; using a particular Xj:

X, f(xi)

i = pkika'

Now, we introduce the fact that Xy +--- + X, = 1, where ¢ is the number of niches:

Pkl j:g;; X+ pra %:ZiXk +o Xt gy j:gz% Xp=1.
Solving for X}, gives
Xe = _z M 1 I(xg)
Pr1 + Pk2 T (x1) Ml T R pkqf(xk)Xk
and we may use the fact that
o
The above two equations combined gives
f(xk)

X, = (3.15)

> pif (%)

where we define py;, = 1. Notice how the transmission ratio py, from Xy to X; generalizes the
transmission ratio p;y from Equation 3.11. Equation 3.15 is the most general theoretical result
on probabilistic crowding presented in this chapter; it generalizes the niching rule of Equation 3.4.

The niching rule applies to sharing with roulette-wheel selection [Mahfoud, 1995], and much of that
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Figure 3.1: Predicted results (solid circles) versus experimental results (open circles) for probabilis-
tic crowding.

approach to analyzing niching GAs can now be carried over to probabilistic crowding.
In order to validate the theoretical developments so far, we perform experiments in the next

two sections.

3.4 Experiments Using Idealized Operators

The purposes of these experiments are: (i) Check that the deterministic difference equation analysis
models the stochastic situation well; (ii) Check that the approach of picking a candidate from each
niche is reasonable in the analysis. In order to achieve these goals, we use quite large population
sizes in the following.

The experiments in this first section are done using a fitness function with only ¢ discrete niches
each of size one, mutation probability p; idealized as uniform change to one of the other niches and

the probabilistic crowding acceptance rule to choose the winner.
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Figure 3.2: Predicted (solid circles) and experimental (open circles) results for niches X;, Xy,
and Xg. Predicted is steady-state expected proportion of population; experimental is measured
proportion starting at generation one.

3.4.1 Two Niches, Same Jump Probabilities

We use Equation 3.9, here with f(x) =1, f(y) = 4. This gives

1 /1 1 1 3
X(t)=g+<———>p’:;——+—p§

2 5 5 10

and
4 1 4 4 3
Yt:— —_- — = t:———t.

We let ¢ = 2, p; = 0.8, use population size 100, and let the GA run for 50 generations. A plot of
experimental versus predicted results for niche X is provided in Figure 3.1. A ‘mutation’ probability
p; =1 —pgs = 0.2 might seem high, but recall that this operation gives jumps between niches, and
is not the usual bit-wise mutation. In the figure, we notice that the experimental results follow the

prediction very well. There is some noise, but this is as expected, since a probabilistic acceptance
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rule is used.

3.4.2 Multiple Niches, Same Jump Probabilities

Consider the function f(x) = x, where z is an integer between 1 and 8 inclusive, so ¢ = 8. Here

we can use Equation 3.15 with p;; = 1, giving

f(xi)

Xi= ;1:1 f(xl) ’

(3.16)

with for example X; =1/36, X4 = 4/36, and Xg = 8/36.

A plot of experimental versus predicted results for p; = 0.8 is provided in Figure 3.2. A
population size of n = 360 is used, and the GA is run for 50 generations. With the proportions
just mentioned for X7, X4, and Xg, we get predicted population sizes nX; = 10, nXy = 40,
and nXg = 80. Again, we notice that the empirical results follow the predicted results very well,
although there is a certain level of noise also in this case, as expected.

An analysis of the amount of noise can be performed as follows. Consider the GA’s operation
as n Bernoulli trials where the probability of picking from the ¢-th niche is given by Equation 3.16,
so p; = X;. This gives a binomial distribution, where u; = np;, 0 = np;(1 — p;). For niche X; we

get for example

135

2— —_—
o —3603636,

which gives ¢ =~ 3.1, and similarly for X4 and Xg we get 0 =~ 6.0 and ¢ =~ 7.9 respectively. The fact

that the noise increases with the fitness of a niche, as seen in Figure 3.2, is therefore not surprising.

3.5 Experiments Using Traditional Operators

In this section, we introduce traditional mutation and crossover operators into the probabilistic
crowding experiments. A population size of n = 200, and 100 generations is used. Two probabilistic
crowding variants are investigated, variant M and variant M&C. For the variant M, mutation

probability 0.1 is used; for the variant M&C, crossover probability 0.6 and mutation probability
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Figure 3.3: The test functions F1 and F2. F1 is to the left, F2 to the right.

0.3 is used.
Table 3.2 shows results from the experiments. Results are presented for the F1 and F2 test

functions [Goldberg and Richardson, 1987], where

Fl(z) = sin®(5m2)

F2(z) = e_Q(IHQ)(%)QSiHG(Sﬂx).

These two functions are plotted in Figure 3.3.

The question is whether one should focus on niche allocation, peak allocation, or a combination
of both. The last alternative is chosen here, since the strength of probabilistic crowding is how
individuals are evenly allocated. According to this, the functions have been split up into 25 equally-
sized intervals on the X-axis. These intervals are presented as rows in Table 3.2, and as bars in
Figure 3.4. The columns present results for test functions F1 and F2. For each test function,
predicted allocation and experimental allocation is shown. Predicted allocation is computed by
discretization of the test function in question, then integrating over an interval [a,b], and finally
normalizing by dividing by the integral of the function over [0, 1]. Experimental allocation is merely
the allocation of individuals to the interval [a, b] divided by the total number of individuals allocated
to the interval [0, 1].

The main result in Table 3.2 is that for both F1 and F2, the probabilistic crowding variants M
and M+C give allocation of trials close to that predicted. This confirms that Equation 3.15 (and

its special cases as presented) can be applied also when classical GA operators are used, at least
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Interval of F1 F2
function domain P M M-+C P M M+-C
0.00 — 0.04 0.00083 | 0.0027 | 0.0019 | 0.0012 | 0.0016 | 0.0019
0.04 — 0.08 0.041 0.027 | 0.032 | 0.061 0.062 0.078
0.08 —0.12 0.12 0.14 0.11 0.17 0.26 0.34
0.12—-10.16 0.041 0.021 | 0.025 | 0.061 0.055 0.047
0.16 — 0.20 0.00083 | 0.0014 | 0.0014 | 0.0012 | 0.0017 | 0.0022
0.20—-0.24 0.00083 | 0.0011 | 0.0026 | 0.0012 | 0.0020 | 0.0023
0.24 — 0.28 0.041 0.021 | 0.024 | 0.058 0.043 0.049
0.28 — 0.32 0.12 0.16 0.17 0.16 0.23 0.19
0.32 — 0.36 0.041 0.025 | 0.029 | 0.055 0.046 0.042
0.36 — 0.40 0.00083 | 0.0019 | 0.0024 | 0.0011 | 0.0012 | 0.0019
0.40 — 0.44 0.00083 | 0.0016 | 0.0018 | 0.00097 | 0.0012 | 0.0018
0.44 — 0.48 0.041 0.024 | 0.029 | 0.046 0.032 0.030
0.48 — 0.52 0.12 0.13 0.10 0.12 0.11 0.088
0.52 — 0.56 0.041 0.029 | 0.029 | 0.041 0.026 0.028
0.56 — 0.60 0.00083 | 0.0018 | 0.0017 | 0.00078 | 0.0019 | 0.0026
0.60 — 0.64 0.00083 | 0.0015 | 0.0024 | 0.00067 | 0.0016 | 0.0015
0.64 — 0.68 0.041 0.024 | 0.025 | 0.031 0.018 0.015
0.68 — 0.72 0.12 0.18 0.16 0.080 0.043 0.033
0.72 - 0.76 0.041 0.024 | 0.027 | 0.026 0.018 0.015
0.76 — 0.80 0.00083 | 0.0020 | 0.0032 | 0.00048 | 0.0010 | 0.00055
0.80 — 0.84 0.00083 | 0.0014 | 0.0030 | 0.00039 | 0.0011 | 0.0011
0.84 — 0.88 0.041 0.026 | 0.028 | 0.017 0.012 0.011
0.88 — 0.92 0.12 0.14 0.15 0.044 0.024 0.0096
0.92 — 0.96 0.041 0.027 | 0.032 | 0.014 0.0086 | 0.0066
0.96 — 1.00 0.00083 | 0.0015 | 0.0024 | 0.00025 | 0.00055 | 0.0014

Table 3.2: Experimental results for probabilistic crowding on the F1 and F2 functions, aggre-
gated over all generations. The ‘P’ columns show predicted allocations, while the ‘M’ and ‘M+-C’
columns show actual allocations for probabilistic crowding with mutation only and with mutation
and crossover respectively.

for a certain class of fitness functions. There are two qualifications here. First, note that there is a
small ‘smoothing’ effect for the intervals of lowest fitness, for example the interval 0.00 —0.04. This
is mostly due to allocations in early generations, when individuals are distributed more uniformly,
according to the uniform random initialization. Second, there is a slightly higher allocation than
predicted to intervals of high fitness, such as the intervals 0.08 —0.12 and 0.28 —0.32. It is currently

not clear what the reason is for this slightly higher allocation.
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Figure 3.4: Predicted versus actual allocation of individuals to niches for the test functions F1 and
F2. Results for F'1 are shown at the top, results for F2 are shown at the bottom.

3.6 Population Sizing

To derive population sizing equation results for probabilistic crowding, we are going to exploit
the fact that the approach gives an equilibrium. Then, at equilibrium, we require that with high
probability, we shall find an individual of the desired fitness in the population. Typically, the desired
fitness is the fitness of an individual of high fitness, such as the best fit or more generally the k-th
best fit. The desired fitness might be known in advance, or it might be estimated. Underestimating
the desired fitness will give more conservative population sizing results.

In the following, we first introduce theoretical results, drawing on Mahfoud’s research [Mah-
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foud, 1995]. Second, we give examples of how these results can be used and provide experimental

verification.

3.6.1 Population Sizing Theory

Consider an individual x; and its fitness f(x;) = f;. The probability of having the x; individual at
equilibrium is given by the equilibrium probability Pr(f;). The probability of not having x;, or x;

not occurring in the population, is therefore, for one individual

1-— Pl"(fz)

When we consider a population of n individuals, the probability of not having x; is just the joint

probability

(1 —Pr(fi)"-

Now, consider x; as a niche representative, and suppose we want to identify ¢ niches. The

probability of one or more niches not occurring, X, is bounded as [Mahfoud, 1995]

X <30 -Pr(fi),

i=1

and we can set

as argued elsewhere [Mahfoud, 1995, p. 163].
The probability of having an individual of fitness f; or better among n individuals is therefore
1-X

)

and in order to have an individual x; with fitness f; or better, we require that this probability is
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bounded from below

1-X >1.

From this, a population sizing equation for identifying ¢ niches can be derived [Mahfoud, 1995, p.
175]

(=)

Here 7 = finin/ funax is the ratio between minimal and maximal of fitness optima in the ¢ niches, g
is the number of niches, and + is the probability of maintaining all ¢ niches.

Two slight complications related to the derivation above are acknowledged. First, the fitness
ratio » might not be known. However, in many cases it should be easy to give estimates of r if not
of fimin and fiax. Second, there is the question of niche loss. Equation 3.17 is based on considering
selection alone. Here, the two only possible outcomes are that an existing niche is maintained, or an
existing niche is lost. In order for a success to occur, it is required that the ¢ niches are maintained
for g generations, so not a single niche can be lost during these g generations. This is reflected in
Equation 3.17 as follows. When the number of generations g increases, the expression fy% will get
closer to one, and the required population size n will increase as a result. This reflects the fact that
with selection only operating, niches can only be lost.

One could argue that the focus on loss only is too conservative, since niches may be lost, but they
may also be gained or generated, due to the operation of crossover, mutation, or other generative
operators. And when inspecting the population at the last generation, say, one is interested in
whether a representative for a niche is there or not, and not whether it had been lost previously. It
seems interesting to investigate both of these two approaches, in both cases using Equation 3.17.
Using g with the actual number of generations run can be used to give a conservative population
sizing estimate, while setting g = 1 gives a less conservative population sizing estimate. Both of

these approaches are investigated in the following.
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Less conservative (set g = 1) Conservative (set g = 50)

Desired v | Population size | Observed v, | Population size | Observed 7,
0.80 11 0.74 27 1.0
0.95 17 0.93 32 1.0

Table 3.3: Population size predicted from desired reliability, along with observed reliability.

3.6.2 Population Sizing Experiments

As an example, consider the fitness function used in Section 3.4.2. Suppose we want to reliably
maintain the three best fit niches Xg, X7, and Xg. For population sizing purposes we need to consider
all of these niches.

We use Equation 3.17 for population sizing as follows: Given known parameters ¢, 7, v, and g,
we compute the population size n. Two different approaches are used to setting g. We either set
g = 1 or g = 50, since 50 generations are used in the experiments here. The first setting g = 1
corresponds to essentially ignoring the effect of niche loss over generations. The second setting
g = 50 is more conservative, and takes niche loss into account as discussed above. So for the

conservative population size we get

while the less conservative population size is

e

Observed 7, is computed as follows. For desired , re experimental runs were performed. Runs in

which the top ¢ niches did not have a representative were counted, resulting in a value for failure
runs 7y. These are runs where, at the last generation, at least one of the Xg, X7, or X7 niches does
not have a representative. Finally, the observed v, was computed as v, = (re —ry)/re. In the
experiments reported here, r, = 100 was used.

In Table 3.3, the results from using the population sizing equation (3.17) are summarized. We
see that the less conservative population sizing approach is in closer correspondence to the empirical

data than the more conservative population sizing approach. This shows that the assumption of
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niche loss, at least for this particular test function, might be overly conservative.

3.7 Conclusion and Future Work

A novel niching algorithm, probabilistic crowding, has been introduced. Probabilistic crowding
has been shown theoretically as well as empirically to give reliable niching according to a novel,
general niching rule, a rule which generalizes the niching rule known from previous research. The
two core ideas in probabilistic crowding are (i) to hold tournaments between similar individuals,
and (ii) to let tournaments be probabilistic. These two principles leads to a niching algorithm
which is simple, predictable, and fast. Probabilistic crowding also does not have any additional
parameters compared to classical GAs, which is often an advantage. The algorithm belongs to a
family of algorithms, integrated tournament algorithms, which are also defined and presented in
this chapter.

Future work includes the following. First, experiments on harder fitness functions, such as
complex Bayesian networks, would be interesting. Second, the relationship to Metropolis and
simulated annealing could be investigated further, in particular the use of temperature. A third
issue is population sizing. Fourth, the approach of holding a probabilistic tournament could be

extended to include the distance function and possibly also the mating step.
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Chapter 4

Deceptive Bayesian Networks

One way to systematically vary the hardness of BNs is to define a mapping from the deceptive
problems used in the GA literature to BNs, and then vary the hardness of the deceptive problems,
giving BNs with varying hardness as well.

The notion of deception was introduced in order to systematically investigate the conditions
under which GA schema processing may lead a GA away from fitness optima [Goldberg, 1987].
Functions of unitation were later discussed in connection with deceptive functions. A function of
unitation (or bit-counting function) is defined over a bit string. It depends on the number of ones
in the bit string, and not their positions. There are several advantages to such artificial functions,
notably their ease of specification and analysis [Goldberg, 1992]|. Unfortunately, they are not used
in applications. In contrast, Bayesian networks (BNs) have proven to be an important knowledge
representation formalism, for instance for probabilistic reasoning in expert systems [Pearl, 1988]
[Neapolitan, 1990]. However, it is not clear a priori whether BNs can be challenging problems for
GAs or not, and in particular whether they can be deceptive. And if BNs can be deceptive, is there
a way to characterize the conditions under which they are deceptive? The advantage of translating
into BNs would be that BNs appear to be more expressive, so one can create BNs that are deceptive
or ‘close’ to being deceptive, but which are not possible to express as functions as unitation.

The current research is motivated by previous and ongoing research on using GAs for BN
inference [Rojas-Guzman and Kramer, 1993| [Rojas-Guzman and Kramer, 1996] [Welch, 1996]
[Mengshoel, 1997] [Mengshoel and Wilkins, 1998b] [Mengshoel and Wilkins, 1998a]. We believe
that this line of research can benefit from an increased focus on the relationship between a BN and

the joint probability distribution defined by the BN, which is the GA’s fitness function. Here we
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focus on characteristics of a Bayesian network, given a certain joint probability distribution, which
is derived from a function of unitation. There has been some research within the BN community
on typical properties of the joint distribution defined by a BN [Druzdzel, 1994], but little research
on varying the hardness of constructed networks, which is what we do here.

This chapter introduces an approach to mapping functions of unitation into Bayesian networks.
In addition, instances from three classes of functions of unitation are mapped to Bayesian networks:
onemax functions, trap functions, and hill functions. Onemax functions of unitation are non-
deceptive, and the constructed onemax BNs are easy as well. Trap functions of unitation, on the
other hand, are deceptive. The trap function instances mapped into highly connected, hard BNs.
Hill functions of unitation are similar to trap functions of unitation, but they are not deceptive.
The instances considered were still mapped to highly connected BNs. These results show that BNs
can be deceptive, and suggest that deceptive functions of unitation are indeed hard, not only for
GAs, and that other functions of unitation can be hard as well, although less so than the deceptive
ones. In addition, this research paves the way for controlled and systematic experimentation,
since experimental BNs of varying difficulty can be constructed using the mapping. An additional
advantage of constructing a BN from a function of unitation is that the latter is a parametric
function while the former is non-parametric.

The rest of this chapter is structured as follows. Section 4.1 presents schemata, deception, and
functions of unitation. Section 4.2 describes how to construct BNs from functions of unitation,
and the following sections show how BNs can be constructed from different classes of functions of
unitation. Section 4.3 constructs BNs from onemax functions of unitation, which are non-deceptive
functions. Section 4.4 considers trap functions of unitation, which are deceptive functions. Section
4.5 discusses hill-shaped functions of unitation. Section 4.6 parametrizes the BNs, while Section
4.7 concludes and presents future work. Other approaches to constructing hard BNs are discussed

in Chapter 6.

4.1 Schemata, Deception, and Functions of Unitation

The notion of GA deception is based on the assumption that schema processing plays a central role

in GAs. In the following we introduce some definitions that are helpful in discussing static schema
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processing.

Definition 8 Let p : {0,1}" — R be a fitness function, and let B = by...by, and S = sj...s, with
b, € {0,1} and s; € {0,1,*}. Now define inst(S) = inst(si...sp) to refer to an instantiation of the
schema S. An instantiation B of S (B = inst(S)) is such that if s; = , then b; =0 or b; = 1. If

si # *, then b; = s;. Now the set of instantiations of S, Inst(S), can be defined as follows:
Inst(S) = {B | B = inst(S)}.
Given the definition of an instantiation of a string, the notion of schema fitness can be intro-

duced.

Definition 9 (Schema fitness) The schema fitness q : {0,1,%}" — R of schema S = {0,1,*}" is
defined as follows:

Benst(S)
When there is no ambiguity, we write p(S) instead of q(.9).

As an example of the above definition,

q(x1x) = p(010) + p(110) + p(011) + p(111).

One aspect of GAs that we will focus on is their optimizing capability. For simplicity we assume

in the following that there is one optimal string—this can easily be generalized.

Definition 10 Let f be a fitness function, and let Xopr = argmaxyeqo1}» f(X) be an optimal

string. Then any schema S such that inst(S) = Xopr is called an optimal schema.

Schema processing operates on schema partitions [Grefenstette, 1993] [Mitchell, 1996]. In the
3-bit case, the schema partitions for (d * %) are (0% %) and (1 % x). Competition between bit strings
takes place within a schema partition. It is a common assumption within the GA community that
GAs start by processing low-order schema partitions, and then gradually shift towards processing

high-order schema-partitions.
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Schema partition Conditions for full deception

p(d * *) p(0 % %) > p(1 * *)

p(kdx) p(x0%) > p(x1x)

p(x x d) p(xx0) > p(xx 1)

p(ddx) p(00%) > p(01x), p(00%) > p(10%), p(00%) > p(11x)
p(d*d) p(0%0) >p(0x1), p(0*x0) > p(1x0), p(0*0) > p(1lx1)
p(xdd) p(x00) > p(x01), p(x00) > p(x10), p(x00) > p(x11)

Table 4.1: Conditions for full deception in a bit string of length three.

Definition 11 A schema partition is deceptive if there exists a schema with higher fitness than
the optimal schema in the schema partition. A fitness function is deceptive if it contains a decep-
tive schema partition. A fitness function is fully deceptive if all schema partitions (except for the
mazximally specified one) are deceptive. A fitness function is non-deceptive if no schema partition

1s deceptive.

As an example, consider a fully deceptive 3-bit string, and assume without loss of generality
that 111 is the global maximum, 000 the deceptive maximum. This is formalized in the optimality

condition

p(111) > p(000) (4.1)

and the deceptive conditions shown in Table 4.1. Note that in this case, the deceptive schemata
are all instances of the same string, namely the deceptive maximum. According to Definition 11,
this need not be the case.

There has been extensive research on deception within the GA community. The connection
between GAs and Walsh functions has been presented by Goldberg [Goldberg, 1989b] [Goldberg,
1989a|. He emphasizes the utility of using Walsh functions and Walsh polynomials for analyzing
GAs [Goldberg, 1989b]. These methods are extended to analyze deception and disruption to schema
processing by genetic operators. In addition, the first fully deceptive function—of bit length three—
is presented [Goldberg, 1989a].

The notion of unitation has been used repeatedly for the purpose of analysis of hard and easy

fitness functions.
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Definition 12 Let B be a bit string of length n. The unitation w(B) of B is a function defined as
u(B) = u(bi..bp) = b1+ + by =Y by
i=1

A function of unitation is defined using u(B).

In other words, unitation means the number of ones in a bit string, so «(100) = 1 and u(111) = 3.
Research on deception has also been critiqued. For example, Bick says that ‘it may well be the
case that [deceptive functions] are the problems for which Genetic Algorithms must fail according to
the construction of the problem and the provable limits of Genetic Algorithms’ [Béick, 1996, p. 128].
The results in this chapter, in particular Section 4.4, do indeed suggest that deceptive functions
are inherently difficult, not only for GAs but for other algorithms as well. It should, however, be

emphasized that we only give examples and not formal proofs of this.

4.2 Constructing Bayesian Networks

Two factors of a BN make it harder: A highly connected topology and highly skewed probability
distributions. Concerning the topology, polynomial time algorithms exist for BNs that are trees
(also known as singly connected networks) [Pearl, 1988]. Concerning skewness, the situation is not
as clear. However, it is known that skewed distributions can make stochastic simulation converge
much more slowly, in particular when low-probability states are instantiated.

Both functions of unitation and BNs can be used as GA fitness functions; the advantage of
functions of unitation compared to BNs is that there are fewer parameters to manipulate. In
particular, the number of conditional probabilities that needs to be supplied for a node in a BN
grows exponentially with the number of parents that the node has. In contrast, the number of
parameters in a function of unitation grows at most linearly with the number of bits.

This is how to systematically create a Bayesian network from a fitness function:

1. Use the fitness function to create a joint probability distribution. For example, if we want a
fully deceptive BN consisting of k nodes, a fully deceptive trap function (see Section 4.4) consisting
of k bits is first constructed. This deceptive trap function is then used to construct a deceptive

joint probability distribution. This is a table consisting of 2¥ rows, one row per explanation in the
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Bayesian network.

2. Use the joint probability distribution to construct a Bayesian network that represents it, but
in a more compact manner. Possibly, some approximation needs to be taken here, but the essential
characteristics (such as deception) need to be maintained. Assuming binary nodes, this creates a
network with k nodes (and some number of edges) from the 2* table.

To prepare for a more formal description of the above, the following notation is introduced:

o cc(i): cell count for cell i. Cell count is the number of samples that exist for an explanation.
For example, with four samples for the explanation X; = 0, Xs = 1, X3 = 1, the cell count
is cc(011) = 4. Often, cells are indexed by a decimal number rather than a binary number,

giving for example, cc(3) = 4.
e f: fitness function (in the following a function of unitation)
e Bin(7): function that gives the integer ¢ in binary
e k: number of bits in fitness function
e Round(x): rounds the number z to the nearest integer
e c: constant; in the following ¢ = 3 is used
e Build(): constructs a pattern P, further described below
e Direct(): constructs edges from the pattern P, further described below

e Estimate(): estimates conditional probabilities, further described below

The Construct algorithm for constructing a k-node BN from a k-bit fitness function, such as a

k-bit trap function, is as follows:

1. Let there be k nodes {X1, Xs, ..., Xx}. Let each node have two states {0,1}, i.e. |Qx,| =2

for all <.
2. For i =0 to 2% — 1: cc(i) « Round(exp(f(Bin(i)) + ¢))
3. P — Buﬂd((X17X27 -“7Xk>7 (|QX1 |7 |QX2|7 ) |QXk |)7 CC)
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4. E < Direct(P)

5. Pr « Estimate((X1, X2, ..., Xx), (|12x, ], |2x5], ---, [Q2x,]), cc, E)

The above algorithm constructs a DAG (V,E) and conditional probability tables Pr which
together make up a Bayesian network. Examples of how Construct works are given in sections 4.3,
4.4, and 4.5.

The Construct algorithm is based on the observation that a BN can be induced from the joint
distribution table; this is learning with a complete data set. Approaches for machine learning
of BNs can therefore be utilized, here TETRAD [Scheines et al., 1994] is used. The algorithms
Build and Estimate both correspond to TETRAD procedures (see [Scheines et al., 1994]), while
Direct is a quite simple algorithm. Given nodes (X1, X, ..., X)) along with their cardinalities
(19x, 1, 192x,], - [2x,|) and a cell count cc, Build constructs a set of patterns P which expresses
conditional independence and dependence relations between the random variables. Direct takes
the patterns P and creates a set of edges E. Estimate takes the same parameters as Build and the
edges E, and constructs conditional probability tables Pr. Build and Estimate were used with
their default parameter settings when the results in the following three sections were produced.

Why is the exponent exp taken above? This is because BNs are set up to work by multipli-
cation of probabilities, and this is ‘counteracted’ by taking the exponent here. More formally,
an exponential function of unitation can be written as follows, where the function of unitation

u(by...by) = by + - - - + by, is assumed:

eu(B)+c eu(bl...bn)Jrc

—  pbitetbate

—  eXizibite

= eCHebi.

=1

Note that the last line above is of the same form as Equation 1.1. This justifies the use of e%(B)+¢

in the Construct algorithm above.
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i | B=Bin(:) | u(B) | f(B) | f(B) +c¢ | cc(i)
0 000 0 0 3 20
1 001 1 1 4 95
2 010 1 1 4 95
3 011 2 2 5| 148
4 100 1 1 4 55
) 101 2 2 5| 148
6 110 2 2 5| 148
7 111 3 3 6| 403

Table 4.2: Non-deceptive onemax fitness function defined over bitstring consisting of three bits.

4.3 Onemax Functions

Onemax functions are generalizations of the unitation u(B) of a bit string B. Ackley introduced

the onemax function

J(B) =10 x u(B),

i.e. just a constant multiple of the function of unitation [Ackley, 1987|. More generally, a onemax

function of unitation is

F(B) =d x u(B), (4.2)

where d is a constant. By letting d = 1 in Equation 4.2, we get the onemax function f(B) = u(B),
which is used in the following.

Table 4.2 shows bit strings and corresponding cell counts for this onemax function. The con-
ditional probability tables created by the Construct algorithm based on the input in Table 4.2 is
shown in Table 4.3, the graph is shown in Figure 4.1. It is easy to check that the BN constructed
from the onemax function is non-deceptive, like the onemax function itself. Using a four bit onemax
function in a similar way as above, the BN whose conditional probabilities are shown in Table 4.4
is attained.

As one might have expected, the BNs constructed from the two onemax functions are quite
‘easy’. There are no interactions between nodes in the BNs, and the conditional probability tables

are the same within any one BN node

89



PI‘(Xl) PI‘(XQ) PI"(X3)
0 [ 0.269 0 | 0.269 0 | 0.269
110731 1]0.731 1]0.731

Table 4.3: Conditional probability tables of non-deceptive BN constructed from non-deceptive
onemax fitness function.

KORNCY
e

Figure 4.1: Graph BN constructed from non-deceptive onemax fitness function.

Pr(X) Pr(Xs)
0.269 0] 0.269
110.731 110.731

PI“(Xg) PI“(X4)
0.269 0| 0.269
110731 110731

Table 4.4: Conditional probability tables of non-deceptive BN constructed from non-deceptive
onemax fitness function with four bits.
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0 0.5 1 15 2 25 3

Figure 4.2: Fully deceptive function over three bits..

4.4 Trap Functions

This section focuses on deception in BNs. Deceptive BNs are constructed from trap functions,
which are deceptive functions of unitation. The advantage of trap functions is that they have few
parameters but can still be made deceptive.

Ackley used a trap function for empirical investigations [Ackley, 1987], and this function has
later been generalized [Deb and Goldberg, 1993|. The trap function definition of Deb and Goldberg

is the following:

[NY ]S

(B) = (z —u(B)) if u(B) <z ’ (4.3)

b (u(B) —z) otherwise

Ea
w

where a is the local (deceptive) optimum, b is the global optimum, and z is the slope-change
location. The point of a trap function is that there are two optima, a and b, and by varying the
parameters, one can make it more or less difficult to find the global optimum b as opposed to the
local optimum a. It has been shown that when the following condition holds, a trap function is
fully deceptive [Deb and Goldberg, 1993, p. 99]:

a 2—1/(k—=2)

Sor>
"= 2—-1/z

- (4.4)

The smallest bit string that can be fully deceptive consists of three bits [Goldberg, 1987]. In
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i | B=Bin(:) | w(B) | f(B) | f(B)+c | cc(i)
0 000 0 4 7 | 1097
1 001 1 2 5| 148
2 010 1 2 5| 148
3 011 2 0 3 20
4 100 1 2 5| 148
5 101 2 0 3 20
6 110 2 0 3 20
7 111 3 5 8 | 2981

Table 4.5: Deceptive trap fitness function defined over bit string consisting of three bits.

the following, we construct a 3-node BN that is fully deceptive. The construction is based on the
trap function in Equation 4.3. Let k = 3, 2 = 2, a = 4, and b = 5 in that equation, so we get the

function

22—wu(B)) if u(B)<2

which can also be written

202-X) if X<2
5(X—2) if X>2

and is shown in Figure 4.2. We note that the condition for full deception of Equation 4.4 is met:

4_..2-1/B-2 _2
57 T a-172 3

Now the following trap function values can be calculated: f(000) = 4, f(001) =2, f(011) =0,
and f(111) = 5. This gives bit string fitness as shown in Table 4.5. Schemata fitness values can
be computed from Table 4.5, and it can easily be checked that this fitness function is indeed fully
deceptive.

The BN whose graph is shown in Figure 4.3 and whose conditional probability tables are shown
in Table 4.6 is constructed from the fitness function f shown in Table 4.5. In order to make this

BN deceptive, the Pr(Y7) table is replaced with a new table Pr(Y{) as follows. Since 111 is the

92



PI‘(Yl) PI"(YQ ‘ Yl)
0.3084 ] O !
A 0 | 0.8811 | 0.0530

1 ]0.1189 | 0.9470
Pl“(Yé|Y1,Y§)
i 0 1
Yor | 0 1 0 1
0.8811 | 0.8809 | 0.8809 | 0.0067
1 | 0.1189 | 0.1190 | 0.1190 | 0.9933

Table 4.6: Conditional probability tables of BN constructed from deceptive trap fitness function,
before normalization.

A Pr(Ys | Y1)
0.54 Nl O !
1T 046 0.8811 | 0.0530
1 | 0.1189 | 0.9470
PI"(YE)) ’ Y17Y72)
Yi: 0 1

Yo: 0 1 0 1
0.8811 | 0.8809 | 0.8809 | 0.0067
1 | 0.1189 | 0.1190 | 0.1190 | 0.9933

Table 4.7: Conditional probability tables of BN constructed from deceptive trap fitness function,
after normalization.

global optimum and 000 the deceptive optimum, the condition

Pr(111)

1
Pr(000)

needs to be maintained. After some calculation we get Pr(Y; = 0) < 0.5479. It turns out that for
example Pr(Y{ = 0) = 0.54 and Pr(Y{ = 1) = 0.46 gives a fully deceptive BN when the two other
tables in Table 4.6 are kept the same. Table 4.7 gives the CPTs after this normalization has been
done. Table 4.8 gives the joint distribution defined by this BN.

What happens if we consider a four-bit trap function? Let k =4, 2 =3, a =4, and b = 5 in
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Vi Ya | Ys Pr(Y1, Yz, Ya)

0 0 0 | 0.54 x 0.8811 x 0.8811 = 0.4192
0 0 1 | 0.54 x 0.8811 x 0.1189 = 0.0566
0 1 0 | 0.54 x 0.1189 x 0.8809 = 0.0566
0 1 1 | 0.54 x 0.1189 x 0.1190 = 0.0076
1 0| 0 ] 0.46 x 0.0530 x 0.8809 = 0.0215
1 0 1 | 0.46 x 0.0530 x 0.1190 = 0.0029
1 1 0 ] 0.46 x 0.9470 x 0.0067 = 0.0029
1 1 1 | 0.46 x 0.9470 x 0.9933 = 0.4327

Table 4.8: Joint probability of deceptive BN.

Pr(Y3 | Y1,Y2)
Pr(Y1) v PY%/Q'Y” - Yi: 0 1
0| 0.3834 0 |0.7916 | 0.1296 Yor] O ! 0 1
1]0.6166 —osoea o0 0 [0.7915 | 0.7917 | 0.7917 | 0.0310
1 | 0.2084 | 0.2082 | 0.2082 | 0.9690
Pr(Yy | Y1, Y, Y3)
Yi: 0 1
Yo 0 1 0 1
Ya: | 0 1 0 1 0 1 0 1
0.7915 | 0.7918 | 0.7918 | 0.7917 | 0.7918 | 0.7917 | 0.7917 | 0.0067
1 | 0.2085 | 0.2082 | 0.2082 | 0.2083 | 0.2082 | 0.2083 | 0.2083 | 0.9933

Table 4.9: Conditional probability tables of BN constructed from deceptive trap fitness function
with four bits.

Equation 4.3, giving the function

£(B) = 3(3—w(B)) if w(B)<3 .
5u(B)—3) if w(B)>3
The result of running Construct, as shown in Table 4.9, is quite similar to that for the three-bit
trap function.

As one might have expected, the BNs constructed from the two trap functions turn out to be
‘harder’ than the BNs constructed from the two onemax functions. In particular, there are two
things to notice. First, the graph in Figure 4.3 is fully connected, indicating interactions between all

random variables. Second, the conditional probability tables in Table 4.6 and in Table 4.9 contain

more varied and extreme entries than those for the onemax functions. In particular, Pr(Y2 | Y1 = 1)
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Figure 4.3: Graph of BN constructed from deceptive trap fitness function with three bits.

and Pr(Ys | Y1 = 1,Y2 = 1) are such extreme entries.

4.5 Hill Functions

Intuitively, onemax functions are ‘easy’ while trap functions are ‘hard’, and we have seen how the
corresponding constructed BNs reflect this. But could it be the case that not only trap functions,
but also other functions of unitation, result in highly connected BNs? In order to investigate this

question, we constructed a hill function by subtracting a trap function from its maximal value:

where f is a trap function, b is the trap function’s maximal value. For instance, for the 3-bit trap

function presented in Section 4.4 we get

o(B) 1+3u(B) if w(B)<3
54 —wu(B)) if u(B)>3

Fitness values and cell counts for the 3-bit case are shown in Table 4.10. Somewhat surprisingly,

the same graph was induced as for the corresponding trap function, shown in Figure 4.3. However,

the conditional probability tables, shown in Table 4.11, are different. The most prominent differ-

ences are the following. First, Pr(Z7) is slightly more skewed than Pr(Y7). Pr(Zs | Z; = 1) is much

less skewed than Pr(Ya | Y1 =1). Pr(Zs | Z1 = 1,725 = 1) is very similar to Pr(Y3 | Y1 =1,Y2 = 1),

and the other conditional probability distributions are also quite similar to each other.
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i | B=Bin(:) | w(B) | f(B) | f(B) +c¢ | cc(i)
0 000 0 1 4 55
1 001 1 3 6| 403
2 010 1 3 6| 403
3 011 2 5 8 | 2981
4 100 1 3 6| 403
5) 101 2 5) 8 | 2981
6 110 2 5) 8 | 2981
7 111 3 0 3 20

Table 4.10: Hill fitness function defined over bit string consisting of three bits.

A P1(Zs | Z1)
0103757 fie] 0 1
RETIEE 0 |0.1192 | 0.5300
1 | 0.8808 | 0.4700
P1(Zs | Z1, Z2)
Zli 0 1
Za | 0 1 0 1
0.1201 | 0.1191 | 0.1191 | 0.9933
1 | 0.8799 | 0.8809 | 0.8809 | 0.0067

Table 4.11: Conditional probability tables of BN constructed from hill fitness function with three
bits.
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Pr(Y; | Y,
Pr(Y;) - (02‘ 1)1 Yi: 0 1
0 q : Y, 0 1 0 1
0 q q2
11 1—q T [1—q|1-g¢ q q q q3
2 1 [1-q|l-gq|1-q|1-g
Pr(Ys | Y1,Y2,Y3)
Yi: 0 1
Yo 0 1 0 1
Ys: | 0 1 0 1 0 1 0 1
q q q q q q q q
1 |1=q|1l—q|1=q|1l=—q|1—q|1l—q|1—q|1—q

Table 4.12: Conditional probability tables of BN constructed from deceptive trap fitness function.

Similar to the 4-bit trap function, a 4-bit hill function was also investigated. The resulting
conditional probability tables are omitted due to space restrictions. These tables show the same
trend as the 3-bit tables, both by themselves and compared to the 4-bit trap BN. First, Pr(Z7) is
somewhat more skewed than Pr(Y;). Pr(Z; | Z; = 1) is much less skewed than Pr(Ys> | Y1 = 1),
and Pr(Zs | Z1 = 1,Z2 = 1) is much less skewed than Pr(Y3 | Y1 = 1,Y2 = 1). Other conditional

probability distributions are quite similar to each other.

4.6 General BNs from Deceptive Trap Functions

In this section, we investigate trap functions translated into BNs, in particular BNs with 4 nodes.
However, the method should, with some extensions, be scalable to BNs of arbitrary size. In par-
ticular, we consider how to construct BNs based on trap functions without using TETRAD as was

done earlier in this chapter.

4.6.1 4-node Trap BNs

The CPTs of the BN we focus on is presented in Table 4.12. Note that the conditional probabilities
gi are parameters; in an instantiated BN these would have values ¢; € [0, 1] and obey the constraint
that each column should sum to one. In the following, a shorthand notation is used, where Pr(Y; =
y1,Yo = y2,Y3 = y3,Ys = Y1) = Qyiyoysya- Given the BN in Figure 4.12, the joint probabilities

can be computed, resulting in joint distribution table with 2% entries. If we only consider the
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unitation, we want several of the joint probabilities to be equal or close to equal, and therefore we

pick representatives:

qoooo = 414999

qioo0 = (1 —q1)q2qq

g0 = (1—aq)(1 —q2)g3q

quio = (1—q)(1—gq2)(1—q3)qa

qun = (1—q)(1—q)(1—-g3)(1—q)

Here, qoo00, ¢1000, 91100, q1110, and g1111 are given, and are used to compute values for the right-hand
side.

There is a clear pattern here, and we might formulate the following algorithm: Consider the
indices 1 ...y4, and suppose we are currently at index y;. As long as we have seen only ones so
far, i.e. y; = 1 for all j < i, we multiply by (1 — ¢;) for the ith index. For the first zero seen, or
y; = 0 and y, = 1 for all k < j, we multiply by ¢;. After the first zero, we multiply by ¢ for a zero,
(1 —q) for a one.

All that remains now is to know the ¢;’s and g. Note that by construction, googo, q1000, ---, ¢1110
and q1111 are known, and so the ¢;’s as well as ¢ may be computed from them.

To get some more intuition for the structure of Table 4.12, we can compare it to the onemax
function. Most columns in Table 4.12 are similar to the onemax function: If we pick a 0, we get g;
if we pick a 1 we get (1 —q). The exceptions are for Y7 and if all previous bits (or nodes) have been

ones. As an example of the latter case, the global optimum may be attained, and it is attained

with the probability gi1111 = (1 — ¢1)(1 — ¢2)(1 — g3)(1 — qa).

4.6.2 Solving the Equations for 4-node Trap BNs

We have five equations and five unknowns, so we can solve for the unknowns. Starting with the

first equation, we can solve for g1, assuming that ¢ is known:

40000

98



Then we solve for ¢o and substitute for ¢; in the second equation:

41000 41000
Q@ = = 4.6
1-aq)g® (1—-£5)¢ (4.6)
Similarly, we have:
41100 _ 41100 (4.7)

q3 1— ‘10q0300 )q2

q3 = = )
(1 —Q1)(1 —(12)(1 (1 _ M) <1 - 41000 > q

41110
qs = 4.8
(1—q1)(1—q2)(1 —q3) (4.8)
_ 41110
1— M) <1 _ &) 1— d1100
( 3 (1_20(_1030_(1)q2 (17 q00300 ) 1 %1000 q
q (1*—0&0§Q)q2
and

gin = (1—q)(1—¢2)(1—gq3)(1 —q) (4.9)

_ 1 40000 1 41000 1 q1100
- 3 - (1 _ qoooo) 2 -
q ¢ 4 (1 _ g00300> <1 _ 41000 ) q
q (

g
1— O;SOO )q2

« 1= q1110
1— QOOOO) <1 _ 41000 ) 1— 91100
( q3 (1_ : q3 )q2 (17 40000 ) 1— 41000 q
7 <1—"4Jf30ﬂ>q2
By simplifying the last equation, we get:
¢° = qooo0 — g10004 — q11009> — q11109°

qiiin = pE , (4.10)

where we can solve for q. Once q is known, ¢y, ..., g4 can easily be computed. This gives us CPT

values to fill into Table 4.12.
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4.6.3 Numerical Solutions

So far, we have not used numerical quantities. Now we turn to computing values for goooo, ¢1000,
q1100, 91110, and ¢i111. We consider a four-bit trap function with £ =4, 2 = 3, a = 4, and b = 5,

giving the function

33-U) if U3
fU) = ;
5(U—3) if U>3

where U is the unitation of a bit string. It is easy to check that these parameters (a = 4,0 =5,z =

3,and k = 4) satisfy the deceptive condition:

4_2-1)(k—2) 3
:_>—:—.
5- 2-1/z 5

SalliS]

This gives f(0) =4, f(1) = %

3 ()= (s (5= (i (o (-3

12 8 4 15
The fitness values we get are therefore qoooo = §5, q1000 = g3, 91100 = 33, 91110 = 0, and 1111 = 53~

=
~~
o
~—
I
ol
~
~~
w
SN—
I

0, f(4) = 5, and the total sum of fitness is:

By substituting these values into Equation 4.10, we get an equation in ¢ only:

68¢° — 12 — 8¢ — 4¢*> = 0.

Here, the solution is ¢ = 0.653. (Note that the numerical values from now on are approximate.)

We substitute into Equation 4.5, Equation 4.6, Equation 4.7, Equation 4.8, and Equation 4.9
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Pr(Ys | V1, Ya)
Pr(VD) | Pr(? %) — [ 0 1
010519 0 | 0.653 | 0.470 Y 0 1 0 1
11 0.481 T 10347 10530 0 | 0.653 | 0.653 | 0.653 | 0.290
1 10.347 | 0.347 | 0.347 | 0.710
Pr(Yy | Y1,Y2,Y3)
Yi: 0 1
Yo: 0 1 0 1
Ys: 0 1 0 1 0 1 0 1
0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.653
1 10.347 | 0.347 | 0.347 | 0.347 | 0.347 | 0.347 | 0.347 | 1

Table 4.13: Conditional probability tables of BN constructed from deceptive trap fitness function.

respectively, and get:

40000

41000 41000
= = =0.470
q2 (1 _ Q1)C]2 (1 _ QOq0300 )q2
@ = 41100 _ 41100 — 0.290

(1 - QI)(l - (]2)(] 1 — 20000 1— §1000
7 (12290 ¢° q

q1110
(1—=q1)(1—q2)(1 —q3)

qs =

q1110

1— 490000 1— 41000 1— 491100
@3 (1—20000 42
B (1_ 20000 ) 1_ 91000 q
e (110000 )2

=0

The BN CPTs in Table 4.13 are just the above numerical values substituted into Table 4.12. It
should be noted that our construction does not guarantee that the resulting BN is fully deceptive.
In fact, we are not even guaranteed equal probabilities for strings (or explanations) of the same
unitation. As an example, for two of the bitstrings of unitation two we have qoo11 = ¢1q(1 — ¢q)(1 —
q) = 0.0408 and q1001 = (1—¢1)g2q(1—q) = 0.0512, while the trap function’s value is 4/83 = 0.0482.
However, if one wants to guarantee full deception, one can consider the maximum, minimum, and
certain other probabilities of explanations computed from the BN, and make sure that these obey

certain sufficient conditions for deceptive functions [Deb and Goldberg, 1994].
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4.7 Conclusion and Future Work

Characterizing classes of fitness functions for which evolutionary computation is appropriate is one
of the most important current research directions. This chapter focuses on two types of fitness
functions: functions of unitation and Bayesian networks, and in particular this chapter introduces
an approach to mapping functions of unitation into Bayesian networks. In addition, instances from
three classes of functions of unitation have been mapped to Bayesian networks: onemax functions,
trap functions, and hill functions. Onemax functions of unitation are non-deceptive, and the
constructed onemax BNs are non-deceptive and easy as well. Trap functions of unitation, on the
other hand, are deceptive. The trap function instances mapped into highly connected, hard BNs,
which can be made deceptive. Hill functions of unitation are similar to trap functions of unitation,
but they are not deceptive under the current definition. The instances considered were still mapped
to highly connected BNs. However, overall the skewness in the conditional distributions was smaller
for the hill BN than for the trap BNs.

Both the trap and the hill functions give highly connected Bayesian networks, suggesting that
they are in a sense difficult. In retrospect, this appears reasonable since functions of unitation are
global, meaning that the entire string is taken into account for fitness computation. However, when
the skewness of the conditional distributions is also taken into account, the hill BNs are generally
less skewed than the trap BNs, supporting the intuition that hill BNs are ‘easier’ than trap BNs.

While the construction underlying the onemax, trap, and hill functions was based on enumera-
tion, we have also investigated 4-node parametrized BNs, basing them on deceptive trap functions.
This is an approach which promises to scale better than the previous one.

Future work in three areas stands out: systematic experimentation, other measures of function
difficulty, and other aspects of the relation between functions of unitation and BNs. Regarding
systematic experimentation, the approach described here can be used to create BNs for systematic
experimentation, along the following lines: Suppose we have a deceptive BN consisting of k nodes

Y1, ...,Yr. Now we can construct a BN consisting of n nodes by making ¢ copies of the k nodes as
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follows:
C
Pr(X1, ..., Xn) = [ [Pr(Vi,s o, X,).
i=1

There are several parameters to vary when constructing these networks, even when they are
constructed from functions of unitation: Size of deception, size of deceptive network, number of
deceptive sub-networks, and signal difference between deceptive and non-deceptive optima.

Regarding other aspects related to functions of unitation and BNs, additional research is needed
to exactly formalize the conditions under which BNs are deceptive or non-deceptive, similar to that
done for functions of unitation [Deb and Goldberg, 1993|. Second, one could investigate empirically
the degree to which there is deception in some ‘natural’ BNs, i.e. BNs that have been developed
for application purposes. Third, certain extensions may be made to the construction in Section 4.6:
avoid zero in tables such as Table 4.13 above; generalize argument above, so that it applies to BNs
of any size, not just the 4-node one; investigate dropping edges in the deceptive BN model, since
fully connected BNs are realistic only for BNs of small size (and in fact, the edge to node ratio in

application BNs is surprisingly low).
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Chapter 5

The Stochastic Greedy Search
Algorithm

In this chapter we present a stochastic local search algorithm, stochastic greedy search (SGS),
which also has a stochastic initialization component. The core of SGS is a generalization of the
GSAT [Selman et al., 1992, Selman et al., 1994] algorithm to the probabilistic case. We introduce
and experiment with two variations of the gain (or change in utility) function, the core of the
algorithm. One of the gain functions, GMPE gain, is a generalization of GSAT, while the other
gain function, Blanket gain, is a probabilistic version of the GSAT gain.

Our research on stochastic local search has an algorithmic component, SGS, and a methodologi-
cal component. The algorithmic component is the main topic of this chapter, while the methodolog-
ical aspects are in focus in Chapter 6. However, since the justification for SGS is to be effective on
certain BNs where exact inference is hard, we briefly preview our approach to systematically study
the scalability of algorithms for MPE computation. First, given that randomly generated networks
give, in general, easy inference tasks and are therefore not useful (and may even be misleading) for
scalability studies, we develop a way to generate increasingly harder BNs in a systematic way. We
show how to generate BNs for which computing the MPE implies identifying a satisfying assignment
of a corresponding CNF formula. We then build on work that has been done in the deterministic
case [Mitchell et al., 1992], and generate hard instances of these problems. Extensive experiments
have been done with one of the best probabilistic inference packages available, the Hugin system,
which is based on clustering and propagation in join trees [Lauritzen and Spiegelhalter, 1988, Dawid,
1992] — see also Section 2.2.2 for a presentation of clustering. These experiments show that the

clustering approach has significant problems computing the MPE of increasingly hard instances,
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Figure 5.1: Illustrating the criterion of choice concept for stochastic greedy search in the context
of choosing between climbing north (N) and east (E). To the left, climbing N, which locally gives
the best gain, is globally optimal. To the right, climbing N, which still gives the best gain locally,
does not lead to a globally optimal solution. In order to reach the global optimum to the right, at
least probabilistically, one can use a stochastic criterion of choice, such that one sometimes chooses
E rather than N, even though the latter is locally superior.

until it breaks down completely and requires an unreasonable amount of time. For certain BNs,
SGS performs several orders of magnitude better than the Hugin system.

In this chapter, we experiment with our stochastic local search algorithm on application BNs.
We find that our algorithm is quite effective on these networks, and performs comparably to Hugin.
Here, one significant component in the success of the algorithm is the stochastic initialization
module, in particular the dynamic programming and forward simulation algorithms. Essentially,
this initialization module suggests a good starting point to the stochastic local search component of
SGS. The dynamic programming algorithms compute a complete solution of a (randomly) simplified
network, for which the inference algorithm is tractable. Two other significant reasons for SGS’s
success are the ability to exploit different search and initialization algorithms or operators, and also
the GMPE measure of gain turns out to be powerful.

The rest of this chapter is organized as follows. Section 5.1 describes our top level stochastic
local search algorithm. Section 5.2 describes operator-based SGS, and in Section 5.3 we present
initialization algorithms. In Section 5.4 we present the experimental design and results. Section

5.5 concludes and outlines future work. Chapter 6 is closely related to this chapter, as it focuses
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on systematically generating BNs and using them for SGS and Hugin experimentation.

5.1 Stochastic Local Search

This section presents the stochastic local search algorithm, SGS. We first present the top-level

algorithm, then we present the two measures of gain, Blanket gain and GMPE gain.

5.1.1 The Search Algorithm

Stochastic greedy search (SGS) is a local search algorithm augmented with stochastic initializa-
tion and noise steps. SGS is based on previous research on stochastic local search for computing
satisfying assignments in propositional formulas [Selman et al., 1992, Selman et al., 1994]. There
is also a similarity to the stochastic simulation algorithm [Pearl, 1988] which is primarily intended
for belief updating but can also be used for belief revision. SGS is also related to ILS (see Chapter
2 and [Lin et al., 1990, p. 129]) and SLS [Kask and Dechter, 1999]. However, ILS does not incor-
porate the noise and initialization capabilities of SGS. SLS, which was developed independently
and concurrently with SGS, shares several characteristics, such as noise — or stochastic — steps
and initialization. However, several of the details are different in SGS and in SLS, including the
initialization algorithms, the measures of gain, as well as the fact that SGS has an operator-based
variant which we describe in Section 5.2.

SGS, which is presented in Figure 5.2, starts from an explanation x, and performs local changes
to x in order to improve the probability Pr(x). Different measures of gain M, closely related
to but not necessarily directly based on Pr(x), can be used to guide the local changes, and we
present BLANKET and GMPE below. In addition to a measure of gain, SGS encompasses the
notion of criterion of choice C. This criterion determines how the algorithm decides, based on
the gain, which variable to flip next. We have investigated two types of criteria of choice, Max
and Stochastic. The first, Max, chooses greedily and yields classical steepest-ascent hill-climbing.
The Stochastic criterion yields probabilistic hill-climbing, by probabilistically deciding which state
to flip, typically based on the state’s relative utility according to the chosen measure of gain M.
The Stochastic criterion is related to the stochastic simulation algorithm as well as to the noise

strategies used in stochastic local search [Selman et al., 1994]. When we want to make the gain
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M and choice C' explicit, we denote the algorithm SGS/MC, with M € {B,G} and C € {M, S},
where B stands for Blanket, G for GMPE, M for Max, and S for Stochastic. Note that M and C
can also be very simple, or essentially by-passed, such as in the case where uniform noise (NU) is
applied. For uniform noise, a non-evidence node is first picked at random, and then a new state of
that node is picked at random.

Intuitions behind the concepts of gain and criterion of choice are illustrated in Figure 5.1.
Suppose our current state is where one of the stars is, and we need to decide between north (N)
and east (E) as our next step. A measure of gain defines how we measure progress for each of
our candidate next steps. A criterion of choice determines how we choose between the different
candidate steps, based on the candidate gains, using a Max criterion or a Stochastic criterion. In
both situations in Figure 5.1, a Max criterion would always choose to step north, while a Stochastic
criterion would step north only most of the time. Note that in the situation to the right, climbing E
happens to be the better choice, since this hill is higher. Clearly, in the situation to the left, always
stepping north is very good, while in the situation to the right it is very bad. The Stochastic
criterion avoids always making such very good or very bad choices by climbing according to a
probability distribution.

The SGS input parameters MTRIES (maximum number of tries) and MFLIPS (maximum
number of flips) control, respectively, how many restarts are performed and how many local flips
are done before a restart. P-NOISE controls the noise level. Applying noise amounts to taking
a random step with probability P-NOISE, and taking a greedy step using the chosen measure of
progress with probability 1— P-NOISE. The input parameter GAIN controls which measure of
gain and which measure of utility is used. The ¢ parameter controls the termination of SGS, and
we terminate when an explanation b is found such that the utility of b is ¢ (e.g., with a probabilistic
progress measure we have Pr(b) = ¢). Other termination criteria can easily be incorporated into
SGS. In particular, we have implemented the option of terminating after executing SGS for a
certain time period, even though this is not shown in Figure 5.2.

The SGS algorithm returns two values. The first value is a Boolean value signifying whether
search was successful or not; the second value b is the explanation with the highest score. The

input value ¢ = 0 means that no noise should be applied; in this case SGS is successful when
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reaching a local optimum. With ¢ > 0, SGS is successful if ¢ is attained.

SGS uses ComputeGain, see Figure 5.3, to evaluate candidate tuples, i.e. to compute the gain
of nodes and states. ComputeGain iterates over all nodes and over all states of each node Xj,
excluding the node’s current state x;, and computes which nodes are candidates to have their state
changed, along with their gain.

The ChooseState function applies the criterion of choice and picks which state is flipped. Then,
in Utility(x,GAIN) the utility measure related to GAIN is applied. If GAIN is BLANKET, the

well-known probability product utility of Equation 2.1 is used:
Utility(x,BLANKET) = Pr(x).
If GAIN is GMPE, then the following probability sum utility is used:
Utility(x, GMPE) = zn:Pr(wi | Tx,).
i=1

Using one of these two utility measures we keep the better explanation of x and b, and iterate
unless the limit ¢ has been reached.

Note that ComputeGain implements both the BLANKET and the GMPE gains; which one is
used depends on the value of the input parameter GAIN. Within the inner-most loop, ComputeGain
contains implementations of the BLANKET and GMPE measures, which are presented below.
Within that loop there are also calls to NodeChildrenProbability, which computes the utility of
node X;’s state in explanation x, using the utility gain specified by GAIN. In ComputeGain, we
have for simplicity assumed that all non-evidence nodes are iterated over. The generalization to a

subset of all nodes is easy.

5.1.2 Measure 1: BLANKET Gain

To simplify exposition, we assume |2x| = 2 in this and the following subsection. The intuition
behind BLANKET is that the state of a node X should be flipped from x to Z if this leads to a

higher probability in the explanation which contains the instantiation x for node X. More formally,
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we compute the BLANKET gain Ag(z,Z), where C; € Ux:

Pr(z | mx) x [[¢, Pr(e: | 7c,)

Ap(,T) = Pr(z | mx) x []e, Pre| 7o)

(5.1)

The BLANKET gain is obtained as follows. Let x be the explanation before flipping, x’ the
explanation after flipping some number of nodes. A reasonable measure of the goodness of those
flips is

Pr(x')

An(x,%) = Pr(x)’

(5.2)

since the probability of the flipped explanation Pr(x’) can be computed by taking the probability

of the old explanation Pr(x) and multiplying it with the gain of Equation 5.2:

Pr(x') = Ap(x,%) Pr(x).

By applying Equation 2.1, we can write (5.2) as

[ [z, Pr(a; | 7y,
[Ii, Pr(zi | 7x;)’

A]\,[(X, X/) =

where 2, = x; if node X; was not flipped, 2 = Z; if node X; was flipped, and parent instantiations
7T/Xl- and 7y, are changed to reflect the flipped nodes.

If only one node X is flipped, we can exploit the locality of the BN to restrict the amount of
computation needed. In particular, we only need to consider the Markov blanket of X, that is the

CPT in X itself as well as CPTs in X'’s children C' € Ux:

[z Pr(ag [ y,)
[ Pr(a: | 7x,)
Pr(z | mx) x [[¢, Pr(c

Pr(z [ 7x) x [1g, Pr(e | me;
Pr(z | 7x) x [1g, Pr(e
Pr(z | mx) % [[¢, Pr(e | me,
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where Y are the BN nodes other than X and Ux, Y =V — X UUx, and Y; € Y. This is exactly
the BLANKET gain Ag(z,z) (5.1).

The implementation of the BLANKET measure in SGS is shown in Figure 5.3. The assignment
to Old is the denominator in BLANKET, while the assignment to New is BLANKET’s numerator.
BLANKET is not defined if the numerator is zero. This leads us to test for zero in ComputeGain,
and take the following action: If Old (numerator in Equation 5.1) and New (denominator in Equa-
tion 5.1) are both zero, we define BLANKET gain to be one. If Old is zero but New is non-zero,
we greedily pick the new state s, which is Z in the binary case, and return. So in this case, we
are more greedy than usual, since the first state in the first node where a flip leads from a zero
to a non-zero probability is picked as a candidate for flipping. It is not hard to think about BN

topologies where such an approach is too greedy, and using the GMPE gain would be better.

5.1.3 Measure 2: GMPE Gain

We may take the logarithm of the BLANKET gain in (5.1), under the assumption that all CPT

entries involved are non-zero

In(Ap(x,z)) =

n Pr(z | mx) x HCi Pr(c | 7c,)
Pr(z | mx) X HCi Pr(c| m¢;)

= In(Pr(z | 7x)) + ) In(Pr(c; | 7¢,)) — |In(Pr(z | mx)) + > In(Pr(e | me,))
Ci Ci
We now drop the assumption that all CPT entries involved are non-zero, since, after all, zero entries

often occur in BNs. We also drop the logarithms, giving the GMPE gain

Ag(x,®) = |Pr(T |nx)+ Y Pr(c|7e,) | — |Pr(z | 7x) + > _Pr(c|me,)| (5.3)

C; &
where C; € Ux. The main advantage of this new measure is that it is well-defined and gives a
measure of gain even when zero entries are involved. And as we will see in experiments, this is
often very important. Also, we can handle the zero case without complicating the algorithm as was
needed for BLANKET—see Figure 5.3. One can regard the GMPE gain as a smoothed variant of

the Blanket gain, giving an approximation of the Blanket gain.
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Note that the GMPE gain is not correct, that is a positive GMPE gain does not imply an
increase in an explanation’s probability. However, GMPE gain is a strict generalization of the GSAT
gain [Selman et al., 1992], and as such it remains correct on essentially deterministic BNs, such as
those described in Section 6.2.1. The GSAT measure is constructed for satisfiability formulated as
an optimization problem, the MAXSAT problem. MAXSAT is an optimization problem where one
optimizes the number of satisfied clauses; clearly when optimum is reached in MAXSAT one has
also solved the underlying SAT problem.

The reasoning behind the GSAT gain and the GMPE gain shown in Equation 5.3 is similar.
Using the GSAT gain, we flip the variable which gives the highest increase in satisfied clauses.
Using the GMPE gain, we flip the BN node which gives the highest increase in probabilities when
added (and not multiplied as usual). So the GMPE gain is closely related to the probability sum

utility measure.

5.2 Operator-Based Stochastic Greedy Search

The SGS algorithm we have considered so far has been generalized, giving what we denote an
operator-based variant of SGS. The operator-based SGS retains the structure of standard SGS,
with two nested loops for tries and flips, and one or several initializations at the start of each try.
What is new in operator-based SGS is that when an initialization or a search step is attempted, the
algorithm chooses one among a portfolio of operators. The choice is done following a round-robin
schedule or according to a probability distribution defined by associating a probability with each

operator. We have the following classes of operators:

e Initialization operators: Uniform initialization (UN), forward simulation (FS), backward dy-
namic programming (BDP), and forward dynamic programming (FDP). These operators are

presented in Section 5.3.

e Search operators:

— Greedy operators: GMPE gain with max criterion (GM), Blanket gain with max crite-
rion (BM). These operators are essentially the same as the corresponding greedy search

algorithms presented in Section 5.3.
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— Stochastic (noise) operators: Uniform noise (NU), Blanket gain with stochastic criterion

(BS), GMPE gain with stochastic criterion (GS), stochastic simulation (SS).

The operator-based variant of SGS, which we call OSGS, is presented in Figure 5.4. OSGS
also uses a portfolio of search operators SearchPortfolio and a portfolio of initialization operators
InitializationPortfolio. In OSGS, we also make a stronger distinction between utility and gain than
in standard SGS. In particular, each operator has an associated gain, which is unrelated to how
overall utility is computed. So, for example, all operators can use GMPE gain, while the overall
utility of an explanation can be computed using its probability product utility or the probability
sum utility.

The structure of OSGS is exactly like that of SGS: There is an outer loop for tries, and an
inner loop for flips. The three subroutines Instantiate, Search and CheckLimit do much of the work
in OSGS, employ the Blanket and GMPE measures of gain, and operate as follows. Instantiate(x,
b, i, UTILITY) instantiates the explanation x, using those among the initialization operators UN,
FS, BDP, and FDP that are part of the InitializationPortfolio. If b is set to true, initialization is
performed ¢ times, and the best of these explanations, according to the utility measure, is used as
basis for search. If b is set to false, initialization is performed once. Search(x) performs a search
step on the explanation x, using the measure of gain associated with the chosen search operator.
The search operator used is chosen from among the stochastic and the greedy operators in the
SearchPortfolio. CheckLimit(p, ¢) returns true if £ >0 and p 4+ ¢ ¢ > /, else false is returned.
Here, ¢ is a small positive constant, typically we use ¢ = 10~3 to avoid erroneous non-termination
due to numerical rounding errors.

Note how OSGS is a generalization of standard SGS; we can regard standard SGS’s noise and
hill-climbing steps as two operators chosen from a SearchPortfolio of size two, where one search
operator is a greedy operator, the other is a stochastic operator. And we can regard standard
SGS’s initialization as an initialization operator chosen from an InitializationPortfolio of size one.

The advantage of operator-based SGS compared to standard SGS is generality and flexibility,
which leads, as we will see in Section 5.4, to better performance. In addition, the operators make
OSGS very similar to a GA, which makes their integration easier as a next step. And the standard

SGS can be simulated using the operator-based SGS, so the functionality of standard SGS is not
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lost. The main disadvantage with operator-based SGS is that it is a little slower, due to the
overhead associated with the operators. However, we have found it to be only approximately 20%
slower, and its benefits outweights this cost. In the following, we often do not distinguish between

these two variants of SGS.

5.3 Initialization Algorithms

Stochastic local search can be improved by starting from a good initial explanation. We have
investigated the following initialization algorithms for stochastic generation of initial explanations:
uniform initialization, forward simulation, forward dynamic programming, and backward dynamic
programming. These stochastic initialization algorithms, who all have a complexity of O(n), are
presented in the following.

Uniform initialization (UN) assigns initial states independently and uniformly at random. The
algorithm goes through all nodes, and if a non-evidence node X is encountered, each state has a
probability of 1/|Q2x| of being chosen. Forward simulation (FS) is a well-known BN simulation
algorithm [Henrion, 1988]: Root nodes R are initialized independently at random according to
their prior distribution Pr(R), while non-root nodes are initialized according to their conditional
distributions Pr(V | Ily ), and only after their parent nodes IIy have been initialized. Evidence
nodes are of course not changed.

The dynamic programming (DP) initialization algorithms are based on the Viterbi algorithm
[Rabiner, 1989]. The Viterbi algorithm, after our generalization of it to BNs, correctly computes
an MPE in BNs which are trees. So on BNs which are ‘close’ to being trees we also expect these
algorithms to work well. These algorithms split a BN into trees, initialize each tree independently,
and then combine the explanations in each tree to give an explanation for the entire BN.

Backward dynamic programming (BDP) is inspired by the backward Viterbi algorithm. First,
BDP divides the BN into trees, starting from the root nodes. This is done using stochastic depth-
first search, such that different trees are typically constructed each time. Second, BDP sets up the
DP arrays, starting from the leaf nodes. The DP arrays are one numerical array and one state
array per BN node. Third, BDP constructs an explanation by forward propagation over the DP

arrays.
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BN parameters Hugin
Network | N E | E/N | Compile | Execute | Total | Props
Barley 48 84 | 1.75 10.48 35 45.84 7
Link 724 | 1125 | 1.55 39 2218 2257 157
Muninl 189 [ 282 | 1.49 147.9 131.2 279.1 1
Pigs 441 592 | 1.34 1.281 28.02 29.3 111
Pir3 143 | 168 | 1.17 0.047 0.015 0.062 3
Water 32 66 | 2.06 2.469 2.078 4.547 1

Table 5.1: Performance of Hugin on application Bayesian networks. The results in the Total column
are for computing an MPE and are in seconds. The Compile and Execute columns give the time
taken in each of these two phases; Props gives the number of propagations in the execution phase.

Forward dynamic programming (FDP) is inspired by the forward Viterbi algorithm. FDP works
similar to BDP, but starts stochastic search from the leaf nodes, constructs DP arrays from the
root nodes, and performs backward propagation from the leaf nodes.

We introduce the following terminology for BNs with tree topology. A forward tree is a BN
tree where FDP computes an MPE. A backward tree is a BN tree where BDP computes an MPE.

We often use the same notation as for search operators to indicate which initialization operators
are part of the InitializationPortfolio. For example, SGS/FDP/BDP means that SGS with FDP

and BDP in the InitializationPortfolio has been used.

5.4 Experiments

There are several ways in which one can investigate the SGS algorithm empirically. In the following,
the main focus is on application instances. Section 5.4.1 covers the effect of using different search
operators, while Section 5.4.2 covers the effect of applying different initialization operators.

Since SGS is incomplete, one question is when it should conclude that it has found an MPE.
This is controlled by the values of the SGS and OSGS parameters MTRIES, MFLIPS, T},.x, and /.
GSAT literature says that ‘[a]s a rough guideline, setting MFLIPS equal to a few times the number
of variables is sufficient’ [Selman et al., 1992]. For WSAT, a variant of GSAT with more directed
noise steps [Selman et al., 1994], typically very few tries, with corresponding low MTRIES values,
are used [Selman et al., 1994]. Another parameter that is important is noise level P-NOISE, and

one also needs to set this. In the following, we have used existing results as guidelines as well as
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Bayesian | Settings SGS/Mix | SGS/BM | SGS/BS | SGS/GM | SGS/GS
Network | Thax | Frax T S T S T S T S T S
Barley 581 96 | 265.4 | 9| 581.1| 0| 581 0| 209 914486 | 3
Link 2257 | 1448 | 72.49 | 10 | 63.8 | 10 | 2257 0] 86.69 | 10 | 143.7 | 10
Muninl 2688 378 | 11.85 | 10 | 15.45 | 10 | 2032 518.052 |10 | 17.84 | 10
Pigs 493 882 | 114.3 | 10 | 493 0| 493 0| 147.7| 10| 419.9 | 2
Pir3 62 286 | 1.799 | 10 | 1.938 | 10 | 3.091 | 10 | 1.056 | 10 | 2.494 | 10
Water 606 64 | 0.572 | 10 | 2.066 | 10 | 2.391 | 10 | 1.158 | 10 | 1.00 | 10

Table 5.2: Performance of stochastic greedy search using different search algorithms on application
Bayesian networks. T, and Fie, give information about the time-out limit and the max number
of flips respectively. The Mix portfolio is a combination of the BM, GM, BS, and GS search
operators and the UN, FS, FDP, and BDP initialization operators. The results in the T columns
are for computing an MPE and are in seconds. The results in the S columns present the number of
times an MPE was found. Time spent on initialization is included in the time taken for the SGS
algorithm.

Bayesian | Settings | SGS/Mixz | SGS/UN | SGS/FS | SGS/FDP | SGS/BDP
Network | Tax | Froax T S T S T S T S T S
Barley 581 96 | 265.4 | 9| 581 0| 9581 01]217.9| 10| 581 0
Link 2257 | 1448 | 72.49 | 10 | 2257 | 0| 2.439 | 10| 2257 0| 2257 0
Muninl 2688 | 378 | 11.85 | 10 | 2688 | 0| 0.4406 | 10 | 456.7 | 10 | 2688 0
Pigs 493 | 882 | 114.3 | 10 | 493 0] 493 01]66.25| 10| 493 0
Pir3 62 286 | 1.799 | 10 | 62.02 | 0| 62.02 0| 61.92 110011 10
Water 606 64 | 0.572 | 10 | 0.420 | 10 | 0.1187 | 10 | 2.10 10 | 13.22 | 10

Table 5.3: Performance of stochastic greedy search using different initialization algorithms on
application Bayesian networks. The results in the T columns are for computing an MPE and are in
seconds. The Miz portfolio is a combination of the BM, GM, BS, and GS search operators and the
UN, FS, FDP, and BDP initialization operators. The results in the S columns present the number
of times an MPE was found. Time spent on initialization is included in the time taken for the SGS
algorithm.
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experimented until a good parameter setting was found.

For comparison to SGS, we use the state-of-the-art algorithm Hugin [Lauritzen and Spiegelhal-
ter, 1988] [Dawid, 1992]. Hugin uses two phases to compute an MPE, a compilation phase and an
execution or propagation phase. The execution phase may consist of several propagations. In the
following, the total time of the compilation phase and the execution phase for Hugin to compute
an MPE is used when comparing to SGS.

For the experiments discussed here, as well as those reported in Chapter 6, a Dell 410 using
1GB of RAM and up to 9GB of swap space has been used. Note that this setup favors Hugin,

which is RAM-intensive. Stochastic local search, on the other hand, uses very little RAM.

5.4.1 Application Bayesian Networks: Different Search Operators

For the application BNs, we first ran Hugin. The resulting MPE probability was then used as a
utility limit ¢ in SGS, and in addition a time limit 7Tj,,x was used. The time-out Ti,.¢ input to
SGS depended on the time used by Hugin to compute the MPE, denote this time Ty. Given Ty,
Timax was set as follows: For 0 < Ty < 0.1 : Thax = 10007y; for 0.1 < Ty < 10 : Thax = 1007 y;
for 10 < Ty < 1000 : Tinax = 1075 and for 1000 < Ty < 00 : Tax = Tx. Using limits ¢ and
Tinax might not be natural in applications, however it makes our comparison between algorithms
more informative. Settings for SGS’s parameters Tynax and MFLIPS (Flax) are shown in Table
5.2. For the search operators, the settings (i) Pr(O) = 0.9 and Pr(NU) = 0.1, where O € {BM,
BS, GM, GS} and (ii) Pr(BM) = 0.25,Pr(GM) = 0.25,Pr(BS) = 0.25, and Pr(GS) = 0.25 were
used for the different variants of SGS respectively.

Results for BNs from applications are shown in Table 5.1, Table 5.2 and in Figure 5.5. Table
5.1 shows results for Hugin. Rows in Table 5.2 show different BNs, while columns show results for
SGS variants. For each algorithmic variant, there are two columns, T and S. T gives the average
time of the 10 runs performed per BN, while S presents the number of successes. Finding an MPE
counts as success.

In Figure 5.5 and Table 5.2, the results from the experiments that focus on the differences
between search operators are presented. The main results are as follows. First, the results for SGS

are comparable to those for Hugin. In some cases, notably for Barley, Pigs, and Pir3, Hugin is
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faster, while for Link, Muninl, and Water, SGS is faster and has a perfect success score, both for
SGS/GM/NU and for SGS/Miz. Second, the mixture variant SGS/Mixz is consistently the best
or second best SGS variant. Therefor, using all available search operators is an easy way to give
very good performance. Third, which search operator is best depends on the BN at hand. For
the Barley BN, the blanket operators SGS/BS/NU and SGS/BM/NU do not work well, while
SGS/GM/NU does. The reason for this is probably that Barley has many small probabilities p
in the range 1.0 x 1072 < p < 1.0 x 1075, giving underflow, and one is more likely to overcome
these problems when the GMPE gain is used. For the Link and Muninl BNs, SGS/BS/NU does
not work well, while the other SGS variants do. The GMPE variants work well because of all the
deterministic constraints in these BNs; the reason for the difference between the blanket variants
is not well understood. The Pigs BN is a more extreme variant of Link and Muninl, in terms of
the difference between performance of SGS variants. In the two last BNs, Pird and Water, all of

the algorithms have perfect scores, and the inference times are not much different.

5.4.2 Application Bayesian Networks: Different Initialization Operators

In a second set of experiments with application BNs, the focus was on investigating the effect
of the initialization operators. The experimental approach used is similar to the one described
in Section 5.4.1, with the essential difference that initialization operators are used one at a time
across all BNs, while the same BM/GM/BS/GS portfolio of search operators is employed for all
initialization operators. Search operators were invoked probabilistically, with uniform probability.
Note that SGS/Miz in Table 5.2 is exactly the same version of SGS as SGS/Miz in Table 5.3.

In Figure 5.6 and Table 5.3, the results from the experiments that focus on different initialization
algorithms are presented. The main results are as follows. First, which initialization operator is
best is in general very dependent on the BN at hand, however the mixture UN/FS/FDP/BDP
performs consistently well. For the Barley BN, only SGS/FDP andSGS/Miz work well. This is
due to Barley’s topology, which is close to being a forward tree, in which FDP works perfectly. For
the Link BN, only SGS/FS andSGS/Mix work, because of all the deterministic constraints in these
BNs. Muninl is in several ways similar to Link, but here, surprisingly, SGS/FDP also works well.
For the Pigs BN, only SGS/FDP andSGS/Mix work, again because of the BNs topology, which is
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close to a forward tree. For the Pir3 BN, both of the dynamic programming operators work, while
the other two initialization operators do not. The reason for this is Pird’s close to tree-shaped
topology; some parts of this BN are forward trees, while other parts are backward trees. Notice
that the BDP variant is much better, and this is consistent with the topology. Water is the only
BN in which all initialization operators have perfect scores. The reason for this is that this BN has
a layered topology with both forward and backward tree aspects. There are many deterministic
constraints which can be utilized by forward simulation, and since approximately 50% of the CPT
entries in Water are zero, and the graph is the most highly connected among the tested application
BN, it is not surprising that SGS/FS is the winner.

Second, with the exception of Water, the uniform initialization (UN) performs poorly, and even
for Water it is outperformed by forward simulation (FS). It appears quite easy to find an MPE in
Water; in fact this is the only BN in which all initialization operators have perfect scores.

The fact that there is, in general, such a large difference in performance between different
initialization operators makes us conclude the following. Firstly, initialization plays a key role
when doing stochastic local search in application BNs: uniform initialization is successful in only
one of the BNs. Secondly, using a portfolio of initialization algorithms is very fruitful. For some
BNs, for instance those that have a tree topology or a topology which is almost a tree, it easy to
see that one initialization operator should outperform other operators. However, more generally,
it is difficult to predict which initialization operator will find an MPE in the shortest time, and in

such cases the portfolio approach pays off.

5.5 Conclusion and Future Work

The main contribution of this chapter is the SGS stochastic greedy search algorithm. SGS combines
greedy search, stochastic search, and initialization algorithms. We have presented two SGS variants,
standard SGS and operator-based SGS. We have shown that SGS outperforms Hugin on hard BNs
constructed from satisfiability instances, and outperforms Hugin on certain application BNs. Core
factors in the success of SGS are the initialization operators, the GMPE measure, and the approach
of using a portfolio of operators for computation. The paradigm for constructing hard Bayesian

networks and their use in benchmarking algorithms for computing MPEs in Bayesian networks is
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presented in more detail in Chapter 6.

Areas for current and future work include the following. First, the important role of initialization
and progress measures, especially in application networks, raises the question of more intelligently
choosing the best initialization method for a given BN. Second, in local search, an essential question
is how to escape from local minima. In this chapter, our answer has been using noise. Another
approach is using crossover from genetic algorithms. Alternatively, the two measures of gain can be
decomposed into their parent part and children part, and one could use these individually. More
generally, there is potential for additional hybridization, for example combining stochastic local
search with Hugin, or combining the FDP and BDP algorithms. Third, additional investigation

of when to terminate, other than using a utility or time limit, is needed.
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SGS(MTRIES, MFLIPS, P-NOISE, GAIN, C, ¢ )
Input: MTRIES maximum # of restarts
MFLIPS  maximum # of flips
P-NOISE noise probability
GAIN GMPE or BLANKET
C criterion of choice
¢ limit
Output: b estimate of MPE
bool success or not
Initialize(b)
for i — 1 to MTRIES
Initialize(x) {stochastic initialization}
if (Utility(x, GAIN) >Utility(b,GAIN)) b « x
if (¢ >0 and Utility(b, GAIN) > /) return (true, b)
for j — 1 to MFLIPS
Noise «+— Random01() < P-NOISE
if (not Noise)
ComputeGain(x,c,GAIN,C)
if (Empty(c))
if (P-NOISE = 0) break
else Noise «+ true
else
(Node, State) «— ChooseState(c, C'){pick from candidate array}
endif
endif
if (Noise)
Node « pick node at random
State «— pick state from node at random
endif
x[Node| < State {change State of Node in explanation x}
if (Utility(x, GAIN) > Utility(b, GAIN) b « x
if (¢ > 0 and Utility(b, GAIN) > ¢) return (true, b)
endfor
endfor
if (¢ =0) return (true, b) else return (false, b)

Figure 5.2: The SGS stochastic greedy search algorithm.
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ComputeGain(x,c, GAIN,C)

Input: x explanation
c candidates
GAIN gain type
C criterion of choice

Output: c¢ candidates
if (GAIN = GMPE) Initialize(c, 0) else Initialize(c, 1)
for each non-evidence node X; € X
0 <— I;
Old <+ NodeChildrenProbability(X;, x,GAIN)
for each state s € Qx, —x;
x; < s {try state s in i-th node}
New « NodeChildrenProbability(X;, x,GAIN)
if (GAIN = GMPE) Net « New - Old
else
if (Old =0)
if (New =0) Net « 1
else
Force(c, i, s) {force state s into candidate array c}
return
endif
else
Net «— New / Old
endif
endif
Add(e, i, s,Net) {add state s to candidate array c}
endfor
x; < o {reset state to original value}
endfor

Figure 5.3: The CHOOSE-NODE algorithm, used by SGS.
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OSGS(MFLIPS, UTILITY, C/Tax,l,i )
Input: MFLIPS maximum # of flips
UTILITY SUM or PRODUCT

Tnax time limit

¢ limit

i # of initializations tried
Output: b estimate of MPE

bool success or not
Instantiate(b,false,i, UTILITY)
start «— Clock()
while (Clock() — start < Tipax)
Instantiate(x,true,i, UTILITY)
for j «— 1 to MFLIPS
Search(x)
if (Utility(x,GAIN) > Utility(b, GAIN)) b « x
if CheckLimit(Utility(b, UTILITY),¢) return (true, b)
endfor
endfor
if (¢ =0) return (true, b) else return (false, b)

Figure 5.4: The operator-based SGS stochastic greedy search algorithm.
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Figure 5.5: Effect of using different SGS search operators on application BNs. The MPE compu-
tation time (bottom, log scale) and success ratio (top) for Hugin and different variants of SGS is
shown. The same portfolio of initialization operators is used for SGS in all cases.

123



@ Hugin B SGS/Mix O SGS/UN O SGS/FS B SGS/FDP @ SGS/BDP

12

Successes
(o))
Il
[
[

4 4 | ||
2 4 | ||
0 . -
Barley Link Muninl Pigs Pir3 Water
Bayesian network
@ Hugin B SGS/Mix O SGS/UN O SGS/FS B SGS/FDP @ SGS/BDP
10000

£ 1000

c

@]

0

o 100 — —

: |

= 10 || || || |

c

i)

g 1 - - | i

>

[oX

5

1) 0.1 — — — -
0.01 |

Barley Link Muninl Pigs Pir3 Water
Bayesian network
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algorithms is used for SGS in all cases.
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Chapter 6

Hard and Easy Bayesian Networks

Experimental work in Bayesian network inference can be performed using networks from applica-
tions, as was done in Chapter 5. While this approach is valuable, there are also limitations. First,
the number of BNs per application is typically very small, typically one, sometimes up to five. It is
impossible to obtain good statistics using such small samples. Second, as we have seen in Chapter
5, BNs vary considerably across applications in terms of the time MPE computation requires, and
it is unclear how much one can learn from pooling BNs from different applications. Third, there
is the possibility that existing BNs might have been engineered to give adequate performance in
existing inference engines, and it seems very valuable to construct BNs that are not biased in this
way.

Addressing these limitations associated with using BNs from applications for experiments, this
chapter investigates a methodological generation of BN instances so that a systematic comparison
of algorithms can be done. Generating Bayesian networks randomly, however, may result in easy
inference problems that do not present a challenge to algorithms and may not reflect the hardness
of realistic instances. Care has to be taken, therefore, when randomly generating networks, in order
to control the hardness of the resulting inference problem.

This chapter presents an experimental paradigm for systematically generating increasingly hard
instances used to compute the most probable explanations in Bayesian networks. As a knowledge
representation formalism, Bayesian networks are quite expressive, and there are many parameters
one can systematically vary in order to gain empirical insights. We study a few of these structural
and distributional parameters of Bayesian networks and show how changing them (while maintain-

ing network size) can change the hardness of the problem from a very simple inference problem to

125



one that existing algorithms cannot handle. Among the parameters we study are the ratio of the
number of root nodes to the number of non-root nodes in the network, the irregularity of the graph
and the distributional nature of the conditional probability tables.

We also focus on bounding or extreme cases, BNs which are extreme in the sense of being quite
uniform along the dimension of interest, such as having only 0/1-probabilities. The advantage of
such cases is that, if chosen carefully, they are very hard or easy for one of the algorithms we study.
Our justification for focusing on such bounding cases is that unless one obtains results there, the
less extreme cases will not be interesting, either. While the focus on extreme cases is less realistic
from an application point of view, it makes the systematic experimentation much more informative.

The hardness of the networks is investigated experimentally using one of the most successful
commercial inference algorithms, Hugin, along with the stochastic greedy search algorithm (SGS)
that we have developed, and which is presented in Chapter 5. While both algorithms break down
as the hardness of the problem increases, we show that they vary significantly along some of the
dimensions and, surprisingly, that the performance of the stochastic search algorithm degrades
more gracefully in many cases.

The rest of this chapter is organized as follows. Section 6.1 introduces in more detail the
methodological points to be made. Section 6.2 presents the SAT and KD models we use for gen-
erating BNs, and the relations between them. Section 6.3 discusses the interaction between BN
features and algorithmic hardness. Section 6.4 presents experimental evidence, while Section 6.5
concludes and discusses future work. Chapter 5 is closely related to this chapter, as it presents

the SGS in detail.

6.1 Methodological Background

Essentially all the inference problems studied within the Bayesian network (BN) formalism are
known to be computationally hard [Cooper, 1990, Roth, 1996, Shimony, 1994], and given their
central role in diverse automated reasoning applications, developing heuristics for these problems
is an important research problem. A significant component of this work has to be experimental
and rely on the generation of instances, so that a systematic comparison of algorithms can be done.

However, while worst case complexity results show inference in very simple (albeit large) networks

126



to be hard, generating networks randomly may tend to result in easy inference problems that do
not present a challenge to the algorithms and may not reflect the hardness of realistic instances.

In this chapter we study the problem of computing the most probable explanation (MPE) in
Bayesian networks and present an experimental paradigm for systematically generating increasingly
hard instances for computing the MPE, as well as a careful study of some of the factors that
contribute to the hardness of inference.

We study a few structural and distributional parameters of Bayesian networks and show how
changing them (while maintaining network size) can change the hardness of the problem from a very
simple inference problem to one that existing algorithms cannot handle. Among the parameters we
study are the ratio of the number of root nodes to the number of non-root nodes in the network,
the irregularity of the underlying graph, and the distributional nature of conditional distribution
tables.

The hardness of the networks is investigated experimentally using two families of networks and
two algorithmic approaches. Our selection of families of hard networks to study extends research
on generating hard instances for satisfiability problems [Mitchell et al., 1992]. We show the relation
between computing the MPE and identifying a satisfying assignment of a corresponding CNF
formula and use this relation to build hard instances for MPE. As a result, we concentrate on two
types of networks — those that are derived directly from instances of satisfiability, via a mapping
we present, and a class of networks introduced in [Kask and Dechter, 1999], for which we show the
relations to SAT-like networks. In both cases, generating random networks may result in very easy
instances, but a careful selection of the parameters along the dimensions we discuss, even while
fixing the size of the network, may result in networks that existing algorithms cannot handle.

Algorithmically, we investigate two very different approaches. We use the Hugin system, one
of the best probabilistic inference packages available, which is based on clustering and propagation
in join trees [Lauritzen and Spiegelhalter, 1988, Dawid, 1992]. Even though Hugin was originally
developed for belief updating [Lauritzen and Spiegelhalter, 1988], it was later extended to handle
MPE computation [Dawid, 1992]. The algorithm stays essentially the same, modulo the use of
maximization rather than marginalization for MPE computation, however MPE computation can

require multiple propagations. So a BN which is hard for Hugin MPE computation will also be hard
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for Hugin belief updating, unless the hardness is only caused by a high number of propagations.
The second algorithm we use is the stochastic search algorithm SGS, which we have developed.

Our findings allow us to identify clear trends in how to generate hard and easy instances for
the MPE problem, while showing at the same time some interesting properties of the algorithms
and their dependency on various conditions. Structurally, we identify similar trends for both types
of networks and both algorithms. Let V' be the number of root nodes in the network and C' be
the number of non-root nodes. The ratio C'/V is an indication to the hardness parameter of the
network; as this ratio grows, when fixing the number N = C'+V of nodes in the network, the MPE
problem becomes harder. We identify a threshold phenomena, the value of which may depend on
the setting of other parameters, above which the time to find the MPE grows exponentially. A
second structural parameter we consider is the regularity of the underlying graph of the network.
For the clustering and propagation based algorithm we show that, keeping the size of the network
constant, the inference problem for regular graphs is harder than the problem for irregular graphs.
Perhaps not surprisingly, this issue does not affect the stochastic search algorithm in a significant
way.

Our distributional study is concerned with changing the nature of the CPT tables while keeping
the structure of the network fixed. We observe a significant difference between the behaviors of the
two algorithmic approaches we study. While the clustering and propagation based algorithm scales
very badly when the CPT contains very extreme values (namely, the CPT simulates logical gates)
it behaves much nicer when the CPTs are smoother. Quite the opposite behavior is observed for
the stochastic algorithm, which is exponentially faster than Hugin when the CPTs have extreme
values. In the smoother CPT, we found that the type of initialization used in the stochastic

algorithm significantly affects the inference time.

6.2 Distributions of Bayesian Networks

Since inference in BNs is computationally hard, an important question is how to systematically
study heuristics for this problem. One of the major problems one faces is that for many hard
problems simply generating random instances yields fairly easy problem instances and may mislead

this effort [Angluin and Valiant, 1979, Franco and Paull, 1983, Cheeseman et al., 1991].
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This problem has been addressed in the context of satisfiability, in the seminal work of [Mitchell
et al., 1992], where it was shown how to generate hard instances for 3SAT. These ideas can be
generalized and used to generate hard instances for the MPE problem. The basic idea is to start
with a CNF formula and generate a BN in which the MPE corresponds to a satisfying assignment
of the original CNF. In this way hard instances of satisfiability correspond to hard instances of the
MPE problem. Moreover, the threshold phenomena identified for instances of satisfiability, namely
that the hardness of the problem depends on the ratio of the number of clauses to the number of
variables, can be generalized to the case of Bayesian networks.

We generalize this parameter and consider the ratio C'/V where V' is the number of root nodes in
the network and C' is the number of non-root nodes. This turns out to be the natural generalization
for the families of networks we study and, as in the case of Boolean satisfiability we exhibit a
threshold phenomena, even when keeping N = C 4+ V fixed.

We consider two families of networks. First we present SAT-like networks, in which the mapping
from the satisfiability problems is fairly direct. Then we discuss a more general construction,
presented in [Kask and Dechter, 1999], which we show to be very related to the SAT networks and,
as a result, can be studied from the same point of view.

We should qualify our results by pointing out that they only apply for particular algorithms, in
our case Hugin and SGS. In the context of SAT, the following has been stated [Mitchell et al., 1992]:
‘(W]e present empirical results showing that random instances of satisfiability can be generated
in such a way that easy and hard sets of instances (for a particular SAT procedure, anyway) are

9

predictable in advance.” Although there is significant empirical evidence that certain hard problem

regions carry over between algorithms, there is as yet little theoretical support for this observation.

6.2.1 The SAT Model

Building on a construction from [Cooper, 1990, Roth, 1996] the basic idea is to start with a CNF
formula and generate a Bayesian network for which an MPE corresponds to a satisfying assignment
of the CNF. Thus, starting with a hard CNF yields a BN for which computing the MPE is hard.
While the straight forward construction yields a hard, yet simple BN, in the sense that the variables

are all Boolean and the conditional probability tables are simple, we also suggest ways to generalize
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Figure 6.1: Example of constructing a BN from a CNF formula.

beyond that, and it is easy to verify that the resulting networks are still hard.

Figure 6.1 depicts the general idea of the construction. Given a 3CNF formula f = A%, C; with
clauses C; = X;, V X;, V X;, we construct a layered Bayesian network, in which one layer of nodes
corresponds to the variables X}, a second corresponds to the clauses C;, and a third corresponds to
the function value node, f. The variables X; are all root nodes and are linked only to clause nodes.
A variable X; has an edge directed toward Cj iff X; occurs in the clause C;. All the clause nodes
are linked to the function node f. The conditional probability tables are set so that P(f =1) >0
iff the assignment to the X;’s satisfies the 3CNF formula. It is easy to see that this happens if for
all 7, the conditional probability table associated with the node C; simulates an or gate of three
inputs, and the table associated with the node f simulates an and gate over all the C;’s. In order
to generate a network that corresponds to a non monotone CNF (CNF formula with negation), the
CPT needs to be generalized slightly in a straight forward way:.

An example of the above construction over the variables X1, X5, X3, X4 is shown at the top
in Figure 6.1. The corresponding CNF has two clauses with variables X1, X9, X3 and X», X3, X4
respectively, and the CPT is constructed so as to encode the or on the corresponding literals (e.g.,
X1 or Xy).

In order to generate a BN for the MPE problem it is sufficient to clamp the clause nodes C; to
1, and in this way drop the node f and the conjunction gate. An example of the resulting network

is shown at the bottom of Figure 6.1. It is easy to verify that an assignment of values to the X;’s

130



has a positive probability iff it satisfies the corresponding 3CNF formula. There may be many
satisfying assignments, all with the same probability, making them all MPEs.

Satisfiability might seem like a limited problem to consider since (i) it is a decision problem,
not an optimization problem like computing an MPE and (ii) it gives a particular bipartite BN
topology. We provide counter-arguments to these two arguments in the following.

Concerning (i), even though satisfiability is obviously a decision problem, we note that decision
problems are special cases of optimization problems. The optimization problem of finding an MPE
of non-zero probability correspond to the problem of deciding whether the formula is satisfiable.
And even within the SAT framework, regardless of the BN perspective, it has proven fruitful to view
this decision problem as an optimization problem, known as the MAXSAT problem. MAXSAT
is an optimization problem where one optimizes the number of satisfied clauses. So even though
satisfiability is a decision problem, there is a strong connection to optimization problems, and
emphasizing the difference between decision problems and optimization problems does not seem
fruitful.

The advantage of focusing on this particular decision problem it that it is a bounding case where
we expect a stochastic local search algorithm to perform well, and Hugin not so well. One can
smooth and perturb the 0/1-probabilities in a SAT BN, and gradually make it more of a ‘realistic’
optimization problem. However, if one cannot show, experimentally, superior performance for one
algorithm over another in the bounding case of SAT BNs, these more complicated experiments are
not worthwhile.

Concerning (ii), we argue that even though the bipartite SAT BNs have a limited topology, this
topology is, first of all, interesting in its own right. Several applications, including medical diagnosis
as in the QMR-DT BN [Lin et al., 1990] and information theory [Gallager, 1962] [Frey, 1998], use
BNs with this topology. Second, inference algorithms have been proposed for this topology [Henrion,
1991]. A third reason why the bipartite topology is interesting is that it provides a well-understood
stepping stone for other topologies. As we detail below, one can regard the leaf nodes in a SAT
BN as the non-root nodes in an arbitrary BN. Or, one can regard the two levels as a first step in
the direction of considering multi-level BNs, and all BNs can certainly be organized into multiple

levels [Castillo et al., 1997].
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There are several ways to generate random 3CNF formulas. Assume one chooses the policy:
work with V variables and C' clauses; generate the clauses by selecting variables uniformly into
clauses and negate each variable with probability 0.5 [Mitchell et al., 1992]. In this case, it turns
out that there is a phase transition phenomena between easy problems and hard problems that
depends on the ratio between the number of variables V' and the number of clauses C', namely,
C/V. Through extensive experimentation it has been established that for 3CNF formulas there is
a phase transition around C/V & 4.25, and the hardest instances are found in the region around the
phase transition, the hard region [Mitchell et al., 1992]. Via the construction above, the importance
of this ratio carries over to BNs. The threshold value itself may change, though, if other parameters
in the generation are changed. Notice that in our case, V' is the number of root nodes in the network
and C' the number of non-root nodes in the network. C//V turns out to be an interesting hardness
parameter even for more general networks.

In addition, we sometimes consider the ratio between the number of edges in the network F,
and the number of nodes N. This measure is more general from the BN point of view, since it does
not assume the bipartite structure of CNF-like BNs. In our case, a 3CNF on V variables and C
clauses yields a network with N =V 4 C variables and E = 3C edges. A ratio of C/V = k implies
E/N =3k/(k+1) (e.g., for k=4,E/N = 2.4).

Note that we are not claiming that the ratio is constant between models. However, what we
do claim is that with increasing C/V (or E/N) ratio for a given model (such as the SAT model),
we expect to see a similar threshold phenomenon around some ratio, where the ratio most likely is
model-dependent. Whether this is the case or not is an empirical question, and in order to gain

some more insight regarding this, we turn to the KD model.

6.2.2 The KD Model

In this section we follow a suggestion for generating random Bayesian networks, suggested recently
by Kask and Dechter [Kask and Dechter, 1999]: The procedure they suggest can be viewed as
follows. Choose the following three parameters: N - the number of nodes in the network; V' - the
number of root nodes and P - the number of parents of a non-root node. Construct a networks as

follows: Index the nodes from 1 to N, and iterate over the nodes. At the i-th step, pick the i-th
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node and pick, uniformly at random P parents among the nodes indexed from ¢ + 1 to N. Repeat
until there are V' nodes left.

This algorithm typically creates BNs with a tree-like topology. However, notice that if C' =
N — V, the number of non-root nodes, is much smaller than V', the graph is likely to be almost
bipartite, with C' non-root nodes and V' root nodes. In this way, this model, which we will call the
KD model, is a generalization of the bipartite SAT model. Instead of restricting nodes among the
leaf nodes to have parents only among the root nodes, non-root nodes are allowed to have other
nodes as children.

Kask and Dechter investigate experimentally the model using what we might call a constant

node cardinality approach. In the expression N =V + C, N is kept constant, while V and C' vary.

6.3 Hard and Easy Networks

In this section, we discuss several factors which might affect the hardness of the problem of com-
puting an MPE. We present the factors and use this to motivate the experiments we performed
and our expectations regarding effect various factors may have. In particular, we discuss the C/V

ratio, the regularity of the underlying graph and the nature of the CPTs.

6.3.1 Threshold Phenomena C/V

As mentioned earlier, for the case of propositional satisfiability, a phase transition phenomena
between hard instances and easy instances has been observed. This phenomena depends on the
ratio C'/V between the number of variables V' and the number of clauses C' in the CNF formula.

Given the way we have generated the SAT networks from SAT formulas, we have mapped V to
be the number of root nodes in the network and C' the number of non-root nodes in the network.
We expect a similar threshold phenomena to occur here, namely, computing the MPE becomes
significantly harder has the ratio increases. Although, given different parameter setting, the value
of the threshold itself may vary.

The situation is somewhat more subtle for the KD network, which typically have a tree like
structure. However, based on our earlier discussion we have observed that the KD network are

essentially a generalization of the SAT networks and thus expect that C'/V remains an important
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Children-regular (*/r)

Children-irregular (*/i)

Parent-regular (r/*)

Regular (r/r)
Classical Gallager codes
kECNF and Read-¢
Regular KD networks

Irregular (r/i)
Modern Gallager codes
kECNF

Irregular KD networks

Parent-irregular (i/*)

Irregular (i/r)
Read-/¢

Irregular (i/i)

Many application BNs

Table 6.1: Regular and irregular Bayesian networks classified along the two orthogonal dimentions
of children-regularity and parent-regularity. The heading x/y of a cell (such as r/r) means that
parent-regularity is x, children-regularity is y.

parameter, and that we can see a threshold phenomena there too.
A third issue that is of interest here, given that we study these issues with two different algo-

rithmic approaches, is the extent to which the hardness is algorithmic dependent.

6.3.2 The Nature of the CPTs

We consider three CPT types: Uniform discrete CPTs, Boolean CPTs and uniform continuous
CPTs. (We have also considered adding low levels of noise to Boolean CPTs but this has turned
out to give similar behavior to the Boolean cases.) These types cover the CPTs that are required
to provide an exact mapping from SAT problems to the corresponding BNs as well as idealizations
of CPTs that might occur in applications.

Given the nature of the algorithmic approaches we study - the clustering and propagation based
algorithm Hugin versus the stochastic search SGS, the main concern here is the effect of the CPTs
on the algorithms.

In the case of Boolean CPTs we expect that the number of MPEs would be relatively large,
and therefore this would make the inference problem (keeping other parameters fixed) harder for
Hugin to handle while, for the same reason, would make it easier for SGS. Hugin would have to
repeatedly propagate until it arrives at one MPE, while SGS is more likely to find one of the MPEs
from a good starting point for hill-climbing.

The other extreme case, of uniformly selected CPTs is expected to yield the opposite results.
We expect that in this case there will be fewer MPEs, typically one. This will be advantageous to
Hugin, having to propagate only once, but may make the problem of finding the MPE harder for

a greedy search algorithm like SGS.
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6.3.3 Regularity of Graphs

The issue of the regularity of the underlying graph of the network has received some attention in
the context of BNs used in information theory [Gallager, 1962] [Luby et al., 1998]. In particular,
when using iterated belief propagation to compute the MPE given a codeword transmitted over a
noisy channel, irregular networks have been found to perform better than regular ones. Although
Gallager’s original code (denoted classical Gallager codes in Table 6.1) enforce the constraint that
each root node should have the same number of children, and each leaf node should have the same
number of parents [Gallager, 1962], [Luby et al., 1998] provides a compelling argument for why
lifting these assumptions may be beneficial for computing the MPE when decoding, giving modern
Gallager code. The intuition is that, using a propagation based algorithm, high degree nodes may
tend to get quicker to the “right” setting, given that they need to satisfy more constraints and this
leads to a “wave effect” that helps lower degree nodes find their “right” setting.

In order to evaluate the effect of this structural property on computing the MPE we introduce

the following terminology.

Definition 13 A BN is parent-regular if all nodes with in-degree greater than zero have the same
number of parents. A BN is children-reqular if all nodes with out-degree greater than zero have
the same number of children. A BN 1is reqular if it is children-reqular and parent-reqular, else it is

irreqular.

Table 6.1 summarizes some families of BNs and how they can be classified into the four classes,
using the two orthogonal dimensions of children-regularity and parent-regularity. Most entries in
this table should be well-known or explained already; the notion of read-¢ means that a variable is
used ¢ times in a clause. Note that regularity could easily be made more gradual; for example one
could use variance in in-degree and out-degree a measure of regularity. With this more general
measure, high variance means irregular, low variance means regular. Here, however, we present
experiments only with two extreme cases. We investigate the effect of regularity by keeping the
number of nodes and edges fixed, and varying how edges are attached to nodes with respect to
children-regularity. The construction algorithms of Section 6.2 have been augmented to construct

irregular or regular BNs.

135



We are concerned about two issues. First, the general effect of changing the regularity on the
hardness of computing the MPE and second, the extent to which the different algorithms behave
differently under these conditions. Our expectation is that, if indeed regularity makes the inference
problem harder, an algorithmic approach that depends more on the BN topology, such as Hugin,

would be affected more significantly than an algorithm like SGS.

6.4 Experiments

In this section we perform experiments with SGS and Hugin, using BNs from KD and SAT dis-
tributions, and varying the various parameters that control which BNs are generated from these
models.

In Section 6.4.1, we focus on the effect of varying the ratio in BNs where the CPTs are Boolean
functions. We show that certain BNs with a high ratio are hard for Hugin, but easy for SGS. Section
6.4.2 presents experimental results that lifting the assumption of Boolean CPTs makes certain BNs
harder for SGS, while they get easier for Hugin. Section 6.4.3 investigates the role of regularity.

In the present experiments, we restrict ourselves to nodes with two states, and Boolean CPTs
are OR-gates. The methodology used is to generate a number of BN instances according to the
SAT or KD models, run SGS and Hugin on these instances, and record statistics such as median,
mean p, and standard deviation o for the time (in seconds) to compute an MPE.

Unless otherwise noted, the termination criterion we use for SGS is that an MPE has been
found or a pre-specified, high time-limit has been reached. This might not be the way one would
use SGS in an application, where one might want to trade off speed and solution quality in a more
flexible way, however our approach makes comparison between SGS and Hugin easier. For SAT
BNs, SGS will generally find a satisfiable assignment in a very short time, and we let the algorithm
run until a satisfying assignment has been identified. And in other BNs, we generally let SGS run

until an MPE has been found.

6.4.1 Ratio Experiments

Using the construction presented in Section 6.2.1, 3SAT BNs of varying hardness were generated

at random. Important BN parameters are number of variables V', number of clauses C', number of
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BN parameters Hugin SGS/GM Comparison
V| C|C/V|E/N| py OH b oG te/
20| 40 21 2.00 | 0.155 | 0.0536 | 0.00126 | 0.00432 8.13 x 1073
30| 60 21 2.00 | 3.59 2.19 | 0.00692 | 0.00849 1.93 x 1073
35| 70 21 200 | 17.1 13.4 | 0.00560 | 0.00987 3.27 x 1074
40 | 80 21 2.00| 90.7 65.4 | 0.00596 | 0.00770 6.57 x 107°
20| 60 3| 22510577 0.263 | 0.01316 | 0.02304 2.28 x 102
30 90 3| 225 285 26.8 | 0.03122 | 0.05367 1.10 x 1073
35| 105 3| 2.25 234 154 | 0.06370 | 0.13364 2.72 x 10~%
40 | 120 3| 2.25 | 1425 1110 | 0.07972 | 0.11033 5.59 x 10~°
20 80 41 240 | 1.20 | 0.495 | 0.12160 | 0.28286 1.00 x 107!
30 | 120 41 2.40 | 101.8 65.5 | 0.52440 | 1.01343 5.15 x 1073
35 | 140 41 240 | 1116 908 | 1.07782 | 1.80301 9.66 x 1074

Table 6.2: Speed (in seconds) of Hugin and SGS for MPE computation on Bayesian network
translated from CNF formulas. Note that SGS is typically several orders of magnitude faster than
Hugin.

edges E, and number of nodes N. The C'/V-ratio and the E/N-ratio are both measures of hardness
of a BN; as a rule of thumb we have that the larger these ratios are, the harder the network is
on the average. The constructed BNs consist of 20, 30, 35, and 40 variables, and have a C'/V-ratio
ranging from 2 to 4, see Table 6.2. For SGS, 10 MTRIES, 10(C' + V) MFLIPS, and a noise level
of P-NOISE = 0.1 was used.

Results are shown in Table 6.2, where each row summarizes 50 deterministic instances. The
mean and standard deviation of MPE computation time is presented for Hugin and one variant of
SGS. The results for MPE computation are in seconds. The Comparison column summarizes the
results by giving ratios for means of computation times of the two algorithms. Although we have
experimented with 0/1 instances as well as smoothed instances we present here results only for the
0/1 cases. Also, we only present results for instances which Hugin was able to process. (Hugin
was not able to process, at least not in reasonable amounts of time, larger instances than what is
presented). The reason for focusing on instances which Hugin could process is that for these cases
we know for sure that some non-zero MPE exists. This methodology is the same as used in the
seminal research on satisfiability [Selman et al., 1992, Selman et al., 1994].

For Hugin, there are two main effects, as predicted. First, as the C/V-ratio increases towards
the hard region, the inference time increases super-linearly. Second, as the number of variables and

clauses increases, the inference time increases, too.
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BN parameters Hugin
V4+C | V | C | C/V | median e oy BNs
256 | 146 | 110 | 0.75 | 0.1560 | 0.1579 0.0141 | 100
256 | 136 | 120 | 0.88 | 0.2030 | 0.2089 0.0497 | 100
256 | 126 | 130 | 1.03 | 0.2810 | 0.3152 0.1089 | 100
256 | 116 | 140 | 1.21 | 0.6880 | 0.8667 0.7101 | 100
256 | 106 | 150 | 1.42 | 4.2035 | 6.6136 7.2083 | 100
256 | 104 | 162 | 1.46 | 8.0390 | 10.9292 | 10.2812 | 100
256 | 102 | 154 | 1.51 | 12.0800 | 19.8823 | 22.0354 | 100
256 | 100 | 156 | 1.56 | 20.4200 | 35.3964 | 45.0436 | 100
256 | 98 | 158 | 1.61 | 29.8450 | 50.8568 | 53.3685 98
256 | 96 | 160 | 1.67 | 55.500 | 96.959 | 211.920 99
256 | 86| 170 | 1.98 | 208.400 | 806.800 | 1400.750 5

Table 6.3: Time (seconds) for Hugin to compute the MPE for various parameter settings of the
KD model.

For SGS, an MPE was found in all cases, so only the search times are presented in Table
6.2. SGS with the GMPE measure outperforms Hugin by several orders of magnitude on these
BNs. This is summarized in the pg/pg column in Table 6.2. In this column we also see that the
advantage of using SGS increases with increasing problem size, while there is no such clear trend
for C'/V-ratio.

In a related experiment, we used V' = 30 variables, and varied the number of clauses from
C =60 to C' = 126. Again, we use only satisfiable BNs; and run SGS until an MPE is found or
until the time limit Ty,,x is reached. In Figure 6.2, the results from these experiments are shown.
Note that SGS/GM/NU consistently finds MPEs in these BNs, while SGS/BM/NU does not.
This corresponds well with the superior performance of SGS/GM/NU compared to SGS/BM/NU
in Figure 6.2. A second main point is that SGS/GM/NU is two to three orders of magnitude
faster than Hugin on these networks, while SGS/BM/NU is faster than Hugin on networks with

C/V < 3.1; after that point Hugin is faster.

6.4.2 CPT Experiments

Here we lift the assumption that CPTs are Boolean functions. In particular, we pick CPT values
from a uniform continuous distribution at random. In Table 6.3, we present results for Hugin on
KD BNs with uniform continuous CPTs. Note that this is different from experiments with SAT

in Table 6.2, since here we keep V 4 C' constant rather than V. (The effect of this is a non-linear
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BN parameters Regular SAT BNs Irregular SAT BNs Ratio

vV|C | C/V m pd | od" | S m ps” ol S | wd"/ud
30| 60 20| 1670 | 19.4 | 11.5 ]| 100 3.67 3.10 | 2.10 | 100 3.13
30| 66 2.2 29.00| 33.1| 16.4 | 100 7.11 8.21 | 5.01 | 100 4.04
30| 72 24| 4284 | 456 | 19.8 | 100 9.94 | 11.61| 6.75 | 100 3.93
30| 78 2.6 | 5841 | 658 | 31.8] 100 | 14.60 | 18.38 | 12.52 | 100 3.58
30| 84 2.8 |1 101.45 | 109.8 | 59.7 | 100 | 2143 | 26.31 | 17.98 | 100 4.17
30| 90 3.0 | 121.05 | 131.0 | 66.3 | 100 | 29.41 | 35.32 | 21.36 | 100 3.71
30| 96 3.2 | 156.45 | 158.4 | 65.4 | 100 | 45.64 | 53.78 | 33.90 | 100 2.95
30 | 102 3.4 168.30 | 192.0 | 97.4 | 100 | 58.74 | 67.36 | 42.79 | 100 2.85
30 | 108 3.6 | 178.55 | 212.1 | 114.1 | 100 | 77.51 | 85.76 | 45.37 | 96 2.47
30| 114 3.8 1226.90 | 264.3 | 152.4 | 99| 89.73 | 107.28 | 66.77 | 97 2.46
30 | 120 4.0 | 257.00 | 306.1 | 168.4 | 96 | 107.55 | 121.73 | 66.86 | 88 2.51
30 | 126 4.2 | 318.25 | 358.3 | 165.6 | 86 | 125.35 | 155.18 | 97.26 | 68 2.31

Table 6.4: The effect of regular and irregular SAT BNs on Hugin computation time (seconds).

change in the C'//V-ratio as a function of a change in C.) Also note that there are two parents
per non-root node rather than three as is used in 3SAT. In Figure 6.3, the mean computation time
py for Hugin on these networks is depicted. We note the sharp phase transition around the ratio
C/V =~ 1.7. Also note that the KD BNs used by Kask and Dechter [Kask and Dechter, 1999], with
C/V < 0.75 for the case of N = 256, are actually quite easy for Hugin to solve.

In other experiments, we confirmed the expectation that Hugin outperforms SGS on BNs with
uniform continuous nodes, and also confirmed that these nodes made Hugin run faster than what

it does on BNs with Boolean CPTs.

6.4.3 Regularity Experiments

To answer our questions about regularity, we performed experiments as summarized in Table 6.4.
BNs were created from the SAT distribution, varying the C/V-ratio, as earlier, but also varying
whether they were irregular (corresponding to ASAT formulas) or regular (corresponding to kSAT
and Read-¢ formulas).

Results from the Hugin experiments are presented in Table 6.4 and in Figure 6.4. The main
effect is that the more regular BNs consistently require more time for computation. That is, BNs
that are regular are slower than those that are irregular. This is summarized in the ratio between

r/r i/r.

the computation means in the regular case p,; and in the irregular case py; . In particular, we
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BN parameters Regular SAT BNs Irregular SAT BNs Ratio

V| C | C/V m pd” | od" | S m ws” | o | S | pd" /!
30 | 60 2.0 0.14 0.21 | 0.19 | 100 0.17 | 0.25] 0.28 | 100 0.84
30 | 66 2.2 0.30 0.43 | 0.44 | 100 0.20 | 0.38 ] 0.45 | 100 1.13
30| 72 2.4 0.47 0.93 | 1.59 | 100 0.61 | 1.20 | 1.58 | 100 0.78
30| 78 2.6 0.90 1.79 | 2.42 | 100 1.50 2.5 3.9 100 0.72
30| 84 2.8 1.60 3.50 | 5.50 | 100 2.10 54| 7.4 100 0.65
30| 90 3.0 4.10 | 11.70 | 21.30 | 100 570 | 13.0| 18.0 | 100 0.90
30 | 96 3.2 | 10.50 | 25.10 | 35.20 | 100 | 13.10 | 32.2 | 43.4 | 100 0.78
30 | 102 3.4 19.50 | 41.40 | 46.30 | 100 | 48.70 | 70.0 | 57.4 | 100 0.59
30 | 108 3.6 | 72.70 | 80.50 | 56.40 | 100 | 84.30 | 85.8 | 58.6 | 96 0.85
30 | 114 3.8 |1 150.00 | 100.5 | 59.60 | 99 | 150.00 | 110.6 | 55.4 | 96 0.91
30 | 120 4.0 | 150.00 | 133.20 | 39.40 | 96 | 150.00 | 129.9 | 42.5 | 88 1.02
30 | 126 4.2 | 150.00 | 134.20 | 37.80 | 86 | 150.00 | 134.9 | 35.9 | 68 0.99

Table 6.5: The effect of regular and irregular SAT BNs on SGS/BM/NU computation time (sec-
onds).

have that 2.3 < uf;/pb, < 4.2. Interestingly, this ratio decreases as the C/V-ratio increases.

A second effect is that the number of BNs that could be processed under the regular condition
is greater than that number under the irregular condition.

In Table 6.5 and Figure 6.4, we investigate the effect of regularity on SGS. In these experiments,
we use only the BNs which can be processed by Hugin from Table 6.4. So for all BNs up to the
3.4 ratio, there are 100 BNs, while for higher ratios there are fewer BNs. In this case, difference
between speed of inference is much smaller, and the ratio is, if anything, reversed compared to
Hugin.

In summary, we have showed that regularity is important not only for the iterated belief propa-
gation algorithm when used on information theory BNs. In particular, we have showed empirically
that regular BNs are slower to process for Hugin, while for SGS the difference between regular and

irregular BNs is very small.

6.5 Conclusion and Future Work

This chapter presents an experimental paradigm for constructing hard Bayesian networks and their
role in benchmarking algorithms for computing MPEs. We have studied a range of structural

and distributional parameterization of BNs and showed how they affect the hardness of computing
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MPEs. We have shown that varying these parameters, even when keeping the network size fixed,
may make the networks hard to handle for state-of-the-art algorithms like Hugin. In addition,
our study compares two distinct algorithmic approaches and show how different parameters values
affect them differently to the extent that their performance differs exponentially in the problem
size.

The contribution of this work is thus two fold: Methodologically, we believe this line of work to
be essential so that valid experimental evaluation of algorithms can be performed. Algorithmically,
this work helps in developing an understanding of the suitability of different algorithmic approaches
in different settings.

This work can be extended in many directions. Most important is to develop a better under-
standing to intermediate cases. While we have studied extreme cases in a few dimensions, mainly
to exhibit that threshold phenomena exists, it is essential to perform similar studies for less extreme

cases along these and other dimensions.
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Figure 6.2: MPE computation time of Hugin and SGS on SAT BNs with V = 30 variables and
C' =60 to C' =126 clauses.
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Figure 6.3: Computation time (seconds) as function of C//V ratio in Hugin for KD networks. Note
the phase transition around C/V = 1.7, supporting our claim that other models than the SAT
model have phase transitions.
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Figure 6.4: Computation time (seconds) as function of C/V ratio for irregular and regular SAT
networks. Results for Hugin are shown at the top, results for SGS to the bottom.
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Chapter 7

Abstraction for Computing the Most
Probable Explanation

Abstraction hierarchies have seen widespread use within many areas of artificial intelligence. There
are several purposes of abstraction, including (i) improving human comprehension and interaction
[Chang and Fung, 1991], (ii) facilitating learning and knowledge acquisition [Koza, 1989], and (iii)
improving the speed or quality of search [Wellman and Liu, 1994] [Mengshoel and Wilkins, 1998a].

Improving the speed or quality of search for a most probable explanation in a Bayesian net-
work (BN) [Pearl, 1988] is the main motivation for the research reported in this chapter. Exactly
computing a most probable explanation (MPE) is computationally hard [Shimony, 1994], and the
large node state spaces that occur frequently in application BNs have proven to be a major factor
in slowing down the speed of inference. In addition to being directly used, large state spaces can
be caused by a discretization of continuous nodes.

To attack the problem of large state spaces slowing down the speed of inference, we abstract
these large node state spaces. We introduce the perspective that an abstracted state in a search
space can be regarded as a noisy approximation of the sets of states that it abstracts. This perspec-
tive is valuable because stochastic search algorithms such as genetic algorithms (GAs) [Goldberg,
1989c| can be augmented with abstraction and refinement when computing a most probable expla-
nation [Mengshoel and Wilkins, 1998a], and GAs have proven robust even when using noisy fitness
functions [Goldberg, 1989c¢| [Miller, 1997].

Our approach relies on an ability to construct abstraction hierarchies of high quality, and this
is a main focus of the present chapter. This chapter synthesizes and extends research from several

areas of artificial intelligence. In particular, we extend previous work on BN abstraction and
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refinement [Chang and Fung, 1991] [Wellman and Liu, 1994] [Liu and Wellman, 1996] [Mengshoel
and Wilkins, 1998a] by focusing on MPE computation, identifying quality criteria for abstraction
hierarchies, developing algorithms for abstraction hierarchy construction, and empirically testing
them. For a stochastic searcher such as a GA, the goal of using abstraction and refinement for
search is more reliable convergence or increased speed of handling more abstract (hence coarser)
individuals, and future research should investigate these issues.

The remainder of this chapter is organized as follows. Concepts related to Bayesian network
and GA approximation are presented in Section 7.1. We focus on abstraction and refinement in
Bayesian networks in Section 7.2. We discuss abstraction for the MPE task in Section 7.3, and we
investigate quality measures for abstraction in Section 7.4. Abstraction algorithms are presented
in Section 7.5, and we give experimental results for them in Section 7.6. Section 7.7 concludes and

outlines future research. Appendix A gives further details about abstraction and refinement.

7.1 Approximation, Bayesian Networks, and Genetic Algorithms

The central idea in BN approximation is, given an explanation x to, give an approximate value of
Pr(x) rather than Pr(x) itself. As detailed later in this chapter, we approximate the explanation
x by another explanation y, and then use Pr(y) as an approximation to Pr(x). For BNs, we
will distinguish between abstraction and aggregation, which both have been described in the BN
literature [Chang and Fung, 1991] [Wellman and Liu, 1994] [Liu and Wellman, 1996]. Abstraction
is essentially to replace several node states with one node state. Abstraction is also known as
state-space abstraction [Wellman and Liu, 1994] [Liu and Wellman, 1996|, coarsening [Chang and
Fung, 1991], or behavioral abstraction [Genesereth, 1984]. Aggregation is essentially to replace
several nodes with one node. Aggregation is also known as structural abstraction [Wellman and
Liu, 1994] [Genesereth, 1984] or hierarchical abstraction [Srinivas, 1994]. The inverse operations
of abstraction and aggregation, refinement and decomposition, are also of interest; these will be
discussed below as will other issues related to abstraction and aggregation in Bayesian networks.
Previous research establishes that GAs can perform well using approximate fitness functions
[Grefenstette and Fitzpatrick, 1985] [Miller, 1997] [Chapman and Saitou, 1994]. An abstracted

BN is an approximation of the original BN, and is therefore an approximate fitness function. The
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advantage of abstraction is that the search space is made smaller and hence easier to search. The
price to pay is inaccuracy, which can be considered to be noise, however previous research has
shown that GAs are noise-tolerant [Grefenstette and Fitzpatrick, 1985]. In the rest of this section
we discuss approximation in Bayesian networks as well as genetic algorithms, approximations, and

noise.

7.1.1 Abstraction and Refinement

Chang and Fung introduced the two operations of refine and coarsen for discrete Bayesian networks
(BNs) [Chang and Fung, 1991]. Coarsen eliminates states for a node (it is an abstraction operation),
while refine introduces new states for a node (it is a refinement operation). Both operations, which
are discussed in more detail in Section 7.2, take as input a target node and a desired refinement or
coarsening, and then output a revised conditional probability distribution for the target node and
for the target node’s children. Both operations are based on constraints on the Markov blanket
of the target node. Two classes of operations are described: external operations and internal
operations. External operations change the BN topology by using Shachter’s operations [Shachter,
1988|. Internal operations, on the other hand, maintain the BN topology. In the following we focus
on the internal abstraction operation.

Wellman and Liu also consider abstraction of a node X, and in particular how the conditional
probability tables related to a parent P and a child C are affected. Updating of Pr(X | P) is similar
to Chang and Fung, while updating of Pr(C' | X) is different. Let the states x;,...,x; € Qx be
abstracted to m;j € Qx/. Wellman and Liu’s abstraction operation (WL abstraction) approximates
the conditional probability distribution and is defined as:

g:i Pr(c | x;)

Pr(c | a};) =
eloy) = =55

15 )

where |C(2)] = j —i+ 1. In other words, the j — i+ 1 states a;,...,x; in node X are abstracted
into one state m;j in node X’. The approach here is to approximate by averaging over all the

conditionals Pr(c | z) of X.
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7.1.2 Aggregation and Decomposition

Previous research on aggregation has been less extensive than that on abstraction, even though in
some sense the issues involved are more comprehensive: Aggregation makes ‘larger’ changes to a
Bayesian network.

Srinivas investigates the relationship between model-based reasoning and BNs [Srinivas, 1994].
Specifically, he constructed a translation algorithm that creates a BN from a hierarchical functional
schematic, and describes how clustering [Lauritzen and Spiegelhalter, 1988] [Jensen et al., 1990b]
can be modified to exploit the hierarchy. This work has been extended to include computation of
repair plans [Srinivas and Horvitz, 1995]. The basic functional schematic unit is a component C. A
component has input, output, and a mode; the mode represents operational status of the unit (e.g.
correct, stuck-at-1, or stuck-at-0 for a transistor). Unless it is atomic, a component is recursively
decomposed into subcomponents C1, ..., Cy. The translation scheme takes a functional schematic
and creates a BN consisting of these nodes: I; represents input ¢, O represents the output, M; repre-
sents mode ¢, and X; represents internal variable ¢. Internal variables are subcomponent input and
output that are not inputs and outputs of the component. At the level of subcomponents C1, ..., Cy,
we have a BN representing the joint distribution Pr([y, ..., Iy, O, My, ..., M, X1, ..., X}) At a higher
level, C is considered an aggregate and the corresponding BN represents Pr(11, ..., I,;,,O, M). Srini-
vas describes how the higher level distribution is computed from the lower level distribution using

Shachter’s topological transformation operations for marginalization [Shachter, 1988|.

7.1.3 Approximation and Genetic Algorithms

Approximations have also been explored within the GA community. Approximations can be done
at a low level, namely at the level of the GA strings themselves. It has been observed that using
individuals that are as fine-grained as they can be might not be optimal. For example, this was
the result of using a GA for structural mechanical design [Chapman and Saitou, 1994]. In the
research of Chapman et al., a GA was used for conceptual design, in particular structural topology
design in mechanical design [Chapman and Saitou, 1994]. A hierarchical subdivision scheme was
applied, where an initial optimum was found using a coarse discretization. This initial optimum

was subdivided into four subdesigns, and each was optimized pseudo-independently using the same
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string length as initially used. The four populations corresponding to the respective four quadrants
were initialized with mutated versions of the coarse optimum (the high mutation rate 0.15 was used).
Fitness evaluation was done globally, i.e. by combining an individual in the current quadrant with
the best individuals in the other three quadrants, and sequentially going through the four quadrants.
Compared to not using hierarchical subdivision, a similar conceptual design was found using fewer
fitness evaluations (13,500 versus 18,000), where many of the fitness evaluations were less expensive

for the hierarchical subdivision scheme.

7.1.4 Noise and Genetic Algorithms

For GAs, there is a trade-off involved in fitness function evaluation. GA fitness function evaluation
can be slow and accurate on the one hand or fast and approximate on the other [Grefenstette and

Fitzpatrick, 1985]:

Given a fixed amount of computation time, is it better to devote substantial time to
getting highly accurate evaluations, or to obtain quick, rough evaluations and run the

GA for many more generations?

One form of approximate fitness function evaluation is Monte Carlo sampling. A central question
here is how many samples to perform per fitness function evaluation. Grefenstette and Fitzpatrick
experimentally decided the optimal number of pixels to be sampled in an image, optimal meaning
the number that gave best GA performance [Grefenstette and Fitzpatrick, 1985|. A slightly different
perspective is that Monte Carlo sampling induces a noisy fitness function. The impact of such noise

on convergence, population sizing, and sampling has been investigated [Miller, 1997].

7.2 Preliminaries: Abstraction and Refinement Operators

In this section, we introduce terminology related to abstraction, first the notion of an abstraction
hierarchy. Based on that, we can introduce the terminology that a node is an abstraction (refine-
ment) of another node, and a BN is an abstraction (refinement) of another BN, and similarly for

explanations.
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7.2.1 Abstraction Hierarchy

An abstraction hierarchy is a DAG which structures the state space of a BN node.

Definition 14 Let X be a BN node with Qx = {x1,...,xx}. An abstraction hierarchy for X is a
DAG that is a tree where each leaf node represents some x;, the root node represents the disjunction

of all states x1V- - -V, and interior node number i represents a disjunction of j states, x; V- --Va;,.
In the following definition we focus on the relations between states in an abstraction hierarchy.

Definition 15 Let H be an abstraction hierarchy. A ground state is a leaf in H. An abstract state
is an interior or a root node in H. A state § directly refines another state s in H (5 € p(s)) if
there is a directed edge from § to s. A state s directly abstracts another state § in H (s € «(3)) if
5 € p(s). A state § refines a state s in H (5 € p*(s)) if there is a directed path from 5 to s or if

s = 5. A state s abstracts a state § in H (s € a*(3)) if § € p*(s) in H.

We pronounce § and § ‘s down’ and ‘s up’ respectively, referring to the abstraction hierarchy.
Note that a state s both abstracts and refines itself by these definitions. When we want to exclude
this possibility, the terminology strict abstraction and strict refinement is used. In order to simplify
the notation, we often do not explicitly mention the abstraction hierarchy H in the following.

Note that an abtritrary set of states S = {s1, ..., s} might or might not be a valid state space.
A set of states S is a valid state space if every leaf node in its abstraction hierarchy H has exactly
one abstract state in the set S.

The level of a state in an abstraction hierarchy is defined inductively as the level of its parent
state plus one. The level of the root node is zero. Since we assume there is only one root node, the

notion of level is well-defined.

7.2.2 Abstract State Spaces and Nodes

Several of the definitions of Chapter 2 can now be extended to accommodate abstractions and
refinements. In particular, we can now think about a state space as abstracting another state
space, and a BN node as abstracting another BN node. Also, we need to introduce reasonable ways

of changing CPTs when abstracting or refining.
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Definition 16 A state space S = {s1,...,5m} abstracts a state space S = {31, ..., 3.} if they have
the same abstraction hierarchy H and for all 5 € S there exists some s € S such that 5 € p*(s) in

H.

It is sometimes more convenient to talk about a node rather than a node and its state space,
thus we will often not mention the state space explicitly. Often we will also consider different nodes,
even though they share the same abstraction hierarchy and it is only their state space which differs.
An example of this is shown in Figure 7.1, where Ry, Rs, and Rjs are essentially variants of the
same node.

Figure 7.1 shows a simple example of abstraction and refinement in agent monitoring. Suppose
an agent can at any one time be in one among a number of regions (here along a line), and suppose
there are 16 regions at the ground level. Let these ground level regions be named from 7 ; through
r1,16. Let the BN node Ry range over states corresponding to these regions or segments, representing
the segment in which the agent is. Then neighboring states can be abstracted, for example states
r1,1 and 71 2 can be abstracted into r2 1 as shown in Figure 7.1. Figure 7.2 contains an abstraction
hierarchy for this example.

We are in this section primarily concerned with predefined and hierarchical abstraction and
refinement. By predefined we mean that the abstraction hierarchy is given. This assumption is
lifted in later sections, where we focus on constructing abstraction hierarchies. An example of a
domain where a predefined abstraction hierarchy is natural is in the discretization of a continuous,
real-valued space which occurs in spatial abstraction. Abstraction, then, amounts to ‘merging’
adjacent states, while refinement is the ‘splitting’ of a state into its component, adjacent, states.
In the context of spatial abstraction, hierarchical abstraction means that, once states u;, and wus,
have been picked, there is no ambiguity in how to abstract.

Several of the definitions of the previous section can now be extended to accommodate abstrac-

tions and refinements.

Definition 17 Let H be an abstraction hierarchy. A ground state space (or ground node) with
respect to H is a state space Qx (or a node X ) where all states are leaf nodes in H. An abstract

state space (or node) has some state that is not a leaf in H.
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r1,1 r1,2 r1,3 r1,4 r1,5 r1,6 r1,7 r1,8 r1,9 r1,10 r1,11 r1,12 r1,13 r1,14 r1,15 r1,16

Figure 7.1: Example of state space abstraction and refinement. Node R; contains the original
states 71,1 to r1,16. Node Rs contains states 791 to rog, where any state rg; is an abstraction of
two states 71 2;_1and 71 2; in Ry.

11

13

15 17

Figure 7.2: Abstraction hierarchy for an agent monitoring node R;. The abstraction hierarchy
rooted at 7,9 is similar to the hierarchy rooted at 741, but has been left out of this figure.
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Figure 7.3: Bayesian network showing abstraction and refinement principles.

We adopt the internal abstraction and refinement operators for conditional probability intro-
duced by Chang and Fung [Chang and Fung, 1991]. In our variant of their scheme, the inputs to

abstraction and refinement are:

e a node X whose state space {2x is to be refined or abstracted.
e a new state space (.

e an abstraction hierarchy H, which describes which states € {)x are related to which states

e .
The outputs are the following:

e a new conditional distribution for X, Pr'(X | IIx)

e a new conditional distribution for successors of X, Pr'(Sx | Ilg, ), where Sx is a successor

(child) of X, Sx € Ux.

The central idea of Chang and Fung is to keep the effect of abstraction and refinement localized,
in particular by keeping the joint distribution of the Markov blanket of the abstracted node intact,

if possible. The topology of the BN shown in Figure 7.3 illustrates this; the node X and its Markov
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™
0 6 yes (y) no (n)

G tank (a) truck (u)

Figure 7.4: Bayesian network with abstraction hierarchy. The Bayesian network, whose node V' is
abstracted, is shown to the left, the abstraction hierarchy is shown to the right.

blanket is depicted. Their idea leads to the following two types of constraints on abstraction. The

parent constraint is

Pr(&|mx)= Y Pr(z|nx)), (7.1)

z€p(Z)
while the child constraint is
Pr(sx | sy ) Pr(d | mx) = > Pr(sx | wsy) Pr(z | 7x). (7.2)
z€p(Z)

Here, sx € Qg, , where we recall that Sx € Ux. An original state is x, while the abstracted state
is &, where we have x € mg, and ¥ € 7rg,.

There are several ways to use the parent and child constraints for abstraction and refinement.
Given an abstraction hierarchy, they can be used to compute CPTs for an abstract node. The

constraints are used that way in this section; in this case the following form of (7.2) is useful:

Zwép(i) Pr(sx | ms, ) Pr(x | mx)

Pr(sx | sy) = Br( [ mx)

Given an abstraction hierarchy and the CPT entry Pr(sx | mg, ), we can compute Pr(sx | 7tg, ).
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When constructing an abstraction hierarchy, we argue that among the parent constraint (7.1)
and the child constraint (7.2), the parent constraint is most important, since the parent probabilities
Pr(z | mx) and Pr(Z | mx) also participate in the child constraint.

An example Bayesian network, borrowed from [Chang and Fung, 1991, Figure 7] and used in
the following is shown in Figure 7.4. Here, M stands for military unit type, with Qa; = {b,c}.
V stands for a vehicle in a particular place at a particular time, with Qy = {y,n} (yes or no)
or Qy = {a,u,n} (tank, truck, or no). These two state spaces are represented as an abstraction
hierarchy in Figure 7.4. T stands for terrain conditions, with Q7 = {g,b} (good or bad). F is
feature, Qp = {a,b,0}. In this network, V’s state space can be abstracted from Qy = {a,u,n} to
Qy = {y,n}, so p(z) = p(y) = {a,u}, while a({a,u}) = y; see the abstraction hierarchy in Figure
7.4. Conditional probability tables for this example are shown in Table 7.1 and Table 7.2.

As an example, let us consider how to compute probability values in two closely related cases,
Case (i) and Case (ii). Case (i) and Case (ii) are for one particular abstraction hierarchy. Case (i):
Suppose V =y, M = b, F = a, and T = g for the second child constraint above. For the right

hand side of the child constraint we then get:

erp@) Pr(a| x,g) Pr(x | b) _ (Pr(a | a,g)Pr(a|b)+Pr(a|u,g)Pr(ulb)) (7.3)
Pr(y | b) Pr(y | b) '
(0.4 x0.3+0.6 x0.5)

0.8

= 0.525.

Case (ii): Let M = ¢, with the other nodes instantiated as above (i.e. V =y, F =a, and T = g):

2acpw Prial z,g)Pr(x|c) (Pr(a]a,g)Pr(a]c)+ Pr(a]u,g)Pr(u]c)) (7.4)
Pr(y | c) Pr(y | ) '

= 0.55.

Now take the average of the values computed in Equation 7.3 and Equation 7.4; this gives the

abstracted value
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Pr(F | V,T) Pr(F | V,T)
Yy n
g b g b
0.5375 | 0.50625 | 0.10 | 0.20
0.3625 | 0.29375 | 0.10 | 0.20
0.1000 | 0.40000 | 0.80 | 0.60

g b g b | g | b
04)01]06]04]01]02
050503 02]01]02
01]041]01]04]08]06

ol NS
SEESA RN R lie

Table 7.1: To the left, F’s conditional probability table is shown before abstraction of Qv = a,u,n
to Qy =y, n , to the right it is shown after abstraction.

Pr M
(V| M) Pr(V | M)

M: b c ,

M: b c
a 0.3 ]| 0.1

y | 0.8 0.4
u | 0.5 0.3 02106
n | 0.2 0.6

Table 7.2: To the left V’s CPT is shown before abstraction of €2y = a,u,n to yy = y,n, to the
right it is shown after abstraction. Notice how these distributions are changed.

0.525 + 0.55
Pr(a|y,g) = + = 0.5375 (7.5)

as shown in Table 7.1, more specifically in the CPT to the right, in the column with V = y and
T = g, and the row with FF = a. The other conditional probability values in this CPT can be
computed in a similar way.

In addition to abstraction operators, refinement operators have been introduced and can be
used to perform what we denote straight refinement (see Appendix A). An alternative to using
the refinement operators is to perform what we denote refinement by abstraction. Refinement by
abstraction just means that if we have an abstract node V, and want to refine to node V', we can
do this by abstracting V' from the ground node V, V = o* (V) Refinement by abstraction is always
at least as good as straight refinement, and in the following we restrict ourselves to refinement by

abstraction for that reason.
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7.2.3 Abstract BNs and Explanations

The notions of BNs and explanations can be extended into abstract BNs and abstract explanations

as follows.

Definition 18 A Bayesian network with abstraction hierarchies is a tuple (V,E,Pr,H), where

(V,E,Pr) is a Bayesian network, H a set of abstraction hierarchies.

We are interested in abstraction because it can be done in polynomial time, by iterating over
all the nodes in a BN, using the appropriate abstraction operator(s) as described above.

We can introduce abstraction relations between BNs, similar to for nodes and state spaces.
Given an abstracted Bayesian network Bea* (B), we can consider the situation where an expla-
nation %X in B abstracts an explanation x in B, so these explanations are closely related through

the abstraction hierarchies.

Definition 19 A ground explanation is an explanation where all states are ground. An abstract ex-
planation is an explanation where some state is abstract. An explanation X abstracts an explanation

X, X € a*(x), if R is an explanation in B, x is an explanation in B, and B € o*(B).

Along similar lines, we have that an explanation X is said to refine another explanation x, X
€ p*(x).
Having introduced the terminology for abstraction and refinement, we turn to how it can and

should be done for the purposes of the MPE task in the next sections.

7.3 Abstraction for the MPE Task

Suppose we have a BN A which is an abstraction of another BN R, or A € o*(R). There are two
ways in which BN A is of interest, despite the fact that R is (at least by our assumptions here) a
more accurate model. (i) First, A can in some cases be an end-result in itself; for example the BN
R may contain many distinctions that are not considered relevant to the particular task at hand.
In this case, the abstract BN A summarizes aspects of the refined BN R, or one is willing to use
an abstracted BN, despite loss in accuracy, because it is faster. (ii) Second, the abstract BN can

be considered to be a stepping-stone for the refined BN. In this case, the abstract BN is used to
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predict certain aspects of the refined BN. For instance, ideally we would like an MPE in the refined
BN to abstract to an explanation that is an MPE in the abstract BN, and vice versa. In both (i)
and (ii), the quality of abstractions matters, and advantages and disadvantages of abstraction is

what we turn to next.

7.3.1 State Space Size

A first advantage of abstraction is that the search space in an abstracted BN will be smaller than
that from which it is abstracted. Suppose a BN contains nodes Vi, ..., V;,. Then the cardinality of

the search space of the original BN is:

| Quy [ x| Qy, |,
while the search space of an abstracted BN is

| Qp, | X x| Qy |,

where V; is the abstracted node of the node V; in the original BN. If a BN contains ten nodes, each
with ten states, and all abstracted nodes contain two states, this gives a ratio between the BN state

spaces of:

210 1024
1010 100000 00000

= (0.0000001024,

which is a substantial search space reduction.

The second advantage of using an abstracted BN is that the operations on explanations, or
individuals in the GA context, will be faster. This is mainly because fitness of individuals can be
computed faster but also because other operations might be faster, since individuals have smaller
state spaces.

Let x and %X be explanations, and suppose X refines x. Using Equation 2.1 we can compute
both Pr(x) and Pr(x), and Pr(x) estimates Pr(%X). This estimate places several explanations into

the same equivalence class as far as their probability goes. The number of explanations in each
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Explanations in

Good abstraction abstract BN X

hierarchies : .
Explanations in

refined BN Y

Explanations in
Poor abstraction abstract BN X

hierarchies ; :
Explanations in

refined BN Y

| e
0.0 Probability of explanations 1.0

Figure 7.5: Ordering of explanations according to their probability. In the top part of the figure, an
example ordering for high quality abstraction hierarchies is shown. In the bottom part, an example
ordering for low quality abstraction is shown.

equivalence class, which is just the difference in cardinality for each node’s state space, needs to be
accounted for. For this, consider an abstract explanation x in BN B, and the explanations X1, ..., X,

it refines to in BN B, where B € p*(B). Here g can be computed as follows:

G (9

= is 7.6
Ox }_[lg (7.6)

=Y

i=1
Recall that X; is refined from X;, and so | x| = x|, and therefore ¢ > 1. The measure g
indicates how much the search space is expanded by refinement.

Two closely related perspectives on abstraction quality exist, one focuses on the abstraction
hierarchies themselves, the other focuses on the explanations. Ideally, the explanation perspective
should drive the abstraction hierarchy perspective.  Abstraction hierarchies are good, for our
purposes, if they make it easier to compute an MPE. In the following subsection, we focus on how

to maintain, if possible, MPEs when doing abstraction.

7.3.2 Quality of Abstraction

For computing the MPE, correctness of the explanation and not necessarily correctness of the
probability of the explanation is important. One can argue that for decision making purposes,

the most important question is whether a system computes the correct MPE, and whether the

159



probability is correct is less important. More formally, let x and y be explanations, and let X and
¥ be their respective abstractions. What we want to avoid is Pr(x) > Pr(y) while Pr(X) < Pr(y),
or Pr(x) > Pr(y) while Pr(x) <Pr(y). In order to avoid this, a possible gold standard is this: If
Pr(x;) > Pr(xz) > ... > Pr(x,,), then Pr(%X1) > Pr(%Xs) > ... > Pr(X,,). Here, m is the number of
explanations in the BN. That is, the abstraction process should not change the ordering, according
to probability, of the explanations. This principle is illustrated in Figure 7.5. A question is whether
one should require this for all explanations rather than just for explanations of high probability.
A danger of focusing on the quality of high-probability explanations only is that they might be
inconsistent with evidence, and in such cases lower-probability explanations will be MPEs. On the
other hand, if low probability explanations are MPEs, this means there is evidence and the search
space is smaller. So focusing on the quality of low-probability explanations as much as that of
high-probability explanations seems unnecessary. For low-probability explanations, one can afford
to refine to lower-level states in the abstraction hierarchy.

An alternative perspective on the quality of abstraction is to focus on probabilities of abstracted
explanations, and this is what we do next. We distinguish between two qualities of an abstract
explanation x. The summarizing quality of x concerns how close Pr(x) is to Pr(x1) + ... + Pr(%y).

Clearly,
Pr(x) = Pr(%1) + ... + Pr(%y) (7.7)

is the gold standard, we call this perfect summarizing abstraction. The predictive quality of x
concerns how closely Pr(x) predicts the probability of %X;, Pr(%;), where i € [1,¢], and g is the total
number of explanations which x refines to in B. We introduce the notion of an estimate 1/3;(2) of

the true probability Pr(x;):

M

Pr(x) = Pr(x)/g. (7.8)

Clearly,

Pr(x) = Pr(%;) (7.9)

M
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for all 7 € [1,¢] is the ideal situation, we call this perfect predictive abstraction. More realistic,

when Equation 7.9 cannot be attained, is to minimize the deviation
g /\ 2 g PI'(X) 2
(Pr()’() - Pr()’(i)) - <— - Pr()’(i)>
% 25

for a given abstract explanation x, with X; € p*(x). Now, we need to do this for all m explanations

in an abstracted BN, which gives us

S () i) = 000 (P - s, ) 0

j=1i=1 j=li=1

where x; is the abstracted BN’s j-th explanation, and X;; is the i-th explanation which x; refines
to. Now, we want to minimize the sum in Equation 7.10. Clearly, enumerating all possible BNs
and computing this sum explicitly over all explanations in order to minimize is computationally
prohibitive. Still, the above equations provide idealized conditions which we can try to approximate,
and we will return to this later in this chapter. If we can estimate the explanation probability
reliably, then we can also find the MPE. Therefore, we focus on minimizing probability error in the

following.

7.3.3 Difficulty of Obtaining Correctness

The problem with the quality measures and the gold standards above is that they cannot be
efficiently computed, since computing the MPE is NP-hard. And even if it could be computed
in O(1) time, there is an exponential number of explanations in a BN, so for BNs of interesting
size, one cannot compute. However, what one can do is to exploit the BN structure, using various
heuristic methods of computing abstracted BNs and hence abstract explanations, and then perform
measurements over the abstract and refined explanations, seeing how well they perform with respect
to the quality criteria. This is the approach taken in this chapter. We will return to this issue in
Section 7.6, which contains empirical results.

However, before we get to that we need to consider the basis of our abstraction algorithms. In
particular, we consider abstraction as a noisy process, and decompose explanation noise into node

noise and network noise. These topics are explored in the next section.
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Hierarchy: | A, B, C A B C A, B, C
Level: 2 1 1 1 0

1 0.1 0.15 0.2 0.2 0.25

22 0.2 0.15 0.2 0.2 0.25

x3 0.3 0.35 0.3 0.2 0.25

T4 0.4 0.35 0.3 0.4 0.25

?k 0 0.0025 | 0.005 | 0.005 | 0.0125

@? 0.0125 0.01 0.0025 | 0.0075 | O

Table 7.3: Abstraction hierarchies A, B, and C with internal and external node variances for
different levels.

Abstraction hierarchy A Abstraction hierarchy B Abstraction hierarchy C

X X X

1,234

1,2,3,4 1234

Figure 7.6: Three possible abstraction hierarchies A, B, and C constructed for a BN node X.

7.4 Abstraction Quality

Equation 7.7 and Equation 7.9 describe gold standards for abstraction. However, even ﬁ(}'{) =
Pr(%;) is tolerable, and in general the question is what the difference Ap(%,%;) = |1/3;(>'<) — Pr(x;)|
is. The difference Ap(X,%;) can be regarded as noise, explanation noise. Note that these notions
can easily be generalized from explanations and probabilities to arbitrary individuals and fitness
functions for GAs and stochastic search algorithms in general. In the following we discuss node

noise and network noise; the focus is on individual nodes and the complete network respectively.

7.4.1 Node Noise Variance

The notion of node noise variance is probably best understood by means of an example. Suppose

we have a BN consisting of one node X, with ground states x1,x9,x3, and x4. Let Pr(z;) =
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0.1,Pr(x2) = 0.2,Pr(x3) = 0.3, and Pr(x4) = 0.4, see Table 7.3. Three possible ways of constructing
abstraction hierarchies are illustrated in Figure 7.6. A first abstraction hierarchy A is where z;
and xg are abstracted into 12 with Pr(z12) = 0.3, 23 and x4 into x34 with Pr(xs4) = 0.7, and
root state 1 234 with Pr(x234) = 1. Using Equation 7.6 and Equation 7.9, we can now estimate
probabilities, see Table 7.3 for results.

Now we introduce the notions of external and internal variance, qﬁ? , and @? respectively:

1~ (=~ —~ 2
2= = (Prla | mx) = Pr(ys | my))
=1

1 (= 1\?
= 33 (Pl ) -5)
=1

Here s is the number of explanations and the conditional probability distributions ID\I“(%Z | 7x;)
and ID\r(yl | my,) are from levels j and k respectively, with k£ < j. External variance compares
conditional probabilities at two levels, while internal variance is a measure of the deviation from a
uniform distribution at a particular level. We want external variance to be as low as possible, to
minimize difference between abstraction levels, and internal variance to be as high as possible, to
separate between states at the same abstraction level as much as possible. In the following external
variance qﬁik is always with respect to the ground level, in which case we leave implicit that level
and just say qﬁ?. An example computation for abstraction hierarchy A is:

(0.15 — 0.1)% + (0.15 — 0.2)% + (0.35 — 0.3)? + (0.35 — 0.4)?

= 0.0025.
1 0.0025

2
¢1,2 =

A second abstraction hierarchy B is @1 3 with Pr(z13) = 0.4, and x4 with Pr(x24) = 0.6. For
computing the MPE, one could argue that it is important to have small external variance for states
with more probability mass, and thus introduce an unbalanced abstraction hierarchy C: At level 1
we have nodes x4 and x1 2 3 with Pr(x4) = 0.4 and Pr(z1.23) = 0.6. See Table 7.3 for computations
of external and internal variances.

The idea with variance is that a better abstraction hierarchy has generally low external variance

?Jg and high internal variance gp?. These quality measures can be used to compare different

abstraction hierarchies for a given node. In Table 7.3 internal and external variance is presented
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for the three example hierarchies. A is best, C' second best, and B third best. A is better than B
because the difference between the estimated probability and the true probability for z; (say) is
smaller for A at the first abstraction level (with 212 and 3 4) than it is for B (with 21 3 and x2.4).

In our terminology, the external variance is smaller for A.

7.4.2 Bounding the Node Noise

In algorithms for constructing abstraction hierarchies, one explicitly or implicitly needs to make
trade-off between various parameters such as the error ¢ introduced when abstracting, the degree
k of nodes in the abstraction hierarchy, and the number of levels ¢ in the abstraction hierarchy.
Here, we investigate how these parameters are related under certain idealized conditions. These
idealized conditions are (i) we assume that the Markov blanket is maintained perfectly, and (ii) the
in-degree of non-leaf nodes in the abstraction hierarchy is a constant k.

Suppose that X is an direct abstraction of x, and that they only differ with respect to one node
X. And further suppose that the difference in conditional probabilities for one particular parent
instantiation is bounded by a constant c. That is, in the parent constraint of Equation 7.1, one of

the states, x,,, is such that probabilities of all other states & are bounded as follows:
c c
Pr(xy, | 7x) — 3 <Pr(z|7mx) < Pr(am | 7x) + 7

See the calculation in Equation 7.5 for an example. Suppose that k states are being abstracted

here. Then the sum will be bounded

k (Pr(mm | Tx) — %) < Z Pr(z|7mx) <k (Pr(xm | 7x) + g) .
z€p(Z)

Substituting using Equation 7.1 we attain

C

k (Pr(xm ENEE

) <Pr(d |7mx)) <k (Pr(mm | mx)) + g) )

Suppose there are multiple levels of abstraction, in particular that 2’ has parent z” in the
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abstraction hierarchy, giving:

C

k (Pr(x;n 7)) =

) < Pr(a” | 7x)) < k (Pr(x;n | 7x)) + g) .

Combining these two equations, we get
k2 Pr(x, | 7x) — %(k + &%) <Pr(a” | 7x)) < k*Pr(zp | 7x)) + g(k + k2).
In general we have
K Pr(am | mx) —d < Pr(z’ | 7x)) < K Pr(am | 7x)) +d,

where

c (k“l — k)

1= =0

(7.11)

Here, c is the error, k is the degree of nodes in the abstraction hierarchy, and ¢ is the number of
levels. We want to make the bound as tight as possible, in other words minimize d. In order to
do that, we need to minimize ¢, k, and £. Obviously, there are trade-offs involved in doing so.
For example, having a small number of levels will give a high node degree. Typically, different
algorithms for hierarchy construction make different trade-offs for these parameters, as we will see

in the following.

7.4.3 Network Noise

So far, we have considered BN nodes, however the interaction between nodes in the BN is also of
interest when computing an MPE. We can make distinction between internal variance and external
variance here as well. Network internal variance is for one particular BN. Network external variance,
on the other hand, compares BNs at different abstraction levels.

The question is, how does the abstraction process affect this? Using states high in up in abstrac-
tion hierarchies, the network internal variance will be small. As we move down in the abstraction

hierarchies of a BN, the network internal variance will increase, and it will be at its maximum
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when the network is ground. Network external variance, however, will be high at high levels of
abstraction, and low at low levels of abstraction.

A key point is also that the node variances (internal and external) carry over to the network
variances. High node external variance gives high network external variance, and high node inter-
nal variance gives high network internal variance. As an approximation, one can assume that a

parametric probability distribution is followed.

7.5 Abstraction Algorithms

So far, we have assumed that abstraction hierarchies exist; this section presents algorithms for
constructing them. We present three algorithms: minimal distance abstraction, minimal error
abstraction, and random abstraction. The latter is a base-line algorithm to check that the ‘real’
algorithms do in fact help beyond constructing abstraction hierarchies at random.

Abstraction hierarchies are constructed off-line, and then used on-line during computation.
Clearly, it is computationally hard to have algorithms optimize all of the abstraction hierarchy
parameters introduced in the previous section, however as long as ‘reasonably’ good abstraction
hierarchies are constructed, noise-resilient searchers such as GAs can still make good use of the
hierarchies. Still, we would like to construct abstraction hierarchies of good quality.

The following greedy algorithm, which we call minimal distance abstraction (MinDistance),
is one algorithm for abstraction hierarchy construction, see Figure 7.7. The algorithm works by
picking two states s and s’ of a node S for abstraction, minimizing the distance d(s, s).

Various distance measures may be used. An obvious distance measure is sum of squares. For

node S, we sum over all conditional distributions for the states s and s’ as follows:

d(s,s") = (Pr(s | ms) — Pr(s' | 7s))?, (7.12)

s

where 7g is a parent instantiation of S. In other words, g is a parent instantiations, and we sum
the squared difference over all parent instantiations for the node S. Now, do this for all pairs of
states s, s’. For example, if Qg = {s1, 52,3}, we compute (7.12) for all possible pairs (s1,s2),

(s1,s2), and (s2,s3). Using this measure, we find dpin, v, and ve, where dpi, is the minimal
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MinDistance(SS)
Input: S BN node
Output: A abstraction hierarchy
A — empty hierarchy
V1 <— 81
Vg <— 89
repeat
for each state s € )y
for each state s’ € Qy — s
d <« d(s,s")
if (d < dwin)
Apin < d
v — 8
vy «— §'
endif
endfor
endfor
a < abstract v; and vy
A «— A updated with a
until only one state in S

Figure 7.7: The MinDistance abstraction hierarchy construction algorithm.

distance and v; and vy are the states among all possible states that give dyi,.

A weakness of minimal distance abstraction is that there might be several states with very
similar conditional distributions, and so one might want to merge all of these rather than enforcing
a binary out-degree on internal nodes in the abstraction hierarchy. This observation leads to an
alternative algorithm, minimal error abstraction (MinError), which is based on MinDistance: Start
with the two states s and s’ which are closest according to the distance measure d(s, s’). In addition,
add all states which are within a distance ¢, where c is a constant.

Finally, there is random abstraction (Random), which just picks states at random and merge
them into an abstract state. This process is repeated until just one state, the root state, is left.

Note that there are several other reasonable algorithms for abstraction hierarchy construction;
indeed part of the challenge here is to strike a balance between optimizing the different parameters
that have an impact on the quality of abstraction. For example, one can try to make the abstraction
hierarchy as balanced as possible, but vary the out-degree of abstract states. The idea with this
algorithm is to minimize the height of the abstraction hierarchy. Or one can start by picking the

state s whose conditional distribution is smallest on average. Merge to s all other states within
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Algorithm | BN node | External variance ¢° | Internal variance ¢’ | Level ¢
Random Vi 0.160 0.206 4
MinDistance Vi 0.128 0.291 6
MinError i 0.128 0.291 6
Random Vo 0.315 0.457 4
MinDistance Vo 0.185 0.508 6
MinError Vo 0.185 0.508 6
Random Vs 0.444 0.559 3
MinDistance V3 0.261 0.568 5!
MinError Vs 0.249 0.666 3
Random Vi 0.635 0.756 4
MinDistance Vi 0.227 0.786 9
MinError Vi 0.169 0.762 6
Random Vs 0.160 0.173 3
MinDistance Vs 0.097 0.184 4
MinError Vs 0.097 0.184 4
Random Vs 0.169 0.137 3
MinDistance Ve 0.137 0.296 5!
MinError Ve 0.137 0.296 5!

Table 7.4: Results from using different approaches to constructing abstraction hierarchies on dif-
ferent BN nodes. FExternal variance is between the given abstraction level and the ground level.

a certain tolerance, and create an abstracted state from all these states. If no other states than
s exists within the tolerance, increase it and try again. The idea with this algorithm is to place
states with higher average probability higher up in the abstraction hierarchy.

In order to get a better understanding of how these algorithms behave, we perform experiments

as follows.

7.6 Abstraction Experiments

This section presents experiments performed using the abstraction construction algorithms. First,

we present experiments that focus on nodes, second experiments that focus on MPEs.

7.6.1 Node Experiments

Here, we characterize abstraction hierarchies constructed using the algorithms of the previous

section using the quality measures introduced above. So the types of hierarchies are (i) random
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abstraction hierarchies, (ii) minimal distance hierarchies, and (iii) minimal error hierarchies.

In order to work with realistic data, we consider the application BNs Barley and Muninl. Barley
has 48 nodes and 84 edges, Muninl has 189 nodes and 282 edges. Barley is a BN model of Barley
crop yields [Kristensen and Rasmussen, 1997b] [Kristensen and Rasmussen, 1997aj. Muninl is part
of an expert electromyography assistant [Andreassen et al., 1987]. These are BNs where many nodes
have a high number of states, so that abstraction could be useful. Experiments are performed on
nodes Vi, Vo, V3, Vy, Vs, and Vg, see Table 7.4. The node V; is Muninl’s R MEDD2 AMP WD
node, V5 is Muninl’s R APB MUSIZE, V3 is Muninl’s R MYOP MYDY APB MUSIZE, V,
is Barley’s 52528, V5 is Barley’s dgv1059, and Vg is Barley’s aks vgt.

Results are also presented in Table 7.4. In each row we have a construction algorithm and node
combination. The three result columns are ¢?, 2, and ¢. The numbers for external variance ¢ and
internal variance ¢? are averaged over all levels, and then normalized. Note that the noise numbers
are computed over ¢ — 1 levels; the ground level is omitted. For example, the row ‘MinError, V3’
has 3 levels and mean external variance for the 2 non-ground levels of 6.61744e~%2% and 0.49975

respectively. This gives
2 _ —023 _
ik = (6.61744e +0.49975) /2 = 0.249,

as can be found in the table.

The main trends in the results are as follows. MinDistance and MinError generally outperforms
Random when it comes to external variance ¢? and internal variance ¢?. Recall from an earlier
section that external variance should be as small as possible, while internal variance should be
as large as possible. This means that the MinDistance and MinError algorithms are constructing
good hierarchies in terms of these measures. MinDistance and MinError perform quite similarly,
except for V3 and V4. Here, MinError is better for external variance, however for internal variance
MinDistance is unexpectedly better in the Vj case.

Concerning the number of levels in the abstraction hierarchies, ¢, we see that for V3 and Vg,
MinError gives lower abstraction hierarchies, that is abstraction hierarchies with smaller /-values.
This is as expected. Random gives abstraction hierarchies with the smallest ¢-values, and again

this is as expected.
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Algorithm Refined BN Abstracted BN
| T(ympr) | Pr(ymer) | £ | T(xmpe) | Pr(xvere) | Pr(ver)
Random 216.3 1.3x107°6 [ 1] 0.031 1.7x10%[15%x10°8
Random 3|69 3.7x1077 (1263 13x10°[6.2x10°1°
MinDistance | 2 | 0.12 1.1x107° | 1]0.016 20x 103 | 4.2x10°°
MinDistance | 3 | 3.0 1.7x107% [ 2] 0.12 1.1x107° [ 1.3 x 10712
MinError 210.29 21x1077 | 1] 0.047 1.3x10°[1.7x10°%
MinError 3|44 8.6x1077 {21 0.29 21x1077{29x10"13
Algorithm | Refined BN | Abstracted BN Ratios
/ / Pr(yvrE) Tympre) | Pr(ymvpr) T{ymprE)
Pr(xumpri) T(xmpr) | Prixver) = T(xmprr)
Random 2 1 9.1 x 107° 203.2 1.8 x 1072
Random 3 2 4.8 x 1077 11.0 53 x 1078
MinDistance 2 1 2.0 x 102 7.5 1.5 x 101
MinDistance 3 2 1.2x10°7 25.0 3.0x10°°
MinError 2 1 1.3 x 102 6.2 8.1x 102
MinError 3 2 1.3 x 107 15.2 2.0x107°

Table 7.5: Results from MPE experiments using the Barley BN using different abstraction algo-
rithms Random, MinDistance, and MinError. Each row in the tables above relates a Refined BN
and an Abstracted BN. In the top table, the inference times and explanation probabilities are pre-
sented. In the bottom table, we focus on the trade-off between quality of abstraction and speed of
inference.

7.6.2 MPE Experiments

There are various ways of doing measurements on the quality of abstraction. For small BNs, one
can perform brute-force enumeration. For larger BNs, where brute-force enumeration is infeasible,
one can perform sampling and check to what extent the quality criteria are met. That is, sample
a set of abstract explanations Xi,...,Xs, and compute the refined explanations for each x;, thus
creating a refined set of explanations X, ...,%.. Now, by considering the quality criteria over these
two sets of explanations, we can say something empirically about how our different abstraction
algorithms perform. Finally, one can compute an MPE in a refined BN, abstract the MPE, and
compare the resulting explanation to an MPE in the abstracted BN. This last approach is followed
here.

Results for the Barley BN are presented in Table 7.5. Each row focuses on one algorithm and

the relationship between two BNs, where a refined BN is presented to the left, an abstract BN is
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presented to the right in the top table. In the abstract BN, xypgr is a MPE, while yypg is an
MPE in the refined BN. yypr is an MPE estimate, and is constructed by starting with yypg, and
abstracting each state using the appropriate abstraction hierarchies such that a valid explanation
for the abstracted BN results. The Level columns ¢ give the levels to which the BNs are abstracted.
The level £ = 0 is when there is one state per node, the root node in the abstraction hierarchy.
Therefore, £ > 1 means that the BN has two or more states.

In the bottom part of Table 7.5, we focus on maximizing MPE abstraction accuracy p, and

speed-up due to abstraction p;. Here, we have the definitions

Pr(§mpE)

— <1
Pr(xmpg) —

PA

and

T(YMPE)

= > 1.
Pr T(xmPE)

The accuracy ratio p 4 is a measure of how much better the true MPE Pr(xypg) is compared to the
estimated MPE Pr(§ypr), while the speed-up ratio p; gives how much the abstraction speeds up
inference. Clearly, we want to maximize both of p4 and pp. In order to have an overall measure,
we introduce py = p4 Xpp. In the following, we use the Hugin system [Dawid, 1992] [Lauritzen
and Spiegelhalter, 1988] to compute MPEs, and the times in the Time columns of Table 7.5 are for
computing an MPE using Hugin.

Our interpretation of Table 7.5 is as follows. Note that the rows cannot be compared directly
between the algorithms, since in general one cannot assume that they construct abstraction hier-
archies with the same depth. However, the p, measure compensates for this, and can be used for
comparison between algorithms. The main result column are therefore for p, and p,. Considering
the p4 column, we first compare the results for MinDistance and MinError versus the results for
Random. Here, we see that MinDistance and MinError is much better. Second, we notice that
there is no major difference between MinDistance and MinEror. This is surprising, and we currently
have no good explanation for this, since we found that MinError generally was better in terms of

internal and external variance in Table 7.4. A third point is that we see that Random creates
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abstraction hierarchies with greater depth, as pointed out earlier, and this is reflected in the Time
columns. The times are much greater than those for MinDistance and MinError, so the BNs are
much larger here.

Considering the p, measure, we conclude that the quality drops quickly as the levels increase.
Second, we see that under p,, MinDistance is still the best abstraction approach at the highest

abstraction level, as it was under p4.

7.7 Conclusion and Future Work

By synthesizing research in abstraction and refinement and Bayesian networks, inspired by genetic
algorithms, we have introduced novel ways of characterizing, constructing, and utilizing abstrac-
tion hierarchies. Quality measures for BN abstraction hierarchies were introduced and empirically
investigated with respect to several different approaches to constructing abstraction hierarchies.
The MinDistance and MinError abstraction hierarchy construction algorithms were shown to give
superior performance over Random abstraction hierarchy generation.

Current and future research related to this includes the following. First, abstraction and refine-
ment can be introduced into search algorithms used for BN inference, such as genetic algorithms,
local search and simulated annealing. Second, there is a similarity between abstraction and re-
finement on the one hand and temperature in simulated annealing on the other, which can be

exploited.
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Chapter 8

Conclusion and Future Work

Bayesian networks are seeing increased use in artificial intelligence and other related sciences and
disciplines. However, Bayesian networks are also inherently computationally hard to perform in-
ference in for most interesting inference tasks. This is the case, for instance, for the problem
investigated in this dissertation, namely computing a most probable explanation (MPE). The re-
search reported in this dissertation has been concerned with overcoming these difficulties, and has
made progress in the areas of niching genetic algorithms, stochastic local search, and abstraction.
Second, we have developed a paradigm for systematic empirical evaluation of algorithms for MPE
computation.

In the following, we provide conclusions and outline future work. Conclusions are presented in

Section 8.1, while future work is presented in Section 8.2.

8.1 Conclusion

The results of dissertation fall in two categories: First, the algorithmic approaches; Second, the
challenging problems. Since the approaches we have developed to construct challenging problems
should have interest independently of our stochastic search algorithms, for instance as hard problems
for machine learning, we give separate conclusions for these two categories in the following.

The probabilistic crowding genetic algorithm, which gives niching, is presented in Section 8.1.1.
Deceptive Bayesian networks are discussed in Section 8.1.2. The stochastic greedy search (SGS)
algorithm is presented in Section 8.1.3. An approach to construct challenging problems based on

CNF formulas, with empirical results for SGS, is presented in Section 8.1.4. Finally, Section 8.1.5

173



presents results related to abstraction.

8.1.1 Genetic Algorithm Niching: Probabilistic Crowding

Our research on niching was motivated by an interest in using genetic algorithms for Bayesian
network learning and inference, and in particular for computing the most probable explanation in
a Bayesian network. In other words, we focused on genetic algorithm fitness functions represented
as Bayesian networks.

Bayesian networks are typically multi-modal, something which make them challenging for local
search and classical genetic algorithms. Motivated by this, we have investigated niching genetic
algorithms and in particular developed a new niching algorithm, probabilistic crowding, The two
main objectives of niching algorithms, generally, are to converge to multiple, highly fit, and sig-
nificantly different solutions, and to slow down convergence in cases where only one solution is
required. Different algorithms have been developed to fulfil these objectives, among them deter-
ministic crowding. Probabilistic crowding is closely related to deterministic crowding, and has many
of the same advantages: it is simple, fast, and requires no parameters beyond those of classical GAs
Probabilistic crowding is a tournament selection algorithm with similarity-based replacement, and
it uses a probabilistic rather than a deterministic acceptance function. We have shown that using
a probabilistic acceptance function gives stable, predictable convergence close to the niching rule,
a gold standard for niching algorithms, and we showed this both analytically and experimentally.

Our research also identifies probabilistic crowding as a member of a family of algorithms, which
we call integrated tournament algorithms. Integrated tournament algorithms also include deter-
ministic crowding, restricted tournament selection, parallel recombinative simulated annealing, the

Metropolis algorithm, and simulated annealing.

8.1.2 Problem Hardness: Deceptive Bayesian Networks

Using GAs for computing the most probable explanation raises the question of what the relationship
is between a BN and the joint probability distribution defined by the BN, which is the GA’s fitness
function. The approach we took was to focus on characteristics of a Bayesian network, given

a certain joint probability distribution, which was derived from a function of unitation. There
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has been some research within the BN community on typical properties of the joint distribution
defined by a BN, but little research on systematically varying the hardness of constructed networks,
which is what we focused on in this research. To alleviate this, we mapped certain functions of
unitation into Bayesian network instances. Deceptive and other functions of unitation have been
considered in order to understand which fitness functions are hard and which are easy for genetic
algorithms to optimize. There are several advantages to such artificial functions, notably their ease
of specification and analysis. The main result of this research was that it showed that Bayesian

networks can be deceptive.

8.1.3 Local Search: Stochastic Greedy Search

Stochastic local search has proven to be powerful algorithms for finding satisfying assignments
of CNF formulas. The stochastic local greedy search algorithm (SGS) developed as part of this
research is a generalization of the GSAT algorithm developed in the context of satisfiability. Two
variations of SGS’s utility function have been developed and experimented with. One version,
GMPE, is a generalization of GSAT’s utility measure to the probabilistic case, while the other
measure Blanket is a probabilistic version of GSAT’s utility measure. In experiments, we have
found that both measures of gain are quite effective on hard instances, and in particular they
perform several orders of magnitude better than the state-of-the-art exact inferencer Hugin on
these instances.

Experiments with SGS on some application BNs have also been done. We have found that
the algorithm is quite effective on these networks too, and performs comparably to Hugin. In
the application BNs, an important component in the success of the algorithm are the stochastic
initialization algorithms, and in particular the dynamic programming and forward simulation al-
gorithms. The forward simulation algorithm is known from earlier research, while the forward
and backward dynamic programming algorithms have been developed as part of this dissertation.
The initialization algorithms suggest good starting points to the stochastic local search based on a
complete solution of a randomly simplified network. In these simplified networks, the initialization

algorithms perform in polynomial time.

175



8.1.4 Problem Hardness: Satisfiability Bayesian Networks

An experimental approach is needed to investigate the performance of inference algorithms for
the MPE task. Unfortunately, application BNs have some limitations when used for this purpose.
There are typically very few BNs per application, and BNs vary along too many dimensions between
applications, making systematic experimentation difficult. Therefore, it is better for experimental
purposes to construct random BNs according to some distribution in order to get more a more
controlled setting and improved statistics. Careful selection of the distribution from which randomly
constructed networks are generated is required, such that they are neither too easy nor too hard.
We have developed a paradigm for systematically generating increasingly hard instances for
computing the MPE, as well as a carefully studied some of the factors that contribute to the
hardness of inference. We have studied some structural and distributional parameters of Bayesian
networks and showed how varying them (with constant network size) can change the hardness
of a network as far as MPE computation is concerned. The main parameters studied are: the
ratio of the number of root nodes to the number of non-root nodes in a BN, the irregularity of
the underlying graph, and the distributions of conditional distribution tables. The hardness of
the networks was investigated experimentally using two classes of networks. Omne of the classes
extends research on generating hard instances for satisfiability problems [Mitchell et al., 1992]. We
have exploited the relationship between computing an MPE and finding a satisfying assignment
of a corresponding CNF formula to construct hard instances for the MPE problem. Two classes
of BNs have been investigated: BNs directly constructed from SAT formulas, and a class of BNs
introduced by Kask and Dechter [Kask and Dechter, 1999]. For the latter BN class we have showed
the relationship to SAT-based BNs. For both classes, generating random networks can result in
very easy instances. On the other hand, by carefully selecting parameters along certain dimensions,
even while fixing the size of the network, one can construct BNs that existing algorithms cannot
handle. Two algorithms have been investigated: First, Hugin, which is one of the best probabilistic
inference algorithms available, and which uses clustering and propagation in join trees. Second,
the stochastic search algorithm SGS, which we have presented in Section 8.1.3. The results of this
research provide directions for how to construct hard and easy instances for the MPE problem,

and also shows some interesting aspects of the Hugin and SGS algorithms, in particular how their
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performance varies according to certain features of the problem instances being constructed.

8.1.5 Problem Approximation: Abstraction in Bayesian Networks

The size of node state spaces in BNs can have an impact of several orders of magnitude on the
speed of inference. In certain circumstances, one might be interested in trading accuracy for speed,
and perform inference over an approximated BN. Constructing abstracted BNs based on the use
of abstraction hierarchies is one promising approach to BN approximation.

State space abstraction for BNs has been investigated earlier, however this is the first time
abstraction has been used in the context of computing an MPE in a Bayesian network. In this
research, we have developed criteria for measuring the quality of abstraction hierarchies constructed
by different abstraction algorithms. We have regarded error introduced by abstraction as noise,
and used variance as a measure of the quality of abstraction hierarchies (and by implication,
abstraction algorithms). We have also developed abstraction algorithms, which are techniques
for constructing abstraction hierarchies for state spaces of Bayesian networks nodes. Using the
abstraction algorithms, we have performed abstraction experiments, both on a node basis and on
an MPE basis. At the node level, the abstraction algorithms we have developed are empirically
compared using the variance criteria. At the network level, we have evaluated the abstraction
hierarchies with respect to their accuracy for computing the MPE of the BN. In both cases,
we find that our abstraction algorithms perform significantly better than constructing abstraction

hierarchies at random.

8.2 Future Work

Motivated by the MPE problem, we have developed algorithms as well as an approach to empirical
investigations. Future work includes extending this work to other inference problems (Section
8.2.1); hybridization and integration of inference methods (Section 8.2.2); and additional research

on approximation (Section 8.2.3).
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8.2.1 Marginalization

Computing a most probable explanation (computing joint distribution over all nodes in a BN) and
belief updating (marginal distribution over one node in a BN) are two extremes on a scale. In this
dissertation, we have focused on computing a most probable explanation, and a natural next step is
marginalizing over a fixed or variable number of nodes while computing a most probable explanation
— or the k£ most probable explanations — over the remaining nodes. Probably the most obvious
way to do marginalization is by simulation, where certain nodes in the BN are designated as fixed,
others as variable. (This comes in addition to the clamping of evidence nodes.) Now, we optimize
over the fixed nodes as before, but as part of fitness evaluation, for instance, we may simulate over
the variable nodes. This gives a setting that is similar to, but not exactly the same as, previous
research on genetic algorithms and noisy fitness functions. We have so far assumed that we have
designated beforehand which nodes are fixed and which nodes are variable. Automatically detecting
which nodes to marginalize out is a more involved extension which would be very interesting to

solve.

8.2.2 Hybrid Reasoning and Learning

Several algorithms for computing an MPE have been investigated in this research. Given that as a
base-line, there are two natural extensions: First, to combine the algorithms in ways not considered
here. The three algorithmic approaches, stochastic local search, genetic algorithms, and abstraction,
were investigated in conjunction because they are complimentary and also easy and worthwhile to
integrate. Limited integration has been done in this dissertation, however, it seems to be a fruitful
area for future work. Second, to learn when to use which inference algorithm. The second area
of research focuses on the machine learning aspects of hybridization. One of the lessons from the
present research is that different inference algorithms are applicable in different circumstances, and
it is not obvious when to use which algorithm. So one wants to use a mixture of algorithms, and in
order to do so one could learn a meta-level Bayesian network that estimates the different variables
which influence the choice of algorithms. A Bayesian approach at the meta-level would also allow
the use of priors for when to use which algorithm, and this seems very natural. For this type of

learning for reasoning, there are also the issues related to on-line versus off-line learning.
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8.2.3 Bayesian Network Approximation

Future work regarding approximation includes research in the following directions. First, there is
the question of whether this research can be generalized to handle aggregation and decomposition,
meaning varying the number of nodes in a BN, as well as abstraction and refinement. Note that a
fully abstracted BN node has just one state, and one might as well drop it from the network. This
gives a basis for aggregation and decomposition, the question is how to exploit this observation to
improve speed of inference and for machine learning purposes. Second, there is an analogue between
approximation (for example abstraction and refinement) on the one hand, and temperature as used
in simulated annealing on the other. Simulated annealing was developed by adding the notion of
temperature to the Metropolis algorithm, thus making it more suitable for optimization [Kirkpatrick
et al., 1983]. Although this notion of temperature have proven very useful, the originators of
simulated annealing remark that it is often hard to map temperature into concepts of the system
in question [Kirkpatrick et al., 1983]: ‘[T]he concept of the temperature of a physical system
has no obvious equivalent in the system being optimized.” We suggest there is an equivalent to
temperature in artificial intelligence systems, namely the notions of abstraction and refinement:
Abstraction increases temperature, refinement lowers temperature. And high levels of abstraction
are equivalent to high temperatures, low levels of abstraction are equivalent to low temperatures.
The notion of annealing schedule in simulated annealing can be related to an abstraction and
refinement schedule when abstraction hierarchies are used. Furthermore, in many areas of artificial
intelligence and optimization it is very natural to introduce an abstraction hierarchy, or one might
exist already. This contrasts with the fact that what the temperature is in many system being
modeled has proven elusive. There is a difference between temperature and abstraction and
refinement: The former is a macroscopic control parameter similar to cost (or energy, fitness),
while the latter are microscopic control operators. This difference turns out to be fortunate, since
it makes the two areas complementary. What temperature brings to the table is that from it,
dynamic annealing schedules can be constructed. Given the equivalence between temperature and

abstraction, this gives an approach to construct dynamic abstraction and refinement schedules.
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Appendix A

Abstraction and Refinement Details

This appendix rederives and provides some more details related to Fung and Chang’s abstraction
and refinement operators for Bayesian networks [Chang and Fung, 1991|. Their operators are
important, but the original paper [Chang and Fung, 1991], being a conference paper, is lacking
some details which we provide here. This material provides background for Chapter 7. Unlike in

that chapter, we use the original notation below, for ease of cross-reference to the original paper.

A.1 Abstraction and Refinement

Fung and Chang introduced the two operations of refine and coarsen for discrete Bayesian networks
(BNs) [Chang and Fung, 1991]. Coarsen eliminates states for a node (it is an abstraction operation),
while refine introduces new states for a node (it is a refinement operation). Both operations
take as input a target node and a desired refinement or coarsening, and they output a revised
conditional probability distribution for the target node and for the target node’s children, and both
operations are based on constraints on the Markov blanket of the node. Both external and internal
refinement and external operations are defined. External operations change the BN topology by
using Shachter’s operations [Shachter, 1988]. Internal operations, on the other hand, maintain the
BN topology. In the following we focus on the internal operations.

These are the inputs to abstraction and refinement:
e node x whose state space €1, is to be refined or abstracted.
e new state space 2.

e a relation between €2, and ), describing which states w € €, go with which states /), € Q.
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e the Markov blanket of x
The outputs are the following;:

e new conditional distribution for x, Pr’(x | P,), where P, are parents of x

e new conditional distribution for successors of x, Pr'(s, | z, Ps,), where s, is a successor of z,
Py, is parents of successors of = (excluding x). Note the difference between S;, which is all

successors, and s;, which is one successor.
The relation between €2, and €/, mentioned above, is specified by:

e R: maps a single value in €2, into multiple values in (2,

e (' maps a single value in €/, into multiple values in €,

The topology of the simplest BN that exhibits all features mentioned above is shown in Figure

7.3.

A.2 Refinement

The central idea in the following is to keep the effect of abstraction and refinement localized,
in particular by keeping the joint distribution of the Markov blanket intact. First we consider
constraints that apply to the new conditional probability distribution when w, € €1, is refined to
RANS

For refinement, a constraint on the new probability distribution that obeys that the principle
of leaving the Markov blanket intact is the following. This constraint applies to a node = and its

parent P,:

Prw, | Pe)= > Pr(w| P (A1)
w! ER(wz)

Recall that R is a refinement function that maps a single value w, € €2, into multiple values
W €.
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For refinement, the constraint on the Markov blanket is then:

Pr(S; | Ps,Ps,) = Y Pr(sy |z, Py,)Pr(z|Py) (A.2)

= ) Pr(sy | &/, P,) Pr(a | Py)

ml

In particular, for the state w, to be refined, the equation

Pr(sy | we, Ps,) Pr(w, | Pp) = Z Pr(sy | wl, Ps,) Pr(W, | Py) (A.3)
whE€R(wyz)
needs to be satisfied. here, the old and abstract state is on the left hand side, the new and refined

state is on the right hand side.

A.2.1 Fixed Children Method

A solution satisfying the constraint in Equation A.3 regardless of Pr(w/, | Py) is
Pr(sq | wy, Ps,) = Pr(se | we, Ps, ). (A.4)

This fixes the conditional distribution for the children, but allows full freedom for the parent
conditional distributions.

We now turn to an example of Equation A.3 in use. The example uses the Bayesian network
shown in Figure 7.4. here, M stand for military unit type, with Q; = {4, B}. V stands for a
vehicle in a particular place at a particular time, with Qy = {Y, N} (yes or no) or Qy = {A,U, N}
(tank, truck, or no). T stands for terrain conditions, with Qr = {G, B} (good or bad). F is a
feature.

Conditional probability tables (CPTs) related to this example are shown in Table A.1 and
Table A.2. In this network, V’s state space is refined from Qy = {Y, N} to Qy = {A,U,N}, so
R(wgz) = R(Y) = {A,U}. We focus here on the case where the other nodes have values F' = A,
T =G, and M = A. First, consider the left hand side of Equation A.3, containing the state w, =Y

which is refined:
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Pr(F | V,T) Pr(F | V,T)

Y N A U N
G| B |G| B G| B | G| B|G]B
0.45 | 0.50 | 0.10 | 0.20 0.45 | 0.30 | 0.45 | 0.50 | 0.10 | 0.20
0.45 | 0.50 | 0.10 | 0.20 0.45 | 0.30 | 0.45 | 0.50 | 0.10 | 0.20
0.10 | 0.40 | 0.80 | 0.60 0.10 | 0.40 | 0.10 | 0.40 | 0.80 | 0.60

Q|

SISTENEEIN

Table A.1: To the left F’'s CPT is shown before refinement, to the right it is shown after refinement.
Notice how these child distributions are kept the same.

Pr(sy |wg, Ps, ) Pr(wg | Py) = Pr(F=A|T=GV=Y)Pr(V=Y|M=A)

= 0.45x0.8

Second, consider the states R(wy) = R(Y) = {A,U} in the right hand side of Equation A.3:

> Pr(se | W, Py,)Pr(w), | P) =Pr(F=A|T =G, V=A)Pr(V=A|M=A)
whER(wz)

+PHF=A|T=GV=U)Pr(V=U|M=A)

Now since Pr(F =A|T =G,V =A)=045=Pr(F=A|T =G,V =U) (see Table A.1) while
PrV=A|M=A)=05and Pr(V=U | M = A) = 0.3 (see Table A.2), we get:

> Pr(se | Wy, Py )Pr(w), | Py) = 0.45x0.5+0.45x 0.3
wh €ER(wz)

= 045x0.8

183



Pr(V | M) Pr(V | M)
M| A| B
M| A B
A [ 0.3] 0.1
Y |08 04
Vo310 U |0.5] 0.3
N [0.2]06

Table A.2: To the left V’s CPT is shown before refinement, to the right it is shown after refinement.
Notice how these distributions are changed.

AR Pr(V [ M)
M:] A | B
M:] A | B
A [0.16 | 0.08
Y |08 04
v Toz 106 U | 064032
N [0.20 | 0.60

Table A.3: To the left, V’s CPT is shown before refinement, to the right it is shown after refinement.

A.2.2 Fixed Parents Method

Suppose that the proportions Pr(w;: | P;) assigned in Equation A.1 are the same for all predecessor

values, namely if

Pr(w, | P)

— /
>R PTW, | Po) K(ws) (A.5)

z

where K (w;) is a function depending only on w;, then Equation A.3 can be reduced to a single

constraint

Pr(sy |we,P) = Pr(se | o), Py, )K (W) (A.6)
wheR(wg)
(See proof of this in the next section.) In this case, Pr(s; | wl, Ps,) does not need to be the same
as Pr(sy | wz, Ps,). This gives the opposite situation of the one described earlier: here the parent
distribution is fixed, while the child distributions are changed.
Consider Table A.4. here, the column labeled ‘Y’ is refined into the columns labeled ‘A’ and

‘U’. Consider the parent state M = A:
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Pi(F [V, T) Pr(F | V,1)
Y N A U N
G B G B G B G B G B
0.45 | 0.50 | 0.10 | 0.20 0.80 | 0.50 | 0.3625 | 0.25 | 0.10 | 0.20
0.45 | 0.50 | 0.10 | 0.20 0.10 | 0.10 | 0.5375 | 0.35 | 0.10 | 0.20
0.10 | 0.40 | 0.80 | 0.60 0.10 | 0.40 | 0.1000 | 0.40 | 0.80 | 0.60

Q| | =

Ol N =

Table A.4: To the left, F’s CPT is shown before refinement, to the right it is shown after refinement.

Pr(w), | Py) B Pr(V=A|M=A)
> Rl PTWe | P2)  Pr(V=A|M=A4)+Pr(V=U|M=A)
0.16
= ————— =02=K(A).
0.16 - 0.64 0 (4)

Likewise for the parent state M = B:

Pr(w; | Pr) _ Pr(V=A| M = B)
>l cRw PTWs | P)  Pr(V=A|M=B)+Pi(V=U|M=DB)
0.08
~0.084+0.32 0.2=K(A).

Along similar lines, we have K (U) = 0.8.

Now consider the left hand side of Equation A.6. The CPT value is given as (see Table A.4):

Pr(sy |wz, Ps,) =Pr(F=A|T=G,V=Y)=045

Next consider the right hand side of Equation A.6:

> Pr(sy | W, Po)K(w,) =Pr(F =A|T =G,V =A) x K(A)

wh €R(wz)

4P (F=A|T=G,V=U)xKU)

Now with Pr(F = A | T = G,V = A) = 0.8, K(A) = 0.2, Pr(F = A | T = G,V = U) = 0.3625,
and K(U) = 0.8 we get
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> Pr(sy | W, Py )K(w,) = 0.8 x 0.2+ 0.3625 x 0.8 = 0.45.
whER(wz)

Where do the numbers in Table A.4 come from? This is what we will focus on next. Consider

Pr(F; | Vo, Tj) Pr(V, | My) + Pr(F; | Vo, T;) Pr(Vy, | My)
Pr(Vy | My) ’

Pr(F; [ Vy, Tj) = (A7)

where, F; is the ith value of the node F'.
Now pick Pr(F, | V,,Ty) (or Pr(Fy | Vi, Ty)); this determines Pr(Fy, | Vi, Ty) (or Pr(F, | Va,Ty)).

Consider the case F; = F, and T; = T,. The following is seen from Table A.4:

Pr(F, | Vi, T,) = 0.45.

Using Equation A.7,

Pr(F, | Va,T,) Pr(Vy | My)  Pr(Fy | Vi, T,) Pr(Vi, | M)
Pr(V, | My) Pr(V, | My)
= Pr(F, | Va,Ty) x 0.2+ Pr(F, | Va, T,) x 0.8.

Pr(F, | V,,T,) =

Taking the above together, we get:

Pr(F, | Va,Ty) x 0.2 + Pr(F, | Vi, Ty) x 0.8 = 0.45.

Picking Pr(F, | V,,Ty) = 0.8, this gives:

0.45 — Pr(Fy | Vo, T,) x 0.2 0.45 — 0.8 x 0.2

Pr(Fo | Vu, Ty) = 0.8 08

= 0.3625,

as shown to the right in Table A.4.
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Pi(F [V, 1) Pr(F | V,1)

A U N Y N
G B G B | G| B G B G | B
040106 0.4 |01]0.2 0.5375 | 0.30625 | 0.1 | 0.2
05| 05103]02]01]0.2 0.3625 | 0.29375 | 0.1 | 0.2
0104 (01 0.4 |08]0.6 0.1000 | 0.40000 | 0.8 | 0.6

Ol N =

SISTENEEIN

Table A.5: To the left, F’s CPT is shown before abstractionto the right it is shown after abstraction.

Pr(V | M) Pr(V | M)
M:| A B

M| A| B
A 03] 01

Y [08] 04
U [05] 0.3 R e
N [0.2]06

Table A.6: To the left, V’s CPT is shown before abstraction, to the right it is shown after abstrac-
tion.

A.3 Abstraction (Coarsening)

Now let us turn to abstraction (what Chang and Fung call coarsening). The two constraints here

are:

Prw) |P:)= >  Pr(ws|P)

wz €C(Wh)

and

Pr(s, | wh, Po,)Pr(wl | Pe) = > Pr(sy | we, Ps,) Pr(ws | Py).

wz€C(W)
The last equation is equivalent to
1
Pr(sm | w/w7PSz) = W Z PI“(S:B | wm,Psz) Pr(wm | Pm)
wa€C(wWh)

One might need to approximate when doing abstraction.
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Let wl, =Y, C(w},) = C(Y) = {A,U}. The coarsening operation is then :

1

W Z PI'(S;E | wx,Psz) Pr(wx | Px) =

we €C(Wh)

1
Y PrF = f|weT =t)Pr(w, | M =m),
Pr(V =Y | M = m) (= flw ) Priws | M =m)
wa€C(V=Y)

with some assignments F' = f, T'=1t, and M =m. Now let f = A, t =G:

> Pr(F=A|w,T=G)Pr(ws | M=m).
we€C(V=Y)

Now let M = A; we can go to Table A.5 and Table A.6 to find values:

1
Pr(V =Y | M= A)

Y Pr(F=A|w,,T=G)Pr(w, | M=A)=
wz€C(Y)

1

5504 x 034 0.6 x 0.5) = 0.525.

More precisely, we used the fact that w, € {A4,U}, so

Z Pr(F=A|w;, T=G)Pr(w; | M =A)=Pr(F=A|V=AT=GPr(V=A|M=A)
we€C(Y)

+PH(F=A|V=UT=G)Pr(V=U|M=A)

Similarly, we let M = B and get

1
BV =V [ =B) > Pr(F=A|w,T=G)Pr(w, | M =B)=
WL EC(V=Y)
1

57(0-4x0.140.6 x 0.3) = 0.55.

Taking the above two results together and computing the average, one gets

0.525 4 0.55

Pr(F=A|V=Y,T=G)= "

= 0.5357,
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which is the value shown in Table A.5.

A.4 Proofs

Equation A.6 is derived as follows. From Equation A.3 we have:

Pr(sy | we, Ps,) Pr(w, | Pp) = Z Pr(sy | wl, Ps,) Pr(W, | Py)
wh €ER(wz)

which is equivalent to

Pr(wl | P.
Pr(sy | we, Ps,) = Z Pr(sg ]w;,PSI)Prsz ; Pi;
wheR(wy)
By the definition of Pr(w, | P;) in Equation A.1 we get
Pr(wy | Pr)

Pr(sy | wa, Ps,) = Z Pr(sy | wh, Ps,)

wh €ER(wz) Zw;ER(wI) Pr(wrp ‘ Pw)

we can now introduce the definition of K (w,,) as shown in Equation A.5, and get the desired result:

I

Pr(sy |we, Pe,) = > Pr(se | o), Py)K(w,).

w!l €ER(wz)

Next, we show the derivation of Equation A.7, reproduced here:

Pr(F; | Vo, Tj) Pr(Va | M) + Pr(F; | Vi, Tj) Pr(V, | M)

P e T = Pr(Vy | M)

Remember that F; is the ¢th value of the node F. To derive the equation above, start with using

Equation A.6

Pr(F |V, Ty) = Y Pr(F |V, T)K(Vy),
VéeR(Vy)
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where K (V}) is defined according to Equation A.5:

Pr(Vy | My)  Px(Vy | My)

K(V!) = _
( dovierwy) PrVy | My) — Pr(Vy | My)

Y

And since R(Vy) = {V,, Vi}, we get two terms in the sum

Pr(Vy | My)  Pr(F; | Vo, T;) Pr(Vy | My) + Pr(E; | Vi, Tj) Pr(Vi, | My,)

Z Pr(FZ ‘ V;/Iaj—‘j) — )
VIER(Vy) Pr(Vy [ My) Pr(Vy | Mg)

which is the desired result in Equation A.7.

The following is a derivation of Equation A.4.

Pr(sy |we, Po ) Pr(ws | Pe) = > Pr(sy | wh, Py,) Pr(w), | Py)

wh ER(wz)

Now let Pr(s, | wl, Ps,) = Pr(sy | wg, Ps,) This gives:

Z Pr(sy | wy, Ps,) Pr(wy | P2) = Z Pr(sy | we, Py, ) Pr(wy | Pr)
w! €R(wyz) w! €R(wz)
= Prs|wnP) Y Prl| P
whER(wz)

= Pr(sy | wg, Ps,) Pr(wz | Py),

where the last step follows from Equation A.1.
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