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Abstract

Thetaskof causalstructurediscovery from empiricaldatais
a fundamentalproblemin many areas.Experimentaldatais
crucial for accomplishingthis task. However, experiments
aretypically expensive,andmustbeselectedwith greatcare.
Thispaperusesactivelearningto determinetheexperiments
thataremostinformative towardsuncoveringtheunderlying
structure. We formalizethe causallearningtaskas that of
learningthestructureof acausalBayesiannetwork.Wecon-
sideranactivelearnerthatis allowedtoconductexperiments,
whereit intervenesin thedomainby settingthevaluesof cer-
tainvariables.Weprovideatheoreticalframework for theac-
tive learningproblem,andanalgorithmthatactively chooses
the experimentsto performbasedon the model learnedso
far. Experimentalresultsshow thatactive learningcansub-
stantiallyreducethenumberof observationsrequiredto de-
terminethestructureof adomain.

1 Intr oduction
Determiningthecausalstructureof a domainis frequentlya
key issuein many situations.Bayesiannetworks(BNs)[Pearl,
1988] area compactgraphicalrepresentationof joint proba-
bility distributions. They canalsobeviewedasproviding a
causalmodelof adomain[Pearl,2000]. If weassumethatthe
graphicalstructureof the BN representsthe causalstructure
of thedomain,we canformalizetheproblemof discovering
thecausalstructureof thedomainasthe taskof learningthe
BN structurefrom data.

Over the last few years,therehasbeensubstantialwork
on discoveringBN structurefrom purelyobservationaldata.
However, thereareinherentlimitationson our ability to dis-
cover thestructurebasedon randomlysampleddata.Exper-
imentaldata,wherewe intervenein themodel,is vital for a
full determinationof thecausalstructure.However, obtaining
experimentaldatais often time consumingandcostly. Thus
theexperimentsmustbechosenwith care.

In this paper, weprovideanactivelearningalgorithmthat
selectsexperimentsthataremostinformativetowardsreveal-
ing the causalstructure. With active learningthe choiceof
thenext datacaseis basedupontheresultsseenso far. The
possibility of active learningcanarisenaturallyin a variety
of domainsandin several variants. In interventionalactive
learning,thelearnercanaskfor experimentsinvolving inter-
ventionsto beperformed.This typeof active learningis the

normin scienti�c studies:we canaskfor a rat to befed one
sortof food or another. An interventionin themodelcauses
certainprobabilisticdependenciesin themodelto bereplaced
by our intervention [Pearl,2000] — the rat no longer eats
whatit wouldnormallyeat,but whatwechooseit to. By ob-
servingtheresultsof this experiment,we candeterminethe
directionof causalin�uence in caseswherepurelyobserva-
tionaldatais inadequate.

In suchactive learningsettings,wherewe have theability
toactively selectexperiments,weneedamechanismthattells
us which experimentto performnext. We presenta formal
framework for active learningin Bayesiannetworks,based
on the principlesof Bayesianlearning. We maintaina dis-
tributionover Bayesiannetworkstructures,which is updated
basedon our data. We de�ne a notionof quality of our dis-
tribution, andprovide an algorithmthat selectsqueriesin a
greedyway, designedto improve modelquality asmuchas
possible.We provideexperimentalresultsona varietyof do-
mains,showing that our active learningalgorithmcanpro-
vide substantiallymoreaccurateestimatesof the BN struc-
tureusingthesameamountof data. Interestingly, our active
learningalgorithmprovidessigni�cant improvementsevenin
caseswhereit cannotintervenein themodel,but only select
instancesof certaintypes. Thus,it is applicableeven to the
problemof learningstructurein a non-causalsetting.

2 Learning BayesianNetworks
Let
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be a set of random variables,
with eachvariable
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taking valuesin some�nite domain
Dom�
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. A Bayesiannetwork(BN)over
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is apair ���

�������

thatrepresentsa distributionover the joint spaceof
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. � is
a directedacyclic graph,whosenodescorrespondto theran-
domvariablesin
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andwhosestructureencodesconditional
independencepropertiesaboutthejoint distribution. We use

�
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to denotethesetof parentsof
�
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.
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is a setof parame-
terswhichquantifythenetworkby specifyingtheconditional
probabilitydistributions(CPDs)  ��
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The Bayesiannetworkrepresentsa joint distribution over

the set of variables
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via the chain rule for Bayesiannet-
works:  ��
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. Viewed as
a probabilisticmodel, it cananswerany queryof the form
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where . and
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aresetsof variablesand
2

an
assignmentof valuesto

/

. However, aBN canalsobeviewed
asa causalmodel[Pearl,2000]. Underthis perspective, the
BN canalsobeusedto answerinterventionalqueries, which



specifyprobabilitiesafterweintervenein themodel,forcibly
settingoneor morevariablesto takeon particularvalues.In
Pearl's framework,aninterventionin acausalmodelthatsets
a singlenode

��� ���

replacesthe standardcausalmecha-
nismof

�

with onewhere
�

is forcedto takethevalue
�

. In
graphicalterms,this interventioncorrespondsto mutilating
themodel � by cuttingtheincomingedgesto

�

. Intuitively,
in thenew model,

�

doesnot dependonits parents;whereas
in theoriginal model,thefact that

� ���

would give us in-
formation(via evidentialreasoning)about

�

'sparents,in the
experiment,thefactthat

� ���

tellsusnothingabouttheval-
uesof

�

's parents.For example,in a fault diagnosismodel
for a car, if weobserve thatthecarbatteryis not charged,we
mightconcludeevidentiallythatthealternatorbelt is possibly
defective,but if wedeliberatelydrainthebattery, thenthefact
that it is emptyobviously givesus no informationaboutthe
alternatorbelt. Thus,if weset

��� ���

, theresultingmodelis
adistributionwherewemutilate � to eliminatetheincoming
edgesto nodesin

�

, andsettheCPDsof thesenodessothat
� ���

with probability1.
Our goal is to learna BN structurefrom data. We make

two standardassumptions:
	 CausalMark ov assumption:Thedatais generatedfrom

anunderlyingBayesiannetwork �-��
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over
�

.
	 Faithfulness assumption: the distribution  �
 over

�

inducedby ���
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satis�es no independencesbeyond
thoseimpliedby thestructureof ��
 .

Our goal is to reconstruct��
 from the data. Clearly, given
enoughdata,wecanreconstruct �
 . However, in general, �


doesnot uniquelydetermine� . For example,if our network
��
 hastheform

�����

, then
��� �

is equallyconsistent
with  �
 . Givenonly samplesfrom  �
 , thebestwecanhope
for is to identify theMarkovequivalenceclass[Pearl,1988]
of � : a set of networkstructuresthat inducepreciselythe
sameindependenceassumptions.In a Markov equivalence
class,theskeletonof thenetwork— thesetconnected�

� ��� �

pairs— is �x ed; for someof the pairs, the directionof the
edgeis �x ed, while the other edgescan be directedeither
way[Spirtesetal., 1993].

If wearegivenexperimentalaswell asobservationaldata,
ourability to identify thestructureis muchlarger[Cooperand
Yoo,1999]. Intuitively,assumewearetrying todeterminethe
directionof an edgebetween

�

and
�

. If we areprovided
experimentaldatathat intervenesat

�

, andwe seethat the
distributionover

�

doesnot change,while interveningat
�

doeschangethedistributionover
�

, wecanconclude(based
on theassumptionsabove) thattheedgeis

��� �

.

3 Bayesianlearning with experimentaldata
As discussedin the introduction,our goal is to useactive
learning to learn the BN structure— learning from data
wherewe areallowed to control certainvariablesby inter-
veningat their values. We formalizethis ideaby assuming
thatsomesubset� of thevariablesarequeryvariables. The
learnercanselecta particularinstantiation� for � . There-
quest�

� �

� is calleda query. Theresultof sucha queryis
calledtheresponseandit is arandomlysampledinstance

�

of
all thenon-queryvariables,conditionedon �

� �

� . In other

words,
�

is theresultof anexperimentwherewe intervened
in themodelby setting � to takethevalues� ; our assump-
tionsthenimply that

�

is sampledfrom themutilatedmodel
describedabove.

We use a Bayesianframework to learn the BN struc-
ture.Moreprecisely, wemaintainadistributionoverpossible
structuresandtheir associatedparameters.We begin with a
prioroverstructuresandparameters,anduseBayesiancondi-
tioningto updateit asnew datais obtained.Following [Heck-
ermanet al., 1995], we makeseveral standardassumptions
abouttheprior:

	 Structure Modularity : Theprior  ��-�
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In this paper, we alsoassumethat the CPD parametersare
multinomialsandthat the associatedparameterdistributions
aretheconjugateDirichlet distributions.However, our anal-
ysisholdsfor any distributionsatisfyingtheparametermod-
ularity assumption.

Giveacomplete,randomlysampledinstance$ over
�

, us-
ing Bayesrule we have that theposteriordistributionover G
is proportionalto:  ��%$
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is themarginal
likelihoodof thedataandis foundby integratingoverall pos-
sibleparametervaluesin � :
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Now, insteadof having a completerandomsample,sup-
posethat we have an interventionalquery �

� �

� , andre-
sultingresponse

�

. We needto de�ne how to updatethedis-
tribution  ��-�
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giventhis queryandresponse.We break
thisinto two problemsby usingtheidentity:  ����

����� "

�

� �

�

��� � �

���

��� "

�

� �

�

��� �

�

�,+

 ��-�

"

�

� �

�

��� �

. Thus
weneedto determinehow to updatetheparameterdensityof
astructureandalsohow to updatethedistributionoverstruc-
turesthemselves.

For the �rst term in this expression,considera particular
networkstructure� anda prior distribution � �

� ���

over the
parametersof � . It is clearthatwe cannotusethe resulting
completeinstanceto updatethe parametersof the nodes �

themselves.For interventionalquerieseachnodein thequery
is forcedto havenoancestors,asall of its incomingedgesare
cut.Thus,for example,theparent- of . in aninterventional
query .

� �0/

is sampledfrom the original distribution  1
 ,
andhencewe caneasilyusethe informationabout - in

�

.
Thus,we de�ne a variable

�

to beupdateablein thecontext
of an interventionalquery � if

�

is not in � .
Ourupdaterule for theparameterdensityis now verysim-

ple. Given a prior density � �

�
�

�

anda response
�

from a
query �

� �

� , we do standardBayesianupdatingof the
parameters,as in the caseof randomlysampledinstances,
but we updateonly the Dirichlet distributions of updateable
nodes.We use� �

� � "

�

� �

�
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�

�

to denotethedistribu-
tion �

 

�
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obtainedfrom this algorithm;this canbereadas
“thedensityof

� �

afterperformingquery � andobtainingthe



completeresponse
�

”. Note that this is quitedifferentfrom
thedensity���

� � "

�
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whichdenotesstandardBayesian
conditioning. We also note that performingsuchan inter-
ventionalupdateto the parametersstill preserves parameter
modularity.

Now considerthe distribution over structures. We use
 ����

"

�
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to denotethe posteriordistribution over
structuresafter performingthe queryand obtainingthe re-
sponse.The following theoremtells us how we caneasily
updatetheposteriorover � givenaninterventionalquery:

Theorem 3.1 Givena query �
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� andcompleteresponse
�

, if  ��-�
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satis�esparameterindependenceandparam-
etermodularity, then:
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4 Active Learning
Our goal in this paperis not merely to updatethe distribu-
tion basedon interventionaldata.We wantto activelyselect
instancesthatwill allow usto learnthestructurebetter.

A (myopic) active learner @ is a function that selectsa
query �

� �

� baseduponits currentdistributionover � and
���

. It takesthe resultingresponse
�

, andusesit to update
its distribution over � and

�
�

. It thenrepeatsthe process.
We describedtheupdateprocessin theprevioussection.Our
tasknow is to constructanalgorithmfor decidingonournext
querygivenourcurrentdistribution  .

4.1 Lossfunction
As in thework of TongandKoller [2001], a key stepin our
approachis thede�nition of a measurefor thequality of our
distribution over graphsand parameters.We can then use
thismeasureto evaluatetheextentto whichvariousinstances
would improve the quality of our distribution, therebypro-
viding us with an approachfor selectingthe next query to
perform.

Moreformally, givenadistributionovergraphsandparam-
eters  ��-�

����� �

we have a lossfunctionLoss�- 

�

that mea-
suresthe quality of our distribution over the graphsandpa-
rameters.Givena query �

� �

� wede�ne theexpectedpos-
terior lossof thequeryas:

ExPLoss�- ����
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(1)

This de�nition immediatelyleadsto thefollowing simpleal-
gorithm: For eachcandidatequery �

� �

� , we evaluatethe
expectedposteriorloss,andthenselectthequeryfor whichit
is lowest.Note,however, thattheexpectedlossappearsto be
computationallyexpensive to evaluate.We needto maintain
a distribution over the set of structures,and the numberof
structuresin P is super-exponentialin the numberof nodes.
Furthermore,givena query, to computethe expectedposte-
rior losswe have to performa computationover the setof
structuresfor eachof theexponentialnumberof possiblere-
sponsesto thequery.

To makethishigh-level framework concrete,wemustpick
a loss function. Recall that our goal is to learn the correct
structure;hence,we areinterestedin thepresenceanddirec-
tion of the edgesin the graph. For two nodes

� �

and
�RQ

,
therearethreepossibleedgerelationshipsbetweenthem:ei-
ther

���,� � Q

, or
����S � Q

or
��� � Q

. Our distribution  

over graphsandparametersinducesa distributionover these
threepossibleedgerelationships.We canmeasuretheextent
to whichwearesureaboutthisrelationshipusingtheentropy
of this induceddistribution:
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The larger this entropy, the lesssurewe areaboutthe rela-
tionshipbetween

� �

and
�RQ

. Thisexpressionformsthebasis
for ouredgeentropylossfunction:
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In certaindomainswemaybeespeciallyinterestin determin-
ing therelationshipbetweenparticularpairsof nodes.Wecan
re�ect this desirein our lossfunctionby introducingscaling
factorsin front of different

T

�

� �`U �
Q

�

terms.
Now that we have de�ned the loss function for a distri-

bution  ����

��� � �

, our task is to �nd an ef�cient algorithm
for computingthe expectedposteriorlossof a given query

�

� �

� relative to  . We notethat  is our currentdistribu-
tion, conditionedonall thedataobtainedsofar. Initially, it is
theprior; aswegetmoredata,weuseBayesianconditioning
(asdescribedabove) to update , andthenapply the same
algorithmto theposterior.

Our approachto obtaininga tractablealgorithm is based
on the ideasof FriedmanandKoller [2000] — we �rst con-
siderthesimplerproblemof restrictingattentionto network
structuresconsistentwith sometotal ordering, a . Then,we
introduceadistributionover theorderings.

4.2 Analysis for a Fixed Ordering
Let a be a total ordering of

�

. We restrict attentionto
network structuresthat are consistentwith a , i.e., if there
is an edge

� � �

, then
�

a

�

. Following [Friedman
et al., 1999], we also assumethat eachnode

���

hasa set
b �

of at most c possiblecandidateparentsthat is �x ed
beforeeachquery round. In certaindomains,we can use
prior knowledgeto construct

b
�

; in others,we canusethe
dataitself to point out nodesthat aremore likely to be di-
rectly relatedto

�
�

. We de�ne the set of candidatepar-
entsfor a node

�
�

that areconsistentwith our orderingas:
d���_
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a
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if
�

a

� �

for all
�ih �

. We representthesetof structuresinducedby
a and

b �

as P

e

. We notethat the numberof structuresin
P

e

is still exponentialin thenumberof variablesin
�

.
The key impact of the restriction to a �x ed ordering

is that the choice of parentsfor one node is independent
of the choiceof parentsfor anothernode [Buntine, 1991;
FriedmanandKoller, 2000]. Two importantconsequences
arethe following theorems,which give us closedform, ef�-
cientlycomputableexpressionsfor key quantities:



Theorem 4.1 Givena query �
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� , wecanwrite theprob-
ability of a response
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to our queryas:
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Theorem 4.2 Givena query �
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Now, considerthe expectedposteriorloss(Eq. (1)) given
P

e

:
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Wecancompute
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byusingThe-
orem4.2. Also, noticefrom Theorem4.2 thattheexpression
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andthenapplyingTheorem4.1,we canrewrite theexpected
posteriorlossas:

ExPLoss�

���������!3

'

�`�	��

�����

� �����1!$#&%

5

#

� '$(�)

�
�2*

]

�3) �

, ��%

�4-

%

�

�=0

�

� 0

�

�65

�

�75

�

�8/

�

�

�

]

�&) �

]

�

����� � � 
 ��� �9/

�

�7, ��%

��-

%

�

�	0

�

� 0

�

�65

�

�:5

�

�8/

�

�

�

]

�&) �

]

�

, ��%

��-

%

�

�$0

�

�!0

�

�75

�

�75

�

�8/

�

�<;

	

#

�

=

� �+>

 

"$#

]




"��

>


 ?

�

���

Pa
��%

=

��� &/�

Score
��%

=

� &*� ���!���

� 	

#

]

�&) �

]

�A@

��0

�

� 0

�

�65

�

�75

�

�

�

=

� �+>

 

"=#

BN��0

=

�75

=

�

>

(5)
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This expressionstill involves summationsover the expo-
nential numberof possiblecompletionsof a query. How-
ever, noticethat for each D and E in Eq. (5), the summation
over completions

�

resemblesthe expressionfor computing
a marginal probability in Bayesiannetworkinferencewhere
we aremarginalizingout

�

. In fact F andeachG canbere-
gardedas factorsandwe canusestandardgraphicalmodel
inferenceprocedures[LauritzenandSpiegelhalter, 1988] to

evaluatethis expressioneffectively. Therestrictionto a can-
didatesetof parentsfor eachnodeensuresthateachfactor G

is over at most �4cIH

���

variables,andeachfactor F over at
most J ��cKH

�
�

variables. After applyingBayesiannetwork
inferenceweendupwith afactorover thevariables� where
for eachpossiblequery � wehave thevalueof theexpression
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.
We needto performsuchan inferencefor each D

�

E pair.
However, sincewe restrictedto at most c candidateparents,
thenumberof possibleedgesis at most c"P . Thus,thecom-
putationalcostof computingthe expectedposteriorlossfor
all possiblequeriesis thecostof c"P applicationsof Bayesian
networkinference.

4.3 Analysis for UnrestrictedOrderings
In the previous section,we obtaineda closedform expres-
sionfor computingtheexpectedposteriorlossof a queryfor
a given ordering. We now generalizethis derivation by re-
moving therestrictionof a �x edordering.Theexpressionfor
theexpectedposteriorlosscanberewritten as:

ExPLoss�- ����

���(��� "

�

� �

�

�

� A
BED�F�G9H

� IKJ LNMEO

Loss�- ����

���(� "

�

� �

�

��� ���

� A e�A
BED�F�G H

� IKJ LNM

_
e

O

Loss�� ��-�

��� � "

�

� �

�

��� ���

� A e�A
BED�F�G H

� IKJ LNM

_
e

O

]

��_
Q

T

�

� �2U �
Q

"

�

� �

�

��� � 	

The expectation over orderings can be approximatedby
samplingpossibleorderingsfrom our current distribution
over graphsand parameters. As shown by Friedmanand
Koller [2000], samplingfrom orderingscan be done very
effectively usingMarkov chainMonteCarlo (MCMC) tech-
niques.

The expressioninside the expectationover orderingsis
verysimilar to theexpectedposteriorlossof thequerywith a
�x edordering(Eq. (4)). The only differenceis thatwe now
mustcomputetheentropyterms
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without restrictingourselves to a single ordering. This en-
tropy term is basedon probability expressionsfor relation-
shipsbetweennodes:
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Eachof the termsinside the expectationcan be computed
using Theorem4.2. Naively, we can computethe expec-
tation for eachquery �

� �

� and completion
�

by sam-
pling orderingsfrom  ��!a

"

�

� �

�

��� �

and then comput-
ing  ��

�
�

� �RQ)"

�

� �

�

��� �

a

�

. Clearly, this approach
is impractical. However, we can usea simple approxima-
tion that substantiallyreducesthe computationalcost. Our
generalMCMC algorithmgeneratesa setof orderingssam-
pled from  ��!a

�

. In many cases,a singledatainstancewill
only have a small effect on the distribution over orderings;
hence,we canoftenuseour samplesfrom  ��)a

�

to bea rea-
sonablygoodapproximationto samplesfrom thedistribution

 ��)a
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. Thus,we useour currentsetof sampled
orderingsto approximateEq.(6).

Wenotethat,asin the�x edorderingcase,theentropyterm
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Q
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dependsonly on thevaluesgiven



to the variables
������� Q �!b �

and
b Q

. Thus,we canusethe
sameBayesiannetworkinferencemethodto computetheex-
pression
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4.4 Algorithm Summary and Properties
To summarizethe algorithm,we �rst samplea setof order-
ingsfromthecurrentdistributionovergraphsandparameters.
Wethenusethissetof orderingsto computetheentropyterms
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. Next, for eachorderingwecom-
pute
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using
a standardBayesiannetworkinferencealgorithmto obtaina
factorover all possiblequeries.We thenaverageall of these
queryfactorsobtainedfrom eachordering. The �nal result
is a queryfactor that, for eachpossiblequery, givesthe ex-
pectedposteriorlossof askingthatquery. We thenchooseto
askthequerythatgivesthelowestexpectedposteriorloss.

We now considerthe computationalcomplexity of the
algorithm. For each ordering we need to compute
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. This
involves at most c P Bayesiannetwork inferences. Each
inferencereturnsa factor over all possiblequeriesand so
the inferencewill take time exponential in the numberof
query variables. The time complexity of our algorithm to
generatethe next query is:

�

� # of sampledorderings
+

c"P

+

costof BN inference
�

.
In addition, we needto generatethe sampledorderings

themselves. FriedmanandKoller [2000] provide techniques
thatgreatlyreducethecostof this process.They alsoshow
that theMarkov chainmixesfairly rapidly, therebyreducing
thenumberof stepsin thechainrequiredto generatearandom
sample.In oursetting,wecanreducethenumberof stepsre-
quiredeven further. Initially, we startwith a uniform prior
over orderings,from which it is easyto generaterandomor-
derings.Eachof theseis now thestartingpoint for a Markov
chain. As we do a singlequeryandget a response,thenew
posteriordistributionover orderingsis likely to bevery sim-
ilar to the previous one. Hence,our old setof orderingsis
likely to bebefairly closeto thenew stationarydistribution.
Thus,a very smallnumberof MCMC stepsfrom eachof the
currentorderingswill giveusa new setof orderingswhich is
very closeto beingsampledfrom thenew posterior.

5 Experimental Results
We evaluatedthe ability of our algorithmto reconstructthe
networkstructureby usingdatageneratedfrom a known net-
work. Weexperimentedwith threecommonlyusednetworks:
Cancer, with � ve nodes;Asia, with eight nodes;andCar
Troubleshooter, with twelve nodes.For eachtestnetwork,
we maintained50–75orderings,asdescribedabove. We re-
strictedthesetof candidateparentsto have size c

���

. We
selectedthe5 candidateparentsfor eachnodeat random,ex-
cept that the node's true parentsin the generatingnetwork
werealwaysin the candidateparentsets. It typically took a
few minutesfor theactivemethodto generatethenext query.

We comparedour active learningmethodwith both ran-
domsamplinganduniformquerying,wherewechoosea set-
ting for the querynodesfrom a uniform distribution. Each
methodproducesestimatesfor theprobabilitiesof edgesbe-
tweeneachpair of variablesin our domain. We compared
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Figure1: (a)Cancerwith onequerynode.(b)Asiawith twoquery
nodes. (c) Car with four querynodes. (d) Car with threequery
nodesandweightededgeimportance.(e) Cancerwith any pairsor
singlenodesasqueries.(f) Cancer edgeentropy. Legendsre�ect
orderin whichcurvesappear. Theaxesarezoomedfor resolution.

eachmethod's estimatewith the true network �1
 by using
the �
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edgeerror of theestimate:
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where �

�

�

���

� ���

if � holdsin �

 andis zerootherwise.
We�rst consideredwhethertheactivemethodprovidesany

bene�t over randomsamplingother than the obvious addi-
tionalpowerof having accessto queriesthatintervenein the
model. Thus,for the �rst setof experiments,we eliminated
this advantageby restrictingtheactive learningalgorithmto
queryonly rootsof ��
 . (All algorithmswereinformedthat
thesenodeswererootsbysettingtheircandidateparentsetsto
beempty.) Whenthequeryis aroot,acausalqueryis equiva-
lentto simplyselectingadatainstancethatmatchesthequery
(e.g.“Give meamalewhosmokes”);hence,thereis noneed
for a causalinterventionto createthe response.A situation
wherewe areonly able to queryroot nodesarisesin many
domains;in medicaldomains,for example,weoftenhavethe
ability to selectsubjectsof a certainage,gender, or ethnicity,



variableswhicharetypically assumedto beroot nodes.
Figures1(a)to 1(c) show the learningcurvesfor the three

networks.Weexperimentedwith usinguniformDirichlet pri-
orsandalsomoreinformedpriors(simulatedby sampling20
datainstancesfrom thetruenetwork). For Cancer andCar
Troubleshooter, the typeof prior madelittle qualitative dif-
ferencein thecomparativeperformancebetweenthelearning
methods(the graphsshown arewith uniform priors). With
theAsia domaina uniformprior tendedto causeall methods
to performsimilarly. Onepossiblereasonis thatourapprox-
imation for Eq. (6), which assumesthata singlequerydoes
notsigni�cantly alterthedistributionoverorderings,is apoor
onein the initial phases.The Asia graphdisplayedis with
the slightly informedprior. In all threegraphs,we seethat
the active methodperformssigni�cantly betterthanrandom
samplinganduniformquerying.

In somedomains,determiningtheexistenceanddirection
of causalin�uence betweentwo particularnodesmay be of
specialimportance. We experimentedwith this in the Car
Troubleshooternetwork. We modi�ed the L1 edgeerror
function Eq. (7) (and the edgeentropyEq. (3) usedby the
activemethod)to makedeterminingtherelationshipbetween
two particularnodes(theFuelSubsystemnodeandEngineS-
tart) 100 timesmoreimportantthana regular pair of nodes.
We usedthreeother nodesin the network as query nodes
The resultsareshown in Fig. 1(d). Again, the active learn-
ing methodperformssubstantiallybetter.

Note that, without true causalinterventions,all methods
have the samepower to identify the model: asymptotically,
they will identify theskeletonandtheedgeswhosedirection
is forcedin theMarkov equivalenceclass.However, evenin
this setting,theactive learningalgorithmallows usto derive
this informationsigni�cantly faster.

Finally, we consideredthe ability of the active learn-
ing algorithmto exploit its ability to performinterventional
queries.By usinga simpleextensionto our analysisweper-
mittedouractivealgorithmto chooseto setany pairof nodes
or any singlenodeor no nodesat all. We comparedthis to
randomsamplingandalsouniformly choosingto seta sin-
gle,pair or nonodes.This experimentwasperformedon the
Cancernetworkwith aninformedprior of 20 randomobser-
vations.Fig. 1(e)shows thatour active methodsigni�cantly
outperformsthe other methods. We also see,in Fig. 1(f),
thatthepredictionerrorgraphsareverysimilar to thegraphs
of the edgeentropy(Eq. (3)) basedon our distribution over
structures.Thisshowsthattheedgeentropyis, indeed,a rea-
sonablesurrogatefor predictiveaccuracy.

6 Discussionand Conclusions
This paper introducesthe problem of active learning of
Bayesiannetworkstructureusinginterventionalqueries.We
have presentedaformal framework for this task,andaresult-
ing algorithmfor adaptively selectingwhich queriesto per-
form. We have shown that our active methodprovidessub-
stantiallybetterpredictionsregardingstructurethanbothran-
domsampling,andaprocessby which interventionalqueries
are selectedat random. Somewhat surprisingly, our algo-
rithm achievessigni�cant improvementsover theseotherap-

proacheseven when it is restrictedto queryingrootsin the
network,andthereforecannotexploit theadvantageof inter-
veningin themodel.

Thereis a signi�cant body of work on the designof ex-
perimentsin the�eld of optimalexperimentaldesign[Atkin-
sonandBailey, 2001]; there,thefocusis not on learningthe
causalstructureof a domain,and the experimentdesignis
typically �x edin advanced,ratherthanselectedactively. Ac-
tive learningin Bayesiannetworkshasbeenconsideredby
Tong andKoller [2001] for parameterestimationwherethe
structureis assumedto be known. Therehave beenseveral
studieson learningcausalmodelsfrom purelyobservational
data[Spirteset al., 1993;Heckermanet al., 1997]. Cooper
andYoo [1999] considerlearningthestructureof causalnet-
worksfrom amixtureof experimentalandobservationaldata,
but in a non-active learningsetting.

Therearemany interestingdirectionsin whichwe canex-
tendour work, e.g., a treatmentof continuousvariablesor
temporalprocesses.Most interestingis theproblemof deal-
ing with hiddenvariablesandmissingdata. We might use
active learningto decidewhich extra variableto observe or
which extra pieceof missingdatawe shouldtry to obtainin
orderto bestlearnthe model. Anotherexciting directionis
thepotentialof usingactivelearningin orderto try to uncover
theexistenceof a hiddenvariablein ourdomain.
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