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Recent bio-technological developments have made it possible to measure the
activity levels of thousands of genes over time, giving biologists insight into
the complex network of interactions between genes. Typically, such high-
dimensional data-sets consists of many signals (genes) and relatively few
time-points, making the inference of the exact network parameters impos-
sible. Consequently, computational techniques are necessary that can cope
with this dimensionality problem and extract as much useful information as
possible from the data such that a basic sketch of the underlying interactions
can be formed. In this paper, the regulatory interactions between genes are
modeled as a linear genetic network, which enables the exact description of
all solutions that match the given data-set. Biologically sound constraints,
such as limited connectivity and redundancy can be incorporated to produce,
based on this exact description, a network that still fits the data, but is as

simple as possible in its structure.

INTRODUCTION

Traditionally, the research in molecular biology employed a reductionist approach,
i.e. studying a single gene, protein or reaction at a time. With enzymatic or ge-
netic reaction systems, this approach is problematic due to the high number of
interactions and/or objects that need to be studied. Recent technological devel-
opments resulted in the availability of high-throughput gene expression assays
that produce large-scale data about the activity levels of individual genes over

time. Therefore, the need arises for data analysis methods that process this data



in a global fashion, and produce interpretable results at some intermediate level.
In this paper we propose a modeling approach which represents genetic interac-
tions as a connected network of nodes, generally known as a genetic network. The
ultimate goal is the complete ”reverse engineering” of the underlying regulatory
interactions between genes.

The major problem concerning these measured data-sets is that they generally
consist of hundreds to thousands of signals, measured on no more than twenty
time-steps. From an information theoretic point of view this dimensionality prob-
lem will render any network model inferred from this data virtually meaningless.
Due to the nature of the application and the costs involved in making a measure-
ment this problem will not be solved by increasing the number of measurements.
The answer to this problem lies in the extraction of useful information from the
data by incorporating sensible constraints on the modeling process based on exist-
ing knowledge. For example, it is estimated that, on average, each gene interacts
with four to eight other genes [1] and that biological networks usually contain a
certain amount of redundancy [3]. This implies that the number of connections
between nodes in the genetic network are limited and that the same connections
are shared among nodes.

Currently, several different types of models are studied, like Boolean networks [8],
Bayesian networks [6, 7], (Quasi)-Linear networks [4], Neural networks [10] and
Differential Equations [2]. In this paper, a linear model is employed to model the
regulating interactions between genes, because 1) it uses relatively few network
parameters, 2) the parameters are interpretable, 3) it allows for an exact descrip-
tion of all parameters that fit the given data-set and 4) this exact description
allows constraints to be applied without introducing an error in fitting the data.
The aim of our approach is to yield a network model that visualizes both the

information as well as the uncertainty.
THE LINEAR MODEL

Gene expression measurements can be represented in a so called gene expression
matrix,
X=[ziy|i€el,...,N tel,...,T] (1)

, where each row, denoted by x;, represents the gene-profile of gene i taken over T’
time-points. The ¢-th column of X is denoted by x(¢) = [ z1(t), ..., zx(t) ]* and



determines the state of the system at time ¢. The linear model serves as a repre-
sentation of the regulatory interaction between genes and follows the assumption
that the activity level' of a gene at a certain point in time can be determined by
the weighted sum of the activity levels of all genes at the previous time-point?,
ie.

xt+D)'=x®)T-R Vvt=1,...,T—-1 (2)

The first goal is to find all weight-matrices R that are consistent with our data,
i.e. satisfy Eq. (2). In general, the weight-matrix will be under-constrained which
means that there exist multiple solutions which can be written as a combination
of a particular solution P, a basis of homogeneous solutions H and a set of free
variables F, i.e.

R=P+H-F (3)

The particular solution P is one of the solutions that satisfies Eq. (2), while
the homogeneous solution H - F reflects the remaining ambiguity in the data
(that part of the weight-matrix that does not alter signal levels). The set of free
variables F reflects the degrees of freedom as each element can be substituted
with any particular value without changing the estimation of the given data.
For a given data-set the particular and homogeneous solution can be found by

Gaussian elimination.
GENERALIZATION

For actual biologically measured gene-expression matrices, the amount of ambi-
guity, i.e. the number of columns in H, denoted by M, is large as the number
of measurements 7 is significantly less than the number of genes N. Although
the ambiguity is exactly known it is hard to represent it in an interpretable way.
To extract an interpretable result from the set of possible solutions, it is neces-
sary to find the simplest model which will be a rough sketch of the underlying
network. In [9] we exploited the fact that genes are redundant and consequently
employed hierarchical clustering to group together genes with similar profiles
and represented them with a prototype. Next, the relationships between these

prototypical genes were learned, resulting in a model that sketches the basic in-

! Throughout the paper we denote the activity level of a gene by the logarithm of the ratio
between normal and sample mRNA level.
2Tn other words, relationships between genes are assumed to be stationary.



teractions among groups of genes. In this paper, we follow a different approach:
i.e. we aim at minimizing the number of control actions that are exerted on
each gene individually. As a result both the total number and the specific set of
controlling genes will differ among each individual gene. This way, the number
of time-points that are required to correctly identify the weights of a sparsely
connected network remains on the order of the maximal connectivity. We will
show that this approach elegantly alleviates the dimensionality problem and even
more so than the clustering approach that we proposed in [9]. This approach
minimizes the number of genes that control another gene, which is supported by
biological evidence in [1].

OPTIMIZATION

The principle idea is that we manipulate the homogeneous solution, (Eq. 3),
such that the number of zero elements along each column of the weight-matrix is
maximized separately. In order to force a specific weight to be zero, i.e. r;; =0,

the following equation must be satisfied:
h; -f; = —pi; (4)

, where h; is the i-th row of H and f; the j-th column of F and p; ; is the (g, j)-th
element of the particular solution P. Thus, each weight-element that is forced
to be zero will place certain restrictions on the free variables. In order to simul-
taneously force multiple elements in one weight-column to zero, say K elements
in column j, a set of K simultaneous equations must be satisfied. Assume that
such a particular set of elements is denoted by ¢ consisting of their row-indices

my and column-index n; = j, then:

Hmk : fj = —Pc (5)

, where p,, consists of the K elements in P (with indices ¢) and H,,, consists of
the K rows in H (with row-indices my) that correspond to the K weights that are
forced to be zero. If there exists a solution to Eq. (5) then this solution, denoted

by f.,, can, in turn, be described by a particular and a homogeneous solution (the

3Note that given K zeros and N genes, that k ranges from 1 to (¥).



latter might be empty), i.e. :
_ h
fck - fg)k + fck : fg];, (6)

Substitution in Eq. (3) results in the following change of the j-th column of the
weight-matrix:
rj=(p; +H-f) + (H £) f/ (7)

The first term in brackets denotes the new particular solution with elements
¢ forced to zero, whereas the second term in brackets denotes the new basis of
homogeneous solutions, reflecting the new degrees of freedom under the restriction
that the desired elements ¢, remain zero. Note that the number of columns in
the new basis of homogeneous solutions as well as the remaining free variables in
f/ will always be equal to or less than the number of free variables in f;.

In essence, this approach reduces the ambiguity after introducing information
about the value of some of the weight-values in R. Our goal now is to find that
set of variables F that introduces the maximum number of zero weights out of
the N weights in each column of weight-matrix R so that R still satisfies Eq. (2).
Assume that there exists a solution that forces K elements out of the N in a
column to zero. To find out exactly which set of K elements can be forced to
zero we will need to test (%) solutions of Eq. (5). When the number of zero’s are
not known beforehand, we need to test all combinations for all possible K < N:
ie YN, (%) tests. Fortunately, we don’t need to follow this brute force strategy,
because the particular solution P already contains at least as many zero weights
in each column as there are columns in the basis of homogeneous solutions H,
namely M and because we aim only to find more zero weights this gives us a
lower bound of the K that we need to test. In fact, we only have to solve Eq. (5)
for all (Kf M) possible combinations c;. If a solution exists, Eq. (6) will give
the corresponding set of free parameters f;, . It now may turn out that different
combinations will be caused by the same set of free parameters, i.e. £, =f.,,.
In such a case the intersection of both solutions will cause more than M zeros,
in fact as many as the number of elements in the union of the corresponding
combinations c¢x; and cxe. Hence, choosing this intersecting solution for f; will
yield a more optimal solution in terms of maximizing the zero weights. In general,
we will choose for each column in F, the free parameter set corresponding to that
intersection point that occurs most often in the solutions, hence gives rise to the

most zeros.
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Figure 1: A) The original model. B) The particular solution. C) Clustering approach.
Each dot represents a single gene and each arc between two dots represents the control
from one gene to the other. The color indicates a positive (light) or negative (dark)
control action. Arcs drawn above the genes indicate a direction from left to right,
whereas arcs below go from right to left.

EXAMPLE

Our approach is illustrated on a sparse network that contains a feedback loop
with redundancy, i.e. some genes share the same inputs and outputs. The cor-
responding weight-matrix is illustrated as a graph in Fig. 1.A. An initial state is
initialized randomly and from this initial state consecutive states are computed
by Eq. (2) using the given weight-matrix. In this way, a data-set is generated
that consists of five signals with four time-points. By employing Gaussian elim-
ination on this data-set we get a representation of the set of all weight-matrices

that perfectly match this data, as follows:

[ -5 —41 8 1 0} [ 55 —1
1 3 —-12 —14 1 —4 .14
R=| 0 9 39 49 0|+ | -8 —49 |-[fifafsf f5] (8)
0 0 0 0 0 1 0
0 0 0 0 | 0 1




The particular solution is graphically depicted in the Fig. 1.B, illustrating that it
is not the desired representation of the original model (i.e. the smallest number
of connections between genes). The clustering approach, on the other hand,
captures the basic loop but introduces additional relations, because it neglects
the differences between individual genes in each group. Although, the current
particular solution contains at least M = 2 zero weights for each column, our
approach can find more! After calculating (g) = 10 possible combinations the

following choice for F results in the sparsest solution for R.

0 .75 0 00
F= (9)
0 0 810

Substitution in Eq. (8), results in the following sparse solution, which exactly

equals the original model:

—05 0 0 0 0
1 0 001

R=| 0 .25 0 0 0 (10)
0 75 0 00
0 0 8 10|

In fact, it exactly identified the original model, simply because the original model
only contains genes that are controlled by at most two other genes. Note that
the original model was retrieved notwithstanding the fact that the number of

observed time-points was smaller than the number of genes.

DISCUSSION

In this paper we presented a method to find the sparsest genetic network given
insufficient time-response data. This method is motivated by the principle that
simpler (sparser networks) explanations should be preferred if the data does not
specify a unique solution. In addition, this is also in accordance with biological
evidence indicating that genetic networks tend to be sparsely connected. A theo-
retical example was presented, and experiments were conducted on real data-sets,
but the computational complexity proved to be still a major obstacle. This prob-
lem can be partially solved by preceding the application of the proposed method
with a clustering step. This has the additional advantage that the number of



prototypes need not be reduced up to the point were the homogeneous solution
becomes empty (previously this was required to obtain a unique solution). The
clustering process can now be terminated when a biologically sound grouping is
obtained, and the remaining degrees of freedom can be employed to optimize the

sparseness of the genetic network.
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